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PREFACE. 


Within  the  last  few  years  have  appeared  many  valuable 
works  on  Coordinate  Geometry,  involving  a variety  of  new 
and  elegant  methods  of  Algebraical  investigation.  Several  of 
these  treatises  are  enriched  with  numerous  incidental  problems, 
and  to  the  solution  of  problems  of  a miscellaneous  character 
some  of  them  are  principally  devoted.  The  tendency  of  even 
detached  and  desultory  problems  is  no  doubt  to  sharpen  the 
intellect  of  the  learner,  and  to  give  him  a true  conception  of 
the  signification  of  corresponding  and  more  abstract  proposi- 
tions: the  classification  however  of  problems  by  some  law  of 
affinity  is,  in  my  opinion,  calculated  not  only  to  produce  the 
same  result  in  a still  higher  degree,  but  also  to  qualify  him 
by  an  enlarged  comparison  for  becoming  skilful  and  judicious 
in  effecting  his  own  solutions.  In  this  conviction  has  originated 
the  composition  of  this  work. 

In  preparing  this  collection  of  Problems  for  publication, 
I have  been  guided  by  two  principles  of  arrangement,  the  one 
depending  upon  similarity  of  geometrical  properties,  the  'other 
upon  analogy  between  methods  of  solution.  In  Algebraic 
Geometry  the  latter  principle  seffiF  tn  be-*  more 

important,  and,  excepting  where  it§:  ^applicaiidii;' would  have 
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been  disadvantageously  at  variance  with  the  former,  has  been 
in  this  treatise  adopted  as  the  basis  of  classification. 

The  obligations  under  which  I am  placed  to  various 
authors,  for  so  much  of  what  is  comprised  in  this  volume, 
have  been  particularly  acknowledged  throughout  its  pages. 
The  methods  of  solution,  however,  which  I have  given,  are 
rarely  even  similar  to  those  which  are  developed  in  the  works 
where  the  geometrical  properties  were  originally  enunciated. 
The  greater  number  or  all  of  the  solutions  contained  in  many 
of  these  works  are  purely  geometrical.  The  advantage,  it  is 
proper  to  add,  which  I have  derived  from  the  various  Ex- 
amination papers  published  in  the  University  of  Cambridge 
and  its  various  Colleges,  is  very  considerable. 


Cambridge,  ZOth  January,  1851. 
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ADDENDUM. 

Page  40.  If  u = 0,  v = 0,  be  the  equations  to  two  straight  lines,  then, 
a;  cos  £ + ?/  sin  £ = 5 being  the  general  type  of  the  equation  to  a straight 
line,  the  two  bisecting  lines  will  be  denoted  by  the  equations  u ± v = 0. 
This  useful  proposition  is  due  to  Mr.  Rutherford,  Annals  of  Philosophy 
for  May,  1843,  p.  353. 


It  is  intended  to  publish  an  additional  table  of  Errata,  should  it  be 
found  desirable,  in  January  1852. 
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STRAIGHT  LINE. 


Section  I. 

Elementary  Problems.  Rectangular  Axes. 

1.  The  distances  of  a certain  point  from  the  three  lines 
X cosa  + y sina  = 8,  a?  cosa  +3^  sina  = S',  x cosa"  + 3/  sina"  = S", 

being  respectively  c,  c , c\  to  find  the  relation  between  the 
quantities  a,  a , a",  S,  S',  S",  c,  c',  c". 

By  the  conditions  of  the  problem,  we  have 
X cos  a + 3^  sin  a — S = c, 

X cos  OL  y sin  a'  — S'  = c', 

£c  cos  a"  + y sin  a"  — S"  = c"; 

or,  putting  S + c = X,  S'  + c = X',  S"  + c"  = X",  and  eliminating 
a?  and  y by  cross  multiplication, 

X (cos  a"  sin  a'  — cos  a'  sin  a")  + X'  (cos  a sin  a"  — cos  a"  sin  a) 

4-  X"  (cos  a sin  a — cos  a sin  a)  = 0, 

sin  (a  — a")  sin  (a"  — a)  sin  (a  — a') 

or  — - H H ^—7 — - = 0. 


2.  To  find  the  coordinates  of  a point,  the  distances  of  which 
from  two  given  straight  lines  are  assigned. 

Let  X,  F,  be  the  coordinates  of  the  required  point,  and 
let  the  equations  to  the  given  straight  lines  be 

) lx  + my  = 5, 

I'x  + my  — 

B 
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[l^  m)  being  the  direction-cosines  of  the  former,  and  (r,  m)  of 
the  latter  line. 

Then,  the  algebraical  symbols  of  the  distances  of  the  point 
(X,  Y)  from  these  lines  being  respectively  X,  X',  we  have 
lX+mY-^  = \ rX-\-mY- = X', 

X,  X',  being  positive  or  negative  accordingly  as  the  point  (X,  Y) 
is,  relatively  to  the  origin,  on  the  more  remote  or  on  the 
nearer  side  of  the  corresponding  lines. 

From  these  two  equations  we  get,  for  the  coordinates  of 
the  required  point, 

^ _ (d  + X)  w — (8'  + X')  m 
ml  — mV  ’ 

jr_(8  + X)Z  — (8  + X)Z 
Vm  — Im 

3.  To  find  the  equation  to  a straight  line  such  that,  if 
perpendiculars  be  drawn  to  it  from  n proposed  points,  the 
sum  of  the  perpendiculars  on  one  side  of  it  may  be  equal  to 
the  sum  of  the  perpendiculars  on  the  other. 

Let  {x^,  2/,),  (»„  (*3,  y,),  ...  (aj„,  2/J,  be  the  n points, 

and  suppose  the  equation  to  the  straight  line  to  be 

■Kx  + IJ,y  = h (1), 

X,  /A,  being  its  direction-cosines. 

Then  the  algebraical  expressions  for  the  distances  of  the 
n points  from  this  line  will  be 

But,  since  the  geometrical  sums  of  the  two  opposite  groups 
of  perpendiculars  are,  by  the  condition  of  the  problem,  equal, 
it  follows  that  the  algebraical  sum  of  all  the  perpendiculars 
must  be  zero.  Hence 

\(aj,  + a;3  + ®,+  ...  + »)  + /*(2/,  + 2/3  + y3+...+2/„)=«S...(2). 

Eliminating  8 between  (1)  and  (2),  we  get 
X{x^-\-x^-Vx^+...+x^-nx)  + ix,{y^+y^  + y^  + ...  + y^-ny)  = 0, 
as  the  equation  to  a line  satisfying  the  hypothesis. 
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Since  the  ratio  of  X to  /a  is  not  determinate,  it  follows 
that  there  is  an  infinite  number  of  such  straight  lines,  all 
passing  through  a point  of  which  the  coordinates  are  ^ 

- (*,  + *.  + 2:3  + •••  + - {y,  + *^3 +2^3  + ■••  +yj- 

It  It 

Puissant : Recmil  de  diverses  proj)Osit{ons  de  Geometrie^  p.  192, 
troisieme  edition. 


4.  To  determine  the  position  of  a point  in  a given  straight 
line,  such  that  the  difference  between  the  squares  of  its  distances 
from  two  given  points  may  be  equal  to  a given  area. 

Let  the  origin  of  coordinates  coincide  with  one  of  the  given 
points,  and  let  the  axis  of  x contain  the  other. 

Let  a be  the  abscissa  of  the  latter  point,  and  let  the  equation 
to  the  given  line  be 

X cos  a y sin  a = 8 ... (1). 

The  coordinates  of  the  required  point  being  {x^  ?/),  we  have, 
by  the  condition  of  the  problem,  d'  denoting  the  given  area, 

x^  + 3/^  = {x-  af  + y. 


or 


X = 


2 1 2 

a + c 
2a 


(2). 


The  ordinate  y is  known  from  (1)  and  (2),  the  intersection 
of  the  two  lines,  which  they  represent,  being  the  required  point. 

Cor.  Suppose  the  lines  represented  by  (1)  and  (2)  to  be 
coincident:  then 

cos  a 2a 
sin  a = 0,  — ^ 


’ 


whence 


a = 0,  8 — 


+ c 
2a 


and  the  value  of  y cannot  be  ascertained. 

If  then  we  restrict  a and  8 respectively  to  the  values  0, 
d^  + d 

and  — , the  problem  becomes  indeterminate,  every  point 

in  the  given  straight  line  satisfpng  the  condition  of  the  problem. 

b2 
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This  example  affords  an  instance  of  the  degeneration  of 
a determinate  into  an  indeterminate  problem,  in  consequence 
of  our  restricting  the  data  by  particular  conditions,  and  belongs 
therefore,  according  to  Playfair’s  interpretation  of  the  ancient 
signification  of  the  term,  to  a class  of  propositions  called,  by 
the  old  geometricians.  For  isms.  Playfair*  says  that  “ a For  ism 
may  be  defined  a proposition  affirming  the  possibility  of  finding 
such  conditions  as  will  render  a certain  problem  indeterminate 
or  capable  of  innumerable  solutions. 

5.  A straight  line,  inclined  to  the  axis  of  x at  an  angle 
of  30°,  cuts  the  positive  axes  of  coordinates  in  A and  B.  To 
find  the  equation  to  a straight  line  bisecting  AB  and  passing 
through  the  origin. 

The  required  equation  is 

X = fS.y. 

6.  To  find  the  equations  to  the  four  sides  of  a square,  the 
coordinates  of  two  of  the  angular  points  being  (2,  3)  and  (3,  4). 

The  required  equations  are 

a?  = 2,  2/  = 3,  a?  = 3,  3/  = 4. 

7.  To  find  the  equation  to  a line  which  cuts  the  two  lines 

2/ = 2,  2,  = 3, 

at  distances  3,  4,  respectively,  from  the  axis  of  y. 

The  required  equation  is 

X = y 1. 

8.  To  find  the  equations  to  the  straight  lines  which  pass 
through  the  intersection  of  the  lines 

3/  = 2a;  + 4,  3/  = 3a;  + 6, 

and  bisect  the  supplementary  angles  which  they  include. 

The  required  equations  are 

y = {1  ±f2)  .{X  + 2). 


* Transactions  of  the  Royal  Society  of  Edinburgh,  Vol.  in.  p.  170;  1794. 
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9.  To  find  the  distance  of  the  point  of  intersection  of  the 
lines  denoted  by  the  equations 

+ 2?/  + 4 = 0,  2a?  + 5?/  + 8 = 0,  — ^ 

from  the  line  denoted  by  the  equation 


^ = 5a?  + 6. 


Required  distance  = 


62 

11  V(26)  ' 


10.  To  find  the  tangent  of  the  angle  between  the  lines 
represented  by  the  equations 

2a?  4-  32/  + 4 = 0,  3a?  + 4?/  + 5 = 0. 

If  (j)  denote  the  angle  between  them, 
tan  <^>  = J. 


11.  To  find  the  distance  of  the  origin  of  coordinates  from 

the  line,  the  equation  of  which  is 

a?  y 

- = 1. 

2 3 

Required  distance  = 


V(13) 


12.  To  find  the  equation  to  a line  passing  through  the  inter- 
section of  the  lines 

a?  = a,  a?  + 2/  + a = 0, 

and  through  the  origin:  also  to  the  line  passing  through  the 
point  of  intersection  of  the  same  lines  and  perpendicular  to 
the  latter  of  them. 

The  required  equations  are  respectively 
2/  = — a?,  y — X — 2a. 

13.  To  find  the  length  of  the  perpendicular  from  the  vertex 
upon  the  base  of  a triangle,  the  coordinates  of  the  vertex  being 
(3,  3),  and  those  of  the  extremities  of  the  base  (0,  2),  (2,  1). 

Required  length  = \/5. 
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14.  To  form  the  equation  for  determining  the  abscissa  of  • 
a point,  in  the  straight  line 

a^h  ’ 

the  distance  of  which  from  a given  point  (a,  /8)  shall  be  8, 
and  thence  to  shew  that  there  are  in  general  two  such  points  and 
that,  in  the  particular  case  in  which  those  two  points  coincide, 
h\  {a^  + W)  = + 5a  - ab)\ 


15.  To  find  the  abscissa  of  a point  in  the  axis  of  such 
that  its  distance  from  a point  (0,  U)  may  exceed  its  distance 
from  a point  (A,  ^),  by  a given  length  c. 

If  X represent  the  required  abscissa, 

-¥)x  = ih  + c{e^-  (c^  - ¥) 
where  e"  = i {c^  + W -W  - ¥). 

Newton:  Arithmetica  Universalis^  Prob.  XI. 

16.  If  ABGBE  is  a regular  pentagon;  to  find  the  equations 
to  its  several  sides,  AB  being  the  axis  of  x^  and  a line  through 
Ay  at  right  angles  to  ABy  the  axis  of  y.  To  find  also  the 
equation  to  the  line  joining  Ey  By  and  to  the  line  joining  Ay  0. 

The  equations  to  the  lines  ABy  BCy  GDy  DEy  EAy  EBy  A Gy 
are,  respectively, 

y = 0,  y = ta.n-^  {x-a), 

y = — tan  - (a?  — a)  + 2a  sin  - , y tan  - . a?  + 2a  sm  - , 
o o o o 

^ 27r  ^ TT  / s X ^ 

y = — tan  V — ~ ^ V — 


17.  To  prove  that,  if  the  distances  of  a point  from  two 
points  (a,  5),  (a',  5'),  are  c,  c,  respectively,  the  point  will  lie  in 
a straight  line,  the  intercepts  of  which  on  the  coordinate  axes  are 


2 (a  + «)  + 


r - ^‘0  - (c - ^‘0 

2 (a'  — a) 


\(h'  + h) 


. - (0  ^ - cl 

2 (//  - h) 


and 
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18.  If  the  ordinates  of  a straight  line,  drawn  perpendicularly 

to  the  axis  of  a?,  be  all  turned  about  their  intersections  with  this 
axis,  so  as  to  make  an  angle  6 with  it ; to  shew  that,  the  equa- 
tion to  the  original  line  being  ~ 

y = X tan  a, 

the  angle  between  this  line  and  the  rectilinear  locus  of  the 
extremities  of  the  inclined  ordinates,  may  be  found  from  the 
equation 

^ , sin  a + tan  a . sin  (a  — 6) 

tan  <p  = ^ ^ ; 

cos  a + tan  a . cos  (a  — u) 

and  that  the  new  line  will  coincide  with  the  original  one,  pro- 
vided that 

6 = ^TT  + 2a. 

19.  To  prove  that  the  equation 

2y^  — ^xy  — 2x^  — y + 2x  = 0 
represents  two  straight  lines  perpendicular  to  each  other. 

20.  To  shew  that  the  equation 

y^  — xy  — 2x^  4-5a?  — y — 2==0 

represents  two  straight  lines  inclined  to  each  other  at  an  angle 
tan'^3. 

21.  To  prove  that  the  equation 

y^  — 2xy . sec  a + a?'*  = 0 

represents  two  straight  lines,  including  an  angle  a. 


Section  II. 

Elementary  Problems.  Oblique  Axes. 

1.  To  determine  the  geometrical  signification  of  the  equation 
^y^  — ^xy  + 4-  4?/  4-  2a?  — 2 = 0. 

Completing  the  square  with  regard  to  y,  we  have 
{2y  I — 2xf  = 3 (1  — x)\ 
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and  therefore  2y  -\-  1 — — ± [1  — x)^ 

or  22/  + (+  Vs  — 2)  a?  ==  ± Vd  — 1, 

the  equations  to  two  straight  lines. 

2.  To  determine  the  geometrical  signification  of  the  equation 

x^  -\-  xy  — 0. 

Multiplying  the  equation  by  4,  we  have 

[x  + 2yY  + = 0. 

This  equation  cannot  be  true,  unless  each  of  the  squares  be 
separately  equal  to  zero.  Hence 

a?  = 0, 

and  a?  + 22/  = 0, 

and  therefore  x and  y must  be  simultaneously  equal  to  zero. 
The  proposed  equation  therefore  represents  the  origin  of  co- 
ordinates. 

3.  The  axes  of  coordinates  being  inclined  to  each  other  at 
an  angle  of  60°,  to  determine  the  equation  to  a line  parallel  to 
a line,  the  equation  of  which  is 

X y — 3a, 

and  at  a distance  from  it  equal  to  ^a\/3. 

Let  OA  = 3a  = OB ; then  AB  is  the  line  represented  by  the 


equation 

a?  + 2/  = 3a. 

Draw  OPQ  at  right  angles 
to  AB^  and  take  §P=  Ja\/3. 

Draw  HPK  parallel  to  AQB. 

Then  PQ  — AH  cos  30°, 

\tt  \a 

^ a\/3  = ^ V3  • o 

ffA=:a=:  KB. 

Hence  OH  = 2a  = OP,  and  the  equation  to  HK  is  therefore 

£c  + y = 2a. 
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If  we  had  taken  a point  P'  on  the  other  side  of  so  that 
F Q = we  should  evidently  have  got  as  the  equation  to 

the  required  line 

X y — 4a.  ^ 


4.  To  determine  the  conditions  that  the  equation 
ax^  4-  hy'^  + ^cxy  + 2ax  + ^h'y  + c = 0 
may  represent  two  parallel  straight  lines. 

If  the  equation  represent  two  parallel  straight  lines,  its  left- 
hand  member  must  be  resolvable  into  two  factors  of  the  forms 

'Xx  + [ly  Xx  + fjby  + v. 

Hence,  identically, 

ax^  + hy^  + 2cxy  + 2dx  + "iUy  + c = i^x  -\-  fji^y  + v)  (Xx  fiy  v) . 

Equating  the  coefficients  of  y^^  2xy^  x^  y,  on  both  sides, 
we  have 

= a (1),  / = i (2),  V = c (3), 

X (p  + v)  = 2a (4),  H'iy  + y)  = 2b' (5). 

From  (1)  and  (4),  we  have 

a _ X 
2d  p + V ’ 

and,  from  (3)  and  (5), 

c ^ X 
2b'  V + v ’ 


whence 


.(6). 


a _ c 
d b' 

Similarly,  from  (2)  and  (5),  combined  with  (3)  and  (4),  there  is 

|,=A w. 

0 a 

The  equations  (6)  and  (7)  constitute  the  required  conditions. 

5.  To  prove  that  the  lines  of  which  the  equations  are 
2/  = 2a5  + 3,  = 3a?  + 4,  3/  = 4a?  + 5, 

all  pass  through  one  point. 
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6.  To  find  the  value  of  a that  the  line 

?/  = aa?  + 3 

may  pass  through  the  intersection  of  the  two  lines 
?/  = £c  + 1,  ?/  = 2a?  -t-  2. 

The  required  value  of  a is  3. 

7.  To  find  the  equations  to  the  two  straight  lines  which, 
passing  through  the  origin  of  coordinates,  divide  into  three  equal 
parts  the  distance  between  the  points,  in  which  the  axes  of 
coordinates  are  intersected  by  the  line 

X y — 1, 

The  required  equations  are 

2x  = y and  2y  = x. 

8.  To  find  the  equations  to  the  diagonals  of  the  parallelogram 
formed  by  the  four  lines 

a?  = a,  a?  = a , y = hj  y — h\ 

The  required  equations  are 

{a  — d)  y — {})  — h)  x = dh  — oh\ 

and  {a  — d)  y — (Z>'  — V)x  — db  — dh\ 

9.  The  equations  to  two  straight  lines  referred  to  oblique 
axes,  inclined  to  each  other  at  an  angle  w,  being 

y — mx  = 0,  and  my  + a?  = 0, 

to  find  the  angle  between  them. 

The  angle  between  them  is  equal  to 

1 (rd  + 1 . \ 

tan  -« 7 tan  w . 

\m  — 1 / 

10.  If  the  straight  lines  denoted  by  the  equations 

lx  + my  = S,  Tx  + mdj  — 8', 
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be  perpendicular  to  each  other,  to  prove  that,  o)  being  the  incli- 
nation of  the  axes. 


ll'  4-  wm'  = {Im  + I'm)  cos  m. 


11.  To  prove  that  the  group  of  straight  lines  defined  by  the 
equation 


where  X is  arbitrary,  are  identical  with  the  group  of  straight 
lines  defined  by  the  equation 


y — ax  — h = iJb[y  — a'x  — 5'), 


where  yu.  is  arbitrary. 

12.  What  are  the  geometrical  significations  of  the  equations 


= 0,  xy  — 


The  former  represents  the  origin,  and  the  latter  the  axes  of 
coordinates. 

13.  A straight  line  passes  through  a given  point;  to  deter- 
mine the  magnitudes  of  its  intercepts  on  the  axes  of  coordinates, 
the  product  of  the  intercepts  being  given. 

If  «,  be  the  coordinates  of  the  given  point,  and  & the  given 
product ; then,  m,  7^,  representing  the  required  intercepts. 


m ^ {c  ± - 4a&)^}, 


n = — {c  + {(?  — ^ah)^] . 


2a  ^ ' 

Puissant:  Recueil  de  diverses  propositions  die  Geometrie^  p.  141, 
troisieme  edition. 

14.  To  determine  the  position  of  a straight  line,  which  passes 
through  a given  point,  and  cuts  two  given  straight  lines  so  that 
its  intercepted  portion  is  of  a given  length. 

If  the  two  given  lines  be  taken  as  axes  of  coordinates ; then, 
&)  denoting  their  included  angle;  A,  A:,  the  coordinates  of  the 
given  point,  and  c the  given  length;  the  intercepts  a,  of  the 
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straight  line  on  the  axes  of  coordinates  will  be  determined  by 
the  two  equations 

— 2 (A  + ^ cos  co)  d + + 2M  cosw)  d-\-  2c‘^ha—dd=0^ 

d — 2 {h-\-h  cos  ft))  W + (Jc^  -\-d  — d + 2M  cos  ft))  d + 2c%l)—c^U^—0. 

Newton:  Universal  Arithmetic^  prob.  24. 

Gergonne : Annates  de  Mathematiques^  tom.  10,  p.  205. 

15.  Through  a given  point  in  a given  angle,  equidistant 
from  its  two  sides,  to  draw  a straight  line  terminated  at  the  two 
sides  of  the  angle,  so  that  this  point  may  divide  the  straight 
line  into  two  parts  the  sum  of  the  squares  of  which  shall  be 
of  a given  value. 

Let  a,  a,  be  the  coordinates  of  the  given  point  referred  to 
the  sides  of  the  angle  as  axes ; let  w denote  the  given  angle. 
Then  the  equation  to  the  required  line  will  be 

y — a = m[x  — a)  ^ 

m being  determined  by  the  equation 

/ 1 d 

[m  -\ 1-  cos  ft) ) = -5  + cos*”^  ft) ; 

\ m J a 

the  four  values  of  m corresponding  to  four  different  lines  which 
satisfy  the  conditions  of  the  problem. 

“ Ce  probl^me  est  un  de  ceux  qui  furent  proposes  en  1819  au 
concours  general  des  colleges  royaux  de  Paris.” 

Gergonne:  Annales  de  Mathematiques^  tom.  x.  p.  73. 
Puissant  : Recueil  de  diverses  propositions  de  Geometrie^ 
p.  142,  troisieme  edition. 

16.  To  ascertain  the  geometrical  signification  of  the  equation 

— xy  \ d -k-  \ 

It  represents  the  point  of  intersection  of  two  straight  lines 

y = \. 

17.  To  determine  the  geometrical  meaning  of  the  equation 

d"  — idx  = 0. 
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It  represents  three  parallel  straight  lines,  viz.  the  axis  of  y,  and 
two  equidistant  lines  on  each  side  of  it. 

18.  To  interpret  the  equation  

xy  — 2ay  + 3aa?  — = 0. 

It  represents  two  straight  lines,  one  parallel  to  the  axis  of  y^ 
cutting  the  axis  of  a?  at  a distance  + 2a  from  the  origin,  and  the 
other  parallel  to  the  axis  of  a?,  cutting  the  axis  of  y at  a distance 
— 3a  from  the  origin. 


19.  To  assign  the  geometrical  signification  of  the  equations 
(a?  + + c).{x  - 3^  + c)  = 0,  (a?  + 3^  + c)*'"  + (a?  - 3/  + c)^  = 0. 

The  former  equation  denotes  two  straight  lines,  the  intercepts 
of  which  on  the  axes  of  coordinates  are  respectively  (—  c,  — c) 
and  (—  c,  c).  The  latter  equation  denotes  a point,  viz.  the 
point  of  intersection  of  the  two  lines. 


20.  To  ascertain  the  geometrical  signification  of  the  equation 


+ 11 


2 \a 


y^y_ 

h w 


The  equation  represents  two  straight  lines,  the  equations 
of  which  are 

X 2y 


+ ^ + 1 = 0,  *-1  + 1 
ah  a 2h 


0. 


21.  If  the  equation 

aa?  + hy^  + 2cxy  — c 

represent  two  different  straight  lines ; to  prove  that,  either  c is 
zero  and  > ab^  or  c is  finite,  and  — ah. 


22.  To  prove  that  the  equation 

V 


1 = 


5+f-i* 


represents  two  straight  lines,  and  to  find  their  equations. 
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The  equations  to  the  two  lines  are  included  in  the  single 
equation  ^ ^ ^ _y  - ^ 

I m ’ 

the  two  values  of  the  ratio  between  I and  m being  determinable 
from  the  quadratic 

r (b^  - + 2?wa/3  + {a^  - a^)  = 0. 


Section  III. 

Polar  Equation. 

1.  AB  and  BC  are  two  right  lines  perpendicular  to  each 
other ; ^ is  a fixed  point,  B moves  along 
a given  right  line  EF.^  and  AB  is  to  BG 
in  a given  ratio;  to  determine  the  locus 

of  a 

From  A draw  AE  at  right  angles  to  EF. 

Let  L CAE  = ^,  L GAB  = a ; __ 

a being  a constant  quantity,  because  the 
ratio  of  AB  to  BG  is  constant. 

Let  AE=a,  AG  = r. 

Then  r cos  a = AB  = a sec  {0  — a), 

T = a sec  a sec  — a), 

the  equation  to  the  locus  of  (7,  which  is  therefore  a straight 
line. 

2.  To  find  the  polar  coordinates  of  the  point  of  intersection 
of  the  straight  lines  represented  by  the  equations 

r — ^a  sec  {6  — |-7r),  r — a sec  [6  — Jtt), 

and  the  angle  between  them. 

The  polar  coordinates  required  are  (Jtt,  2a),  and  Jtt  is  the 
angle  between  the  two  lines. 
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3.  To  find  the  polar  equation  to  a straight  line  which  passes 
through  the  two  points  aj,  aj. 

The  required  equation  is 

sin  (g,  - a.)  ^ sin  (^  - gj  ^ sin  (a,  - 

r ^2  * 

4.  If,  from  a point  0 taken  arbitrarily  in  the  plane  of  a 

triangle,  straight  lines  be  drawn  to  its  summits  0,  and 

then,  through  the  same  point  0,  perpendiculars  be  drawn  to  the 
three  lines  0^,  OB^  OC'^  to  prove  that  the  intersection  of 
these  perpendiculars  with  the  sides  BC^  OA,  AB,  respectively, 
will  lie  all  three  in  one  straight  line. 

If  0 being  taken  as  pole,  and  the  coordinates  of  A ^ By  0,  be 

respectively  (a^,  rj,  (a^,  r^),  (ag,  r^)  ; then,  putting  for  brevity 

ttg  — = Sj,  — ag  = j we  shall  obtain  for  the 

equation  to  the  line  containing  the  three  intersections, 

2 . . . sin  2s,  / sin  2s„  , 

- . sin  Sj.sin  Sg.sin  Sg  ^ . cos  (a^  — u)  H ^ . cos  (a^  — ff) 

r 

, sin  2s  . 

H ^ .cos  (a^  — ^)  = 0. 

Bobillier:  Gergonne^  Annales  de  MatMmatiques^  tom.  xviii. 
p.  185. 


Section  IY. 

Rectilinear  Loci. 

1.  To  find  the  locus  of  a point  equidistant  from  two  given 
straight  lines. 

Let  the  equations  to  the  given  lines  be 
X cos  a + 3/  sin  a =3, 
and  X cos  d + y sin  a = h'. 

Then  3/^,  being  the  coordinates  of  the  point,  its  distances 
from  the  two  lines  will  be 

+ {x^  cos  a + 3/j  sin  a — 3), 

+ (£Cj  cos  OL  + 3/j  sin  a — 3'). 


and 
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Since  these  distances  are  equal,  we  must  have 

cos  a + sin  a — 8 = ± (x^  cos  a + sin  a — S') ; 

this  result  shews  that  the  required  locus  is  two  straight  lines  at 
right  angles  to  each  other  and  passing  through  the  point  of 
intersection  of  the  two  given  lines. 

2.  ACB^  DGE^  are  two  right  lines  of  given  lengths,  G is  the 
middle  point  of  AB^  and  the  line  through  E and  B meets  that 
through  A and  i)  in  a point  P;  supposing  AB  to  move  parallel 
to  itself,  while  BE  remains  fixed,  to  find  the  locus  of  P. 

Let  xEO^  parallel  to  BA^  be  taken  as  the  axis  of  x^  and 
, parallel  to  PP,  as  that  of  y. 

Let 

AG=a  = BG,  GE=b,  DE=^c. 

Then  the  equation  to  AP^  which 
passes  through  the  points  (0,  h)  and 
(a,  c),  is  o ^ ^ 

ay  — cx  — h {a  — x) (1). 

The  equation  to  PP,  which  passes  through  the  points  (a,  0) 
and  (2<2,  5),  is 

ay  = h[x  — a)  (2). 

At  the  intersection  P,  of  (1)  and  (2),  we  have,  adding  together 
the  two  equations, 

2ay  = cx^ 

the  equation  to  the  locus  of  P,  which  is  therefore  a straight  line 
passing  through  0. 

3.  A straight  line  PP'  is  drawn  parallel  to  the  base  A A' 
of  a triangle  AO  A'.  From  P,  P', 
are  erected  perpendiculars  upon  OA, 

OA'j  respectively ; to  find  the  locus 
of  the  intersection  of  these  perpen- 
diculars. 

Take  Ox,  parallel  to  A'Aj  as  the 
axis  of  X,  and  Oy,  at  right  angles  to  A'Aj  as  that  of  y.  Let 
L AOy  — L A Oy  — e' ; 


jL 
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then  the  equation  to  OA  will  be 

x = y tans (1). 

The  equation  to  PP'  will  be  of  the  form 

« = y (2)- 

The  coordinates  of  P will  therefore  be 
c tan  s,  c, 

and  the  equation  to  the  perpendicular  through  P will  be 


y — c = — tan  ^.{x  — c tan  e) (3). 

Similarly,  putting  — s'  in  place  of  s,  we  shall  have  for  the 
equation  to  the  perpendicular  through  P', 

y — c = tan  z {x  -\-  c tan  s') (4). 

At  the  intersection  of  (3)  and  (4), 

X (tan  s + tan  s')  = c (tan^  s — tan^  s'), 

X = c (tan  s — tan  s'). 


and  therefore,  from  (3)  or  (4),  eliminating  c,  we  shall  readily 
get,  for  the  equation  to  the  locus  of  the  intersection  of  the  two 
perpendiculars 

_ ^ 

^ tan  (s  — s')  ’ 

the  required  locus  is  therefore  a straight  line  through  0, 

Puissant:  Recueil  de  diverses  propositions  de  GeomStrie^ 
p.  124,  troisieme  edition. 

Lardner;  Algebraic  Geometry.!  vol.  I.  p.  29. 

4.  AP,  (7P,  are  two  given  parallel  straight  lines;  through 
C and  D are  drawn  two  straight  lines  POP,  PDG.,  cutting 
AB  in  P,  so  that  the  ratio  of  AF  to  BG  is  invariable.  To 
find  the  locus  of  the  point  P. 

Let  AP,  produced  indefinitely,  be  taken  as  the  axis  of  £r, 
and  a line  through  A,  at  right  angles  to  AP,  as  that  of  y. 

Let  (A,  Z:),  (^',  ^),  be  the  coordinates  of  (7,  P,  respectively; 
(ic,  y)  those  of  P.  Let  AB  — c.  Also  let 

n.AF  = n.BG. 

w,  n,  being  constant  quantities. 


(1), 
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The  equation  to  PF^  which  passes  through  the  two  points 
(7,  P,  will  be 

{h  — y)x  — [h  — x)  y —hx  — Tiy (2). 

Similarly,  the  equation  to  PG^  which  passes  through  the  two 
points  P,  P,  will  be 

{k  — y)x'  — {h'  — x)  y = kx  — liy (3), 

Putting  y = 0 in  (2)  and  in  (3),  we  get,  from  (2), 

' . , kx  — hy 

k-y 

and,  from  (3),  AG  — x = 

whence  BG  — c — ^ ^ . 

k-y 

Hence,  from  (1), 

n {kx  — hy)  — nc  {k  — y)  — n [kx  — Ky)^ 

[n  + n)  kx  — [nh  + nK  — nc)  y = nck^ 

the  equation  to  the  locus  of  P,  which  is  therefore  a straight  line. 
Leyboum’s  Mathematical  Bejyository^  New  Series^  vol.  i.  p.  45. 

5.  A^  P,  are  two  given  points,  GD^  GE^  two  given  straight 
lines.  From  any  point  F in  GD 
is  drawn  the  straight  line  FBG^ 
cutting  GE  in  G ; from  G is  drawn 
GP  parallel  to  BA^  and  meeting 
FA  in  P.  To  find  the  locus  of  P. 

Let  GD^  GE^  produced  inde- 
finitely, be  taken  as  axes  of  £c,  y, 
respectively.  Let  a,  be  the  co- 
ordinates of  A ; a , h\  those  of  P.  Also  let  GF  — m. 

Then  the  equation  to  GBF  is 

y _x  — m 
y a'  — m^ 

and  thence,  putting  a;  = 0,  and  y = GG^  we  have 


a — m 
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Hence  the  equation  to  GP^  which  passes  through  6^  in  a 
direction  parallel  to  BA^  is 

h'm  h'  — h ^ 


y + 


X, 


a — m,  a — a 

or  {a  —m)  {(a  — a)  y hx^  = h'  {x  [d  — m)  — m {a  — a)} ... (1). 
Again,  the  equation  to  which  passes  through  F and  A,  is 

v X — m 

f = (2  . 

h a — m ^ ^ 


Eliminating  y between  (1)  and  (2),  we  have 

{5  [a  — m)  — Id  {a  — m)  }.{x  [a  — m)  — m {d  — a)}  = 0, 

and  therefore  x{d  — m)  — m [d  — a)  = 0, 

and  therefore,  by  (1),  {d  — a)  y = 0, 

the  equation  to  the  required  locus,  which  is  therefore  a straight 
line  passing  through  G. 

Leyboum : Mathematical  Repository.^  New  Series.,  vol.  i.  p.  143. 


6.  The  sides  containing  a given  angle  are  in  a given  ratio 
and  the  vertex  is  fixed ; supposing  the  extremity  of  one  of  the 
sides  to  move  in  a given  straight  line,  to  find  the  locus  of  the 
extremity  of  the  other. 

Let  OA,  OP,  be  the  two  sides ; let  z A OB  = a,  L AOx  = 0., 
lBOx  — P,  Ox  being  a fixed  straight  line ; OA  = r,  OB  = /, 
r — nr. 

Then,  since  A moves  in  a straight  line, 
r cos  (i9  — /3)  = 3, 

where  /3  and  8 are  constants. 

Hence  / 

r cos  [O'  — OL  — S)  = 

the  equation  to  the  locus  of  P,  which  is  therefore  a straight  line 
at  a distance  nS  from  0,  the  inclination  of  this  distance  to  Ox 
being  a + j3. 

C2 


20 


STRAIGHT  LINE. 


7.  From  a fixed  point  A a straight  line  AB  is  drawn  to 
a variable  point  J5  in  a given  straight  line  Ox^  and  upon  AB 
is  described  an  equilateral  triangle  ABB.  To  find  the  locus 
of  P. 

Let  yA  0,  drawn  through  A at  right  angles  to  Ox^  be  taken 
as  the  axis  of  y^  Ox  being  that  of  Xj  and  let  AO  = c.  Then 
the  required  locus  will  be  a straight  line  represented  by  the 

x>JZ-y  = c. 


8.  To  find  the  locus  of  a point,  the  distances  of  which  from 
two  lines 


+ f =1, 

a o 


+ — = 1 


referred  to  rectangular  coordinates,  are  always  in  the  ratio 
of  n : n. 

The  required  locus  is  a straight  line  defined  by  the  equation 


Lhuilier:  EUmens  d' Analyse  Geometrique  et  d' Analyse 
Algehrique^  p.  122. 

Puissant:  Recueil  de  diver ses  jyrojyositions  de  GhmHrie^ 
p.  190,  troisieme  Edition. 

Gamier : Geometrie  Analytique^  p.  438,  deuxieme  edition. 


9.  To  find  the  locus  of  a point,  the  algebraical  sum  of  the 
distances  of  which  from  the  sides  of  a given  polygon  is 
constant. 

If  the  equations  to  the  sides  of  the  polygon  be 

X cos  a + ^ sin  a = 8,  x cos  ol  y sin  ol  — S', 
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the  equation  to  the  required  locus  will  be 
X (cos  a + cos  a + cos  a"  +. . .)  -V  y (cos  /3  + cos  ^ + cos  /3"  +. . .) 

= c + 8 + S'  + S"  + , ^ 

where  c is  the  constant  quantity. 

Timmermans : Gergonne^  Annales  de  Mathematiques^ 
tom.  XVIII.  p.  217. 

10.  Having  gfven  the  positions  of  two  points  (7,  to  find 
the  locus  of  a point  P under  the  condition  that 

{PCy  — {PCy  = a constant  quantity. 

Let  S,  be  the  coordinates  of  G ; a , h\  of  C' ; and  Xj  y,  of  P. 
Then,  the  axes  being  supposed  to  be  rectangular  and  de- 
noting the  value  of  the  constant  quantity,  the  required  locus 
will  be  a straight  line  at  right  angles  to  CC\  defined  by  the 
equation 

{a  — d).{2x  — a — d)  + {h  — V).{^y  — h — h')  = c\ 

Lhuilier:  EUmens  d' Analyse  Geornetrique  et  d' Analyse 
Algehrique^  p.  121. 

11.  A parallel  to  the  base  of  a triangle  being  drawn,  and 
its  points  of  intersection  with  the  sides  being  connected  with 
the  extremities  of  the  base,  to  find  the  locus  of  the  intersection 
of  the  connecting  lines. 

The  required  locus  is  a right  line  bisecting  the  base  and 
passing  through  the  vertex, 

Lamd : Examen  des  differentes  methodes  employees  pour 
resoudre  les  prohlemes  de  Geometrie^  p.  47. 

Puissant:  Becueil  de  diver ses  propositions  de  Geometrie^ 
p.  122,  troisieme  edition. 

Lardner : Algebraic  Geometry.,  vol.  I.  p.  28. 

Gamier : Geometric  Analytique.,  p.  436,  deuxieme  Mition. 

12.  Oa?,  Oy.,  are  two  fixed  indefinite  straight  lines;  from 
a point  P are  drawn  PA,  PP,  cutting  Ox.,  Oy.,  respectively  in 
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Aj  B:  supposing  the  angles  PAx^  ratio  of  PA 

to  PB  to  be  given,  to  find  the  locus  of  P. 

Let  Ox^  Oy^  be  taken  as  axes  of  a?,  y.  Let  L PAx  — a, 
Z PBy  — and  let  PA  be  to  PB  as  m to  n.  Then  the  equation 
to  the  locus  of  P will  be 

mx  sin  a = ny  sin 

L’ Hospital:  TraitS,  Analytique  des  Sections  Coniques^  p.  249. 

13.  A straight  line  DGH^  passing  through  two  given  points 
i),  (7,  cuts  a given  straight  line  AB  in  in  such  a manner  that 

AH  _n 
BH~  n ’ 

n and  n being  constants.  In  the  line  AB^  are  taken  any  two 
points  (7,  such  that 

AF  _ AH 
Ba~  BH’ 

To  find  the  locus  of  P,  the  intersection  of  P(7,  GD^  produced 
indefinitely. 

Let  HB^  HCD^  produced  indefinitely,  be  taken  as  axes  of 
ic,  respectively ; let  HG  = HD  = P.  Then  the  required 


locus  will  be  a straight  line,  parallel  to  AP,  the  equation  of 
which  is 

(n  n\ 

Leybourn : Mathematical  Beyository ^ Neto  Series^  vol.  I.  p.  45. 
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14.  AB^  AOj  are  two  straight  lines  given  in  position;  a 
straight  line  DE  meets  them  in  respectively,  so  that 

AD  AE  = a constant  length ; 

also  DE  is  divided  in  a point  P,  so  that  DP  bears  a constant 
ratio  to  EP,  To  find  the  locus  of  P. 


Taking  AD^  AE^  produced  indefinitely,  as  axes  of  a?,  re- 
spectively, let  the  constant  value  of  AD  + AE  be  denoted  by  c, 

a.DP=^.EP-, 

then  the  required  locus  will  be  a straight  line  defined  by  the 
equation 


a + /3 


Leybourn:  Mathematical  Repository^  New  Series^  vol.  II.  p.  7. 


15.  A GB  is  a given  triangle,  P,  P,  P,  given  points  in  the 
side  AB'^  through  H is  drawn 
any  straight  line  EHF^  cutting 
AG^  BG^  in  P,  P,  respectively; 
through  P and  P are  drawn  right 
lines  PP,  PP,  intersecting  in  P. 

To  find  the  locus  of  P. 

Let  HL  — a,  KB  = 5,  HK  = c,  AL  = AB  = m,  AG  = 
and  let  GE^  produced  indefinitely,  and  an  indefinite  line  through 
(7,  parallel  to  AB^  be  taken  respectively  as  axes  of  x and  y. 
Then  the  locus  of  P will  be  a straight  line  defined  by  the 
equation  mcdx  = [ah  + cd).ny. 

Leybourn : Mathematical  Repository^  New  Series^  vol.  II.  p.  89. 

16.  The  loci  of  two  points  A^  P,  are  two  parallel  straight 
lines.  To  find  the  locus  of  a third  point  P,  such  that  PA^  PB^ 
are  inclined  at  given  angles  to  the  loci  of  A^  P,  respectively^ 
and  bear  to  each  other  a constant  ratio. 
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Let  a,  y8,  be  the  two  given  angles,  and  c the  distance  between 
the  two  parallel  lines ; also  let 

PA  : PB  w m \ n. 

Then,  the  locus  of  A being  taken  as  the  axis  of  a?,  and  that 
of  y being  at  right  angles  to  it,  the  equation  to  the  required 
locus  is  ^ 

y = ; ; . 

m Sin  a + 92  sin  yS 

L’ Hospital:  Traite  Analytique  des  Sections  Coniques^  p.  251. 


Section  V. 

Transversals.  Exjylicit  Parameters. 

The  word  transversal  is  thus  defined  by  Carnot,  in  his  Essai 
sur  la  Theorie  des  Transversales  : 

“ J’appelle  transversale  une  ligne  droite  ou  courbe  qui  traverse 
d’  une  manibre  quelconque  un  systbme  d’  autres  lignes,  soil 
droites,  soit  courbes ; ou  m^me  un  systbme  de  plans  ou  de 
surfaces  courbes.” 


1.  BAG  is  a triangle,  and  u , are  points  so  taken  in  the 
sides  A (7,  respectively,  or  these  sides  produced,  that 


AB'  + AC'  -- 
To  find  the  locus  of  the  in- 
tersection of  BG'  and  (7,  pro- 
duced indefinitely. 

Let  AB.^  AG^  produced  in 
definitely,  be  taken  as  axes  of 
a?,  9/,  respectively. 

Let  AB—a.^  AC=h.^  AB'—d.^ 
AG'—V.  Then  the  equation  to 
B'G  will  be 

X y 
a 0 

and  that  to  BG'  will  be 


AB  + AC. 


^ B'  B 


^ B'  B 

- 1 (1), 

= 1 (2). 
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Also,  by  hypothesis,  & 

From  (1)  and  (2),  there  is 


a — d y — h 


aa 


and  therefore,  by  (3), 


But,  from  (1)  and  (2), 


aa  00 


X y 1 , y X 1 

— + = and  ^.  + -r  = j: 

aa  ao  a bo  ao  o 

and  therefore,  by  addition,  attention  being  paid  to  (4), 

X -{■  y a 

the  equation  to  the  required  locus. 


(3). 


2.  If  A,  0,  be  two  fixed  lines  and  a fixed  point ; then,  * 
drawing  any  two  lines  Oha^  Oh'a\  through  0,  and  joining  the 
points  a,  h\  and  a\  the  locus  of  the  point  (7,  in  which  db' 
and  dh  intersect,  is  a fixed  line  passing  through  the  point  of 
intersection  of  A and  B. 

Let  the  intersection  K of  A,  B^  be  the  origin  of  coordinates, 


Let  Ka  = a,  Kd  — a , 


A and  B being  the  axes  of  x and  y. 

Kh  = 5,  Kh'  = h' ; and  let  (\,  y)  be  the  coordinates  of  0, 
Then  the  equation  to  ah'  is 


a^h'  ’ 


X y 
a b 


1. 


and  to  dh  is 
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At  their  intersection  (7, 

But,  since  ah^  ah\  both  pass  through  0, 


a^h  ' 


and  therefore 


X(--i 

a 


+ 


-+^  = 1 
d^V  ’ 

H'=» 


whence,  by  (1), 


X y ^ 

-+^=0, 

A [Jb 


the  equation  to  the  locus  of  (7,  which  is  therefore  a straight  line 
through  K. 


3.  If  two  lines  AB^  GD^  intersect  in  0,  and  if  the  lines 
A (7,  -SZ),  meet,  when  produced,  in  AJ,  and 
AD^  BGjVnF'^  to  determine  the  condition 
that  the  line  EF  may  be  parallel  to  AB, 

Let  OA,  0(7,  be  taken  as  the  axes  of 
a?,  y,  respectively.  Let  OA  = a,  OB  = 5, 

OC  = Cj  OB  — d.  Then  the  equation  to 
A (7  is 


X y 
a c 


and  the  equation  to  BD  is 


-5-^=1 • 
hd 

hence,  at  the  point  = a + 5 


(1). 


Again,  the  equation  to  AD  i 


IS 


1, 


and. the  equation  io  BC  is 


X y 
h c 
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hence,  at  the  point 

+ h (2). 

In  order  that  EF  may  be  parallel  to  AB^  the  values  of  3/  in  (1) 
and  (2)  must  be  equal : hence  ^ 

h a _a  h 

c d c 


1 1 

a 1-  + ^ 

kC  d 


a =h. 

Thus  the  required  condition  is  that  AB  be  bisected  in  the  point  0. 

F : Cambridge  Mathematical  Journal^  vol.  I.  p.  87. 


4.  To  prove  that  the  perpendiculars  from  the  three  angles 
of  a triangle  upon  the  opposite  sides  all  meet  in  one  point. 

Let  (a,  (a , /3'),  (a",  be  the  three  angular  points.  The 
equation  to  the  side  through  (a',  yS'),  (a",  y8"),  is 

(a"  — o')  y — (/3"  — P')  X — a /S'  — 

The  equation  to  the  perpendicular  upon  it  through  the  angle 
(a,  is 

(a  - a ) (a?  - a)  + (^'  - /3')  {y  - /3-)  = 0, 
or  (a"  - ol)  x+  (/3''  - /T)  3/  = a (a"  - a)  + /3  (yS"  - y8')...(l). 

The  equation  to  the  perpendicular  through  (a,  /3')  upon  the 
opposite  side  is,  by  symmetry, 

(a  - a)  a?  + (yS  - ^")  y = a {a.  - a)  + - ^")  ...(2). 

At  the  intersection  of  (1)  and  (2),  we  have,  adding  together 
their  equations  and  changing  signs, 

(a  - a)  a?  + (^'  - y8)  3/  = a (a  - a)  + /3''  (/3'  - ^). 

This  equation  coinciding  in  form  with  what  we  know  by  sym- 
metry to  be  the  equation  to  the  third  perpendicular,  we  see  that 
the  intersection  of  any  two  of  the  perpendiculars  lies  in  the 
third. 

Puissant : RecUeil  de  diverses  propositions  de  Geometric^ 
p.  120,  troisilme  edition. 
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^ 5.  To  prove  that  lines  drawn  from  the  three  angles  of  liy 
triangle  to  bisect  the  opposite  sidesj  all  meet  in  a single  point,  fl 

Let  the  coordinates  of  the  three  angles  be  (a,  (a , /S'), I 

(a , /3").  The  equation  to  the  line  through  (a,  ^8),  and  through!! 
the  middle  point  between  (a,  /S'),  and  (a , /S"),  of  which  the! 
coordinates  are  i(a'  + a ),  + /S"),  is  V 

y — ^ _ X — a I 

/S'  + /S"  - 2y8  CL  + a"  _ 2a  ’ f 

or  (a+a"-2a)y-(/S'  + /?'-2yS)a;  = a'yS-ayS'+a/S-a/S"...(l).  I 

The  equation  to  the  corresponding  line  through  (a',  /S')  is  f 

(a  + a - 2a')  y - (;8"  + /S  - 2^)  x = a /S'  - a'/S'+  a/s'-  a'/S. . . (2).  I 

At  the  intersection  of  (1)  and  (2),  we  have,  adding  and  changing' 
signs,  ^ 

(a  + a'  - 2a")  - (/3  + /S'  - 2y9")  a;  = a/8"  - a"/3  + a'yS" - ayS", 

a result  which  shews  that  the  lines  through  (a,  /3),  (a,  /S'),  cut' 
each  other  in  the  line  through  (a",  /S"). 

6.  In  every  quadrilateral,  the  three  lines  which  join  the  ! 
middle  points  of  the  opposite  sides  and  the  middle  points  of  the 
diagonals,  pass  through  the  same  point. 

Let  ABAS'  be  any  quad- 
rilateral, the  diagonals  of  which 
intersect  in  0. 

Let  OAx^  be  taken  as 

the  axes  of  coordinates. 

Let  OB=h,  OA'=a\ 

OB'  = h'. 

Then  the  coordinates  of  the 
middle  points  of  AB^  and  A'B'^ 
are  respectively 

ill) 

Hence  the  equation  to  the  line  joining  these  middle  points 
will  be  + a)  y-  (b'  ^rb)x  = ^{ab  - ab')  (1). 
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Again,  the  coordinates  of  the  middle  points  of  AB'y  AB^  are 
respectively 


and 


and  therefore  the  equation  to  the  line  joining  these  points  will^be 
(a  a)  y Q)  + h)  X ^{ab  — ah')  (2). 

Subtracting  and  adding  the  equations  (1)  and  (2),  we  shall  get, 
for  the  coordinates  of  the  intersection  of  the  lines  they  represent, 

X = \ {a  — a), 

y = l(b-U). 

Again,  the  intercepts  on  the  axes  of  x and  y of  the  line 
passing  through  the  middle  points  of  AA^  BB^  are 

J(ffl-a'),  h{b-V)- 


These  intercepts  are  accordingly  twice  the  magnitudes  of  the 
coordinates  of  the  intersection  of  (1)  and  (2) ; the  intersection 
of  (1)  and  (2)  lies  therefore  in  the  line  joining  the  middle  points 
of  the  diagonals  of  the  quadrilateral. 

Gergonne ; Annales  de  MatMmatiques^  tom.  i.  p.  353. 


7.  In  every  frustum  of  a triangle,  with  parallel  bases,  the 
intersection  of  the  two  diagonals  is  in  a right  line  with  the 
middle  points  of  the  bases  of  the  frustum  and  the  summit 
of  the  triangle. 

Let  the  angle  of  the  summit  of  the  triangle  be  taken  as 
the  angle  of  the  coordinates. 

Then  the  equations  to  the  bases  of  any  frustum  will  be 

- 


I =1 

a 0 

X y 

u = 1 

\a  \b 


(1), 

(2). 


The  equations  to  the  two  diagonals  will  be 


X 


80 
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At  the  intersection  of  (3)  and  (4), 


*(i 


-I  = 


or 


x^y 
a h 


(5), 


which  is  the  equation  to  a line  which  passes  through  the  originjj 
and  through  the  intersection  of  every  pair  of  diagonals. 


Combining  (1)  and  (5)  we  have 

^ = i®,  y 


I; 


combining  (2)  and  (5)  we  have 

X — y — ^\h. 

These  results  shew  that  the  line  (5)  bisects  the  bases  of 
every  frustum. 

Fr^gier : Gergonne^  Annales  de  Mathematiques^  tom.  Vll.  p.  167. 


8.  Let  AB^  AB\  AB\  be  any  three  parallel  lines.  Let 
0,  O',  C'\  be  the  points  of  concourse  respectively  of  A'A\  B'B"‘ 
of  AAj  B'B]  and  of  AA\  BB\  Then  the  three  points 
0,  G\  G'\  will  lie  in  a right  line. 

Take  the  axis  of  x parallel  to  the  three  lines  AB^  A'B\ 
AB".  Then  the  equations  to  the  extremities  of  these  three 
lines  will  be, 


II  II 

II  II 

fx  — a\ 
^y=b")' 

, B\..\ 

(X  — a + c"' 
\y  = V 

Hence  we  get  for  the  equations  of  AA\ 

BB', 

AA y — h = ^ (x  — 

a), 

BB' y-h= 

— > (x  — a 

-c): 
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whence  we  have  for  the  equations  to  the  point  C'\  where  these 
two  lines  meet, 

ac  — ac 


C' 


■X  = r- 

C — G 

h'c  — he' 

G — G 

By  symmetry  we  have  also, 

cl'g' 


aG 


and 


G- 


a 


X = 

c — c 

y = 

Fg  — h'c 

G — G 

X = 

ac  — ac, 

G — G 

y = 

he  — Fg 

C — G 

Let  the  axis  of  y be  so  chosen  as  to  pass  through  G and  G' : 
we  shall  then  have 


aG  — aG 


= 0, 


aG 


a G 


or 

whence  also 


G — G G — C 

ac  = a'c\  ac  = a' c, 

ac  = aG\ 


= 0, 


and  consequently 


aG  — aG 
G — G 


= 0: 


the  point  G"  will  therefore  lie  also  in  the  axis  of  y. 

Durrande : Gergonne^  Annales  de  Mathematiques^  tom.  vil.  p.  183. 


9.  If,  from  any  point  0 in  a given  line  of  indefinite  length, 
equal  distances  OP^,  P^Pg,  •••  measured  off,  and  other 

equal  distances  0 ^3,  ...  in  the  opposite  direction ; 

and  if  P^,  P^,  Pg,  ...  be  joined  by  straight  lines  with  a point 
P,  and  ^3,  ...  with  a point  P,  P and  P lying  in  a 

line  parallel  to  the  given  line ; then  the  intersections  of  lines 
of  the  former  with  lines  of  the  latter  group  will  all  lie  in 
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straight  lines  forming  two  groups  of  lines  converging  to  two 
points  in  the  line  passing  through  F. 

Let  OP^P^ ...  be  taken  as  the  axis  of  cc,  and  a line  OA 


.p 


through  0,  perpendicular  to  the  two  parallel  lines,  as  the  axis 
of  y. 

Let  OP^  = OQ^  = OA  = c,  AE  — m,  AF  — n. 

Then,  the  intercepts  of  the  line  through  E^  P^,  are,  as  may 
be  readily  seen  from  similar  triangles, 

ra.G 

ra.  : 

ra  — m 


hence  the  equation  to  EP^  is 


X / 

-+  r 


(!)• 


Similarly,  putting  s for  —h  for  —n  for  m,  we  have 
for  the  equation  to  FQs^ 


X 


-'^\y  = 

hi  c 


(2). 


At  the  intersection  of  (1)  and  (2)  we  have,  adding  their  equations, 
/I  1\  / m n\  y 




and,  subtracting. 


/I  . 

l\  . 

( m 

- + 

7 + 

r — s 

+ r 

\a 

h 

V a 

h) 

— r — s (4). 


The  equations  (3)  and  (4)  shew  that  the  intersections  of 
the  two  groups  of  lines  always  take  place  in  one  of  a single 
pair  of  lines  so  long  as  r + 5 or  r — 5 is  constant,  there  being 
as  many  such  pairs  as  there  are  values  of  r + s and  r — 5. 
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Suppose  y — c\  then,  from  (3), 


and,  from  (4), 


X 


m n 

h 7 

a o 


1 

1 

a 

h 

m 

n 

a 

~h 

1 1 

a 0 


These  values  of  as  not  involving  r or  5,  shew  that  the  lines 
of  intersection  (3)  and  (4)  all  pass  through  two  points  in  EF^ 
at  distances 

m m n 

a h a h 

T7I’  TT’ 

ah  ah 


from  the  point  A, 

F : Cambridge  Mathematical  Journal^  vol.  I.  p.  88. 


10.  To  prove  that  the  middle  points  of  the  diagonals  of  the 
three  simple  quadrilaterals,  forming  a complete  quadrilateral, 
lie  all  in  one  straight  line. 

The  figure,  of  which  (7,  A\  B\  are  the  angular 

points,  is  a complete  quadrilateral,  consisting  of  the  three  simple 


quadrilaterals, 

A GBDA^  of  which  the  diagonals  are  AB^  CD ; 
ADB'GA\  of  which  the  diagonals  are  (7i>,  A'B' 
AB'BA'A^  of  which  the  diagonals  are  A'B\  AB, 

Let  CA  = a,  CA'  — a , GB  = 5,  GB'  = h\  Let  ilf,  M\  he 
the  middle  points  respectively  of  the  diagonals  AB^  A'B\ 

D 
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Through  these  two  points  draw  a straight  line  cutting  CD 
in  N, 

Let  the  lines  CA\  GB\  be  taken  as  axes  of  a?,  respectively. 
The  equation  to  AB'  is 

X y ^ 

- 4-  — = 1 • 
a 0 

and  the  equation  to  A'B  is 

X y 

-+f  = 1. 

a b 

The  equations  to  the  point  D are  therefore 

. h — V TT,  a — a 

X — aa.  — rr?  7 y — bb  . 


ah  — a'h'  ’ ^ ah  — ah' ' 

The  equation  to  CD  will  therefore  be 

aa'  {h  — h')  y — hh'  [a  — a)  x. 

The  equations  to  M are 

x = \a,  y = \h-, 

and  those  to  M'  are 

x^\d^  y^\h'. 

Hence  the  equation  to  MM'  is 

2 [a  — a')  y — 2 {b  — h')  X = ah'  — ah. 

Combining  this  equation  with  that  to  GD^  we  shall  have  for 
the  equations  to  iV, 


h — h'  ^ TT,  a — a' 

X — taa . — 7T7  y = -^bb . 


ah  — ah'  ' 


The  coordinates  of  N are  therefore  respectively  half  of  those 
of  D.  The  point  N is  accordingly  the  middle  point  of  GD. 
Thus  the  middle  points  of  the  three  diagonals  are  in  a single 
straight  line. 

Bochat:  Gergonne.^  Annales  de  Mathematiques.,  tom.  I.  p.  314. 


11.  Having  given  the  position  of  a point  relatively  to  a 
known  angle  and  in  the  same  plane  with  it,  to  find  in  this  plane 
two  other  points  such  that  if  we  draw  through  them,  in  an 
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arbitrary  direction,  two  parallel  straight  lines  cutting  the  two 
sides  of  the  angle,  the  given  point  shall  always  lie  in  the 
direction  of  one  of  the  diagonals  of  the  trapezium  intercepted 
between  the  parallels  and  the  two  sides  of  the  given  angle. 

Let  the  two  sides  of  the  angle  be  taken  as  axes  of'^coor- 
dinates.  Then  the  equations  to  a pair  of  parallels  will  be,  (a?',  y) 
and  {x\  y")  being  the  two  required  points  P',  P", 

y-y  =a{x-  x), 
and  y ~ y — cbix  — x). 

The  abscissa  of  the  intersection  of  the  former  of  these  lines 
with  the  axis  of  x will  be 

ax'  — y 


and  the  ordinate  of  the  intersection  of  the  latter  with  the  axis 
of  y will  be  y'  _ ax'. 

Hence,  (^,  li)  being  the  given  point  (7,  which  by  hypothesis 
lies  in  the  line  joining  these  two  intersections,  we  have 


ah 


ax 


7 H 17 

y y 


ax 


or  x.[x  — h).a^  — {y  [x  — h)  + xy  — hx^  a + y {y"  ^ h)  = 0. 

Since  a is  indeterminate,  this  equation  resolves  itself  into  the 
three  following : 

X {x  — ^)  = 0, 

y [y'  - i)  = 0, 

y {x  — A)  + xy  — hx  — 0. 

The  problem  is  therefore  indeterminate,  since  there  are  only 
three  equations  between  the  four  coordinates  x'^  y^  a?",  y . 

The  first  two  equations  can  be  satisfied  by  one  of  the  four 
systems  of  values : 


"Si 

II 

11 

11 

11 

II 

"S' 

11 

11 

"S 

11 

It  is  easily  seen  that  of  these  systems  only  the  first  and  the 
last  can  satisfy  the  third  equation. 
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The  first,  which  shews  that  the  point  F is  in  the  axis  of  a?, 
and  the  point  F'  in  the  axis  of  reduces  the  third  equation  to 

X [y  — h)  — 0 ; 

from  which  it  appears  that  the  two  points  P',  F\  are  in  a right 
line  with  the  point  C.  Thus  the  required  points  will  be  the 
intersections  of  the  two  sides  of  the  given  angle  with  any  line 
whatever  drawn  through  the  given  point. 

The  last  system,  which  indicates  that  the  required  points 
lie  in  lines  drawn  parallel  to  the  two  axes  through  the  point  (7, 
reduces  the  third  equation  to 

xy  ~ hx  = 0, 
or  xy  — yx  = 0, 

which  shews  that  the  points  P',  P",  are  in  a right  line  with  the 
origin.  Thus  we  see  that  the  points  sought  will  be  the  inter- 
sections of  a straight  line,  drawn  arbitrarily  through  the  summit 
of  the  given  angle,  with  parallels  to  its  two  sides  passing  through 
the  given  point. 


Schumacher : Gergonne^  Annales  de  Maihematiques^  tom.  i.  p.  193. 
Gamier : GSometrie  Analytigue^  p.  53. 


12.  The  equations  to  two  lines  being 

X 


+ T 

a 0 


-+^  = 1 
a'  h'  ’ 


to  find  the  equation  to  a line  passing  through  their  point  of 
intersection  and  through  the  origin  of  coordinates,  a,  5,  a',  h\ 
being  subject  to  the  relation 

a + h = d + h'. 
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The  required  equation  is 

ad  hV 

13.  To  find  the  equations  to  the  diagonals  of  the  parallelo- 
gram, the  sides  of  which  are  defined  by  the  equations 

X — X — d^  y = If-)  y — 

and  to  determine  the  coordinates  of  the  point  of  their  inter- 
section. 

The  equations  to  the  two  diagonals  are 

[d  — a)  y — dh  = {J)  —l^x  — h'a^ 
and  (a  — d)  y — ah  = (1)  — b)  x — dh' ; 

and  the  coordinates  of  their  intersection 

14.  To  find  the  condition  that  the  three  lines 

X y ^ X y ^ X y ^ 

a b a b a b 

may  all  pass  through  a single  point. 

The  condition  is  expressed  by  the  following  equation, 

_1 L + J: L + J L=o 

d¥  db'  db  ab'  ab'  db 
Lame : Gergonne^  Animles  de  Mathematiques^  tom.  vii.  p.  230. 

15.  If  Pj,  ^3,  denote  the  perpendicular  distances  of  any 
point  in  a side  of  any  quadrilateral  from  the  three  other  sides ; 
and  a,  5,  assigned  lengths ; to  prove  that  the  equation 

a ^ b 

will  represent  one  of  a family  of  lines  which  all  pass  through 
a single  point. 
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16.  To  find  the  equation  to  a straight  line  passing  through 
the  intersection  of  the  two  lines 

cc  cos  £ + 3/  sin  s = 8,  x cos  e'  + 3/  sin  e = 8', 
and  cutting  at  right  angles  the  line 

X cos  s"  + y sin  e"  = 8". 

The  required  equation  is 

X cos  £ + 3/  sin  £ — 8 x cos  s"  + 3/  sin  z — 8' 
cos  {€  — £)  cos  (£"  — £') 

O’Brien:  Plane  Coordinate  Geometry^  p.  31. 

17.  If,  on  the  three  sides  of  a triangle,  taken  in  turn  as 
diagonals,  be  constructed  parallelograms,  the  sides  of  which 
are  parallel  to  two  given  straight  lines,  to  prove  that  the  other 
three  diagonals  of  these  parallelograms  will  pass  through  a 
single  point. 

Sturm,  Vecten,  Querret:  Gergonne^  Annales  de  Mathe- 

matiques^  tom.  XV.  p.  103. 

18.  If,  through  the  extremities  of  the  base  AB  of  any 
triangle  ABG^  be  drawn  straight  lines  AP^  BQ^  of  arbitrary 
length,  and  respectively  parallel  to  the  sides  BG^  AC;  and 
if,  through  the  points  P and  be  drawn,  parallel  to  BQ,  APj 
respectively,  straight  lines  meeting  in  a point  D ; to  prove  that 
the  three  lines  A BP^  D (7,  will  pass  through  a single  point. 

Gergonne : Annales  de  Mathematiques^  tom.  xv.  p.  88. 

19.  If  any  two  straight  lines  be  drawn,  one  of  which  bisects 
the  other,  and  the  straight  lines  joining  their  extremities  be 
produced  to  intersect,  to  prove  that  the  line  joining  the  two 
points  of  intersection  shall  be  parallel  to  the  line  bisected. 

20.  If  OAA'A'j  OBB'B'\  be  two  straight  lines,  haraionically* 
divided,  the  former  in  the  points  -4,  A'^  and  the  latter  in  the 

* A straight  line  ABCD  is  said  to  be  harmonically  divided  in  the  points 
B,  C,  if  the  whole  AD  ; either  extreme  AB  : : the  other  extreme  CD  : the 
mean  BC. 
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points  to  prove  that  the  straight  lines  AB^  A'B\  A''B'\ 

will,  produced  indefinitely  if  necessary,  either  pass  through 
a single  point,  or  be  parallel  to  each  other. 

De  La  Hire : Sectiones  Contcce^  lib.  i.  prop.  18. 

21.  From  three  points  A^  B^  in  a straight  line  ABCD^ 
straight  lines  are  drawn  through  a single  point  P;  through  G 
is  drawn  a straight  line  EGF^  parallel  to  HP,  cutting  PB  pro- 
duced in  P,  and  PD  in  F.  To  prove  that 

AD,BG  \ AB.GD  y,  GF : GF. 

De  La  Hire : Sectiones  Gonicce^  Appendix,  prop.  3. 

22.  From  an  angle  (7  of  a parallelogram  ABGD^  a per- 
pendicular GF  is  drawn  to  the  diagonal  PZ>;  to  prove  that 
perpendiculars  drawn  to  HP,  HP,  at  the  points  P,  P,  will 
intersect  each  other  in  the  line  GF. 

Leybourn : Mathematical  Repository.^  New  Series vol.  III.  p.  179. 

23.  HPP,  (7§P,  are  two  parallel  straight  lines.  Also 

AP:PB::DQ:  QG] 

to  prove  that  the  right  lines  PQ,  HP,  P{7,  meet  in  a single 
point. 

24.  Euclid  I.  47.  In  the  figure  HP  is  perpendicular  to  PP; 


to  prove  algebraically  that  PP,  PP,  intersect  HP  in  the  same 
point. 
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25.  If  through  the  three  angular  points  of  any  given  tri- 
angle, lines  be  drawn  parallel  to  the  opposite  sides,  to  prove 
that  the  straight  lines  joining  their  points  of  intersection  and 
the  opposite  angles  of  the  original  triangle  will  intersect  each 
other  in  a single  point. 


Section  VI. 

Transversals.  Implicit  Parameters. 

1.  To  prove  that  the  three  lines  bisecting  the  angles  of  a 
triangle  all  pass  through  the  same  point. 

Let  the  equations  to  the  three  sides  be 

^^  = 0,  = 0,  = 0, 

where  %,  v,  w.,  are  of  the  form 

X cos  s + ?/  sin  £ — 8. 

Then,  the  origin  being  anywhere  within  the  area  of  the  triangle, 
the  equations  to  the  bisecting  lines  will  be 

u — V — 0^  V — w = Oj  w — u — 0 ] 

these  equations  shew  that  the  bisecting  lines  pass  through  a 
single  point.'^ 

2.  If  lines  be  drawn,  bisecting  the  angles  of  a triangle  and 
the  exterior  angles  formed  by  producing  the  sides,  these  lines 
will  intersect  in  only  four  points  besides  the  angles  of  the 
triangle. 

Taking  a?  cos  s + ?/  sin  e — 8 = 0 as  the  general  type  of  the 
equation  to  a straight  line,  we  may  represent  the  equations  to 
the  sides  of  the  triangle  by 

u — Oj  V = 0,  = 0, 

and  the  equations  to  the  six  bisecting  lines  by  the  equations 

V q- 14;  = 0...(1),  w + u = 0...{2)^  % + = 0. . . (3), 

V — w = w — u = 0...(2)',  u — V = 0...(3)'. 


* See  problem  (5)  of  this  section. 
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The  pairs  of  lines  (1)  and  (1)';  (2)  and  (2)';  (3)  and  (3)';  meet 
respectively  at  the  angles  of  the  triangle.  Also  the  triple 
systems  of  lines 

{(1),  (2),  (3)'},  {(2),  (3),  (1)'},  {(3),  (1),  (2)'},  {(1)',  (2)',  (3)'}, 

meet  each  in  a point.  ^ 

Now,  generally,  the  number  of  intersections  of  six  lines  is 
equal  to  15 ; hence,  in  the  present  problem,  deducting  from  this 
number  the  number  3,  for  intersections  at  the  angles  of  the 
triangle,  and  the  number  2,  for  each  of  the  triple  systems  which 
pass  through  only  one  point  instead  of  three,  we  have,  for  the 
greatest  number  of  intersections, 

15  - 3 - 8 = 4. 

3.  From  the  angles  A,  (7,  of  any  triangle  are  drawn  three 

straight  lines  AA\  GC\  bisecting  the  angles  of  the  tri- 

angle: through  A,  B^  (7,  are  also  drawn  three  straight  lines, 
respectively  perpendicular  to  AA\  BB\  CG\  to  meet  the  sides 
BG^  GAj  ABj  produced,  respectively  in  6^,  K.  To  prove 
that  (r,  A,  lie  in  a right  line. 

Taking  x cos  s + ?/  sin  s = 3 as  the  general  type  of  the  equa- 
tion to  a straight  line,  the  equations  to  the  several  lines  of  the 
figure  will  be 

BG u = 0,  GA V — 0,  AB w = 0, 

AA  ...V  — w = BB' ...  w — u = GG' u — v = 0^ 

AG...v  + w — 0^  BH....  w u = Oj  GK u + v = 0. 

From  the  equations  to  BG  and  AG.,  it  is  evident  that  G will  lie 

in  a line,  of  which  the  equation  is 

u + V + w = 0. 

Symmetry  shews  that  this  line  must  contain  also  H and  K. 

Vecten : Gergonne.,  Annales  de  MafMmatiques.,  tom.  x.  p.  202. 

4.  To  find  the  equation  to  a straight  line  which  passes 
through  a proposed  point  and  through  the  intersection  of  the 
two  lines 


w = 0,  V = 0. 
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The  general  equation  to  a line  passing  through  the  interj 
section  of  these  two  lines  must  be 

u — \v  (1), 

X being  an  arbitrary  constant.  This  is  evident  when  we  con-| 


sider  that  the  values  of  x and  which  satisfy  the  equations 
= 0,  V = 0,  must  also  satisfy  the  required  equation ; or,  which  j 
is  the  same  thing,  that  whenever  w = 0 and  v = 0,  simultaneously, 
the  required  equation  must  be  identically  satisfied. 

Let  Wj,  Vj,  be  the  values  of  y,  when  the  coordinates  of  the 
proposed  point  are  substituted  for  a?,  y.  Then,  since  the  equation  i; 
(1)  must  be  satisfied  by  these  values  of  x and  3/,  we  have 


From  (1)  and  (2)  we  have 


(2). 


the  equation  to  the  required  line. 

Suppose  for  illustration  the  two  proposed  lines  to  be 


X y 

-+f  = 1, 

a 0 


X y 
-+^  = 
y 


and  the  proposed  point  to  be  a,  Then  the  required  line  will 
have  for  its  equation 


X y 

- + V 

a b 


- 1 


a b 


a b 

^+1-1 

a b 


5.  To  prove  that  any  three  lines,  which  intersect  in  one 
point,  may  be  represented  by  the  three  equations 

V — w = 0^  w — u =■  ()^  u — V — 0. 

Let  the  equations  to  any  two  of  the  lines  be 

^ = 0,  S'  = 0 : 

that  to  the  third  will  be 

+ Xg'  = 0. 


TRANSVEESALS.  IMPLICIT  PARAMETERS. 


43 


Hence  any  three  lines  whatever,  which  cut  each  other  in  one 
point,  may  be  represented  by  the  equations 

^ = 0,  = 0,  ^ = 0 ; 
or,  putting  p — v — — w — 

by  the  three  equations  — 

V — w — w — u — u — V — 

6.  Three  straight  lines  (7,  pass  through  a single  point; 

X,  F,  X,  are  three  other  straight  lines  such  that  Y,  intersect 
in  A ; x,x,  in  j5;  and  X,  Y,  in  G.  To  prove  that  the  lines 
A^  (7,  X,  Y,  X,  may  be  respectively  represented  by  the  cor- 
relative system  of  equations 

V — w = Oj  w — u — 0^  u — V — 0^ 

v + w = w -{■  u — \ u V 

The  first  three  equations,  as  we  know  by  problem  (5),  will 
always  represent  A^  B^  G, 

Again,  since  Y,  X,  intersect  in  X,  the  equations  to  Y,  X, 
must  he  of  the  forms 

^ = 0,  ap  + v — = 

or,  putting  op  = X — w — v,  of  the  forms 

u + V — 

w + u — 

Again,  it  is  obvious  that  a line  of  which  the  equation  is 

V + w = \^ 

intersects  Y in  B^  and  X in  (7 : this  line  must  therefore  neces- 
sarily be  X. 

Hence  the  system  of  equations  is 


A 

B 

G 

V — w = 0 

w — u = 0 

u — V = 0 

X 

Y 

X 

V w — \ 

w u — X 

u + V = X 

7.  HKL^  BQBy  are  two  triangles ; to  prove  that  if  the  straight 
lines  HP,  KQ^  LR^  meet  in  one  point  0,  the  intersections  of 
XL,  LH,  RF‘  HK^  PQ]  lie  in  a straight  line. 
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Since  OPH^  0 QK^  ORL^  all  meet  in  a point,  their  equations 
may  be  expressed  respectively  in  the  forms 

V — W ■=  W — M = 0,  U — V 0. 

Again,  since  KL^LH'^  LII^IIK\  HK^KL-^  intersect  respec- 
tively in  ORL^  OPHj  OQK^  the  equations  to  KL^  LH^  HK^  are 

\ V -{■  \ — w \ = U + V. 

For  a like  reason,  the  equations  to  QR^  RP^  PQ^  are  respectively 
X = V + X = w + X u + V. 

Hence  KL^  QR'^  LH^  i^P;  HK^  PQ\  all  intersect  in  a straight 
line  X = V. 

Gergonne : Annates  de  Mathematiques^  tom.  Vll.  p.  187. 
Vincent:  Gouts  de  Geometrie^  p.  210. 

Greathead:  Cambridge  Mathematical  Journal^  vol.  I.  p.  171. 
Frost:  ih.  vol.  iv.  p.  113. 

8.  From  the  angles  A,  P,  (7,  of  a triangle,  lines  are  drawn, 
through  a point  0,  to  meet  the  opposite  sides  in  P,  P,  G,  re- 
spectively : FG^  GE^  EF^  are  produced  to  meet  P(7,  (X4,  AP, 
respectively,  in  P,  P.  To  prove  that  P,  Qj  P,  lie  in  one  line. 


Let  the  equations  to  BC,  GA^  AB,  be 

u = Oj  V = Oj  w = 0. 

The  equations  to  GG^  BF^  are  respectively 

u _v 

1 u w 

and  _ =r  _ 

where  ii\^  are  the  values  of  w,  lo^  at  the  point  0, 
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The  equations  to  the  points  are  therefore,  respectively, 


and 


^=0 


W 


0 


Hence  the  line  GFP  is  defined  by  the  equation 

u 

Wi 

Hence  the  equations  to  the  point  P are 


V w 

— I 


^+^  = 0 


V, 


“ =0 


P therefore  lies  in  the  line 

U V w ^ 

— I 1 = 0. 

Symmetry  shews  the  same  to  be  true  of  Q and  R.  Hence 
P,  Q,  P,  lie  in  one  line  defined  by  this  last  equation. 

We  subjoin  also  another  solution  of  this  problem. 

Since  AE^  BF^  CG^  meet  in  a point,  their  equations  may  be 


written  respectively  in  the  forms 

AE  V — w = 0 (1), 

BF  w — u — 0 (2), 

GG  u — V — 0 (3). 

Since  AB^  AG^  intersect  in  (1) ; BG,  BA^  in  (2) ; GA^  GB^ 
in  (3) ; the  equations  to  (L4,  AB^  BG^  will  be  respectively 

GA  w u = 2\ (4), 

AB  u + V = 2X (5), 

BG  V + w = 2X (6). 
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Since  FG  passes  through  the  intersections  of  CA^  BF^  and) 
of  AB^  CG;  GE^  EF^  passing  through  analogous  points;  the^ 
equations  to  FG^  GE^  EF^  will  be  respectively  | 


FG  = \ (7),  I 

GE  v = \ (8),  I 

EF  w = X (9).  1 


Hence  P,  P,  the  intersections  of  (6),  (7) ; (4),  (8) ; (5),  (9) ; J 
all  lie  in  a line  I 

u + V + w = S\.  I 

F : Cambridge  Mathematical  Journal^  vol.  I.  p.  87. 

9.  To  prove  that,  the  circumstances  of  the  preceding  problem 
remaining  unchanged,  the  lines  joining  P,  P,  P;  A^  Ey. 
meet  in  one  point,  as  also  those  joining  A^  P'^  B^  F\ 

and  those  joining  A^  B^  (7,  G.  | 

The  equations  to  GF^  BC^  AB^  CA^  being 

GF  u — 

BC  V + w = 2X,  j 

AB  u V — 2\, 

CA  w -\-  u — 2\ 

it  is  plain  that  the  line  denoted  by  the  equation 

2u  V + w \ 

passes  through  the  intersection  of  GF^  BCj  and  of  AB^  CA;  ■ 
the  line  is  therefore  the  line  joining  A,  P, 

The  equations  to  AP^  BQ^  CG,  are  therefore,  regard  being  1 
paid  to  symmetry,  | 

AP  2u-j-  V + w = 4:X, 

BQ  2v  -]r  w + u — 4X,  ; 

CG  u — V = 0.  , 

Since  any  one  of  these  equations  results  from  the  other  two, 
these  three  lines  must  all  pass  through  one  point.  The  same 
thing  must,  by  virtue  of  symmetry,  hold  good  respecting  the 
intersections  of  the  similarly  related  lines.  ' 
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! 10.  Let  there  be  any  complete  quadrilateral;  let  its  sides 

i be  produced  indefinitely;  let  its  three  diagonals  be  also  in- 
definitely produced:  the  diagonals  will  intersect,  two  and  two, 
I in  three  points.  Through  each  of  these  points  let  there  be 
j drawn  straight  lines  to  the  two  extremities  of  the  diagonal 
in  which  it  does  not  lie ; we  shall  thus  have  six  straight  lines, 
each  of  which  will  determine  two  points  on  two  sides  of  the 
quadrilateral ; so  that  we  shall  have  in  all  twelve  of  these  points, 
distributed,  three  and  three,  on  the  four  sides  of  this  quadrilateral. 
It  is  required  to  prove  that  these  twelve  points  will  lie,  two  and 
two,  on  twelve  new  straight  lines,  meeting,  four  and  four,  in  the 
three  points  of  intersection  of  the  diagonals  of  the  proposed 
quadrilateral. 

Let  AA'A'B'BB"  be  the  proposed  quadrilateral,  of  which  the 
diagonals  are  AB^  AB\  AB\  intersecting,  AB  and  AB'  in  G% 


AB  and  AB"  in  G\  AB'  and  AB"  in  (7.  Let  the  point  G be 
joined  to  the  points  A^  B^  by  two  straight  lines,  of  which  the 
former  cuts  the  sides  BA\  BA^  in  w,  and  the  latter  the  sides 
AA\  AB' ^ in  m,  Since  the  construction  would  evidently 
be  the  same  for  the  point  O',  relatively  to  the  diagonal  AB ^ 
and  for  the  point  0",  relatively  to  the  diagonal  AB"  • it  will 
be  sufficient  to  prove,  first,  that  the  lines  mq^  meet  in  the 
point  O',  and,  secondly,  that  the  lines  mn,  qp^  meet  in  the 
point  0". 

Since  the  three  lines  AB'^  AB^  A G' ^ meet  in  one  point, 
we  may  take  for  their  equations 


AB' u — = 0, 

AB v — it?  = 0, 

AG' w — u = 0. 


48 


STRAIGHT  LINE. 


Again,  since  A'B^  AA'\  AB,  intersect,  two  and  two,  injB 

AB\  A'Bj  A"C'j  their  equations  will  be  |l 

AB u + V — 2X,  II 

AA' V w = 2X,  ll 

AB w + u = 2X.  I 

Since  A'B'  passes  through  the  intersection  of  AAj  A'Bj 
and  of  A'Bj  AB\  its  equation  will  be 

AB' V = X. 

Since  An  passes  through  the  intersection  of  AJ5,  AA\  and 
of  AB'^  A"  O',  its  equation  will  be 

An — u + 2v  + w = 2X. 

Since  Bm  passes  through  the  intersection  of  AB'^  A'C'^ 
and  of  AB^  AB^  its  equation  will  be 

Bm u + 2v  — = 2X. 

t 

Since  mn  passes  through  the  intersection  of  Bm^  AA]  and 
of  Anj  AB,  its  equation  will  be 

mn u + 4v  + w = 6X.  * 

Since  passes  through  the  intersection  of  AB',  Bm,  and 
of  A'B,  An,  its  equation  will  be 

pq — u 4v  — w = 2X. 

At  the  intersection  of  mn,  pq,  we  have,  from  their  equations, 

I - = 

(w  4-  u — 2Xj  ’ 

their  intersection  therefore  coincides  with  C",  the  intersection 
of  AB,  AB', 

Again,  since  np  passes  through  the  intersection  of  AB,  An,  ' 
and  of  AB',  Bm,  its  equation  will  be 

np 3w  — w — 2X.  ' 

Since  mq  passes  through  the  intersection  of  Bm,  AA,  and 
of  A'B,  An,  its  equation  will  be 

mq — u = 2X. 
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At  the  intersection  of  np  and  we  have,  from  their  equations, 

iw  — %i  — ^ ] 

\w  u ^ 2X,|  ’ 

their  intersection  therefore  coincides  with  C\  the  intersection 
of  AB,  A"C'.  ^ 

Cor.  If  r,  tj  he  the  Intersections  of  ?nnj  pq^  with  A'B'\  and 
5,  those  of  np^  mq^  with  AB' rs^  vt^  will  intersect  in  B^ 
and  rv^  stj  in  A. 

Availing  ourselves  of  the  preceding  equations,  we  shall  easily 
obtain  for  the  equations  to  rs^  vt^  rv,  st^ 


rs + 4v  — Id  = 6X, 

vt ?>&  + = 2X, 

rv — u 4:V  3w  = 6X, 

St.. 3w  + 4v  4-  = 2X. 


From  these  equations  the  truth  of  the  proposition  asserted 
in  the  corollary  is  easily  seen. 

The  truth  of  the  corollary  is  also  evident  from  the  con- 
sideration that  the  four  points  r,  5,  i;,  have  the  same  relation 

to  the  quadrilateral  mnpq.^  which  the  four  points  m,  have 

to  the  quadrilateral  AAB"B\ 

Legrand,  Rochat,  Penjon:  Gergonne.^  AnnaUs  de  Mathi- 
matiques.,  tom,  IL  p.  369. 

The  reader  is  referred  also  to  a memoir  by  Vecten,  in  the 
15th  volume  of  the  Annates.,  p.  146,  where  he  will  find  other 
properties  of  the  complete  quadrilateral. 

11.  Let  AR,  A'R',  A"R",  be  any  three  parallel  lines.  Let 
0,  O',  0",  be  the  points  of  concourse  respectively  of  A A.,  B'B'\ 
of  A"  A,  B"B,  and  of  A A',  BB\  Then  the  three  points 
0,  O',  0",  will  lie  in  a right  line. 

The  lines  AR,  A'R',  A"R",  A' A",  B'B'\  AA',  BB\  may  be 
represented  by  the  system  of  equations 

AB u = c.,  AB' = c,  AB"... u — c\ 

A A V = 0,  B'B"... w = 

AA u — V — c\  BB' u — w = e. 
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* 

The  equations  to  the  points  A\  will  then  be 


Hence  the  equation  to  the  line  A" A will  be 

A" A (c  — c)  u + (c  — c)  V = c {c  — c). 

Again,  the  equations  to  the  points  will  be 


The  equation  to  the  line  B'B  will  therefore  be 

B'  B (c  — c)u  (c  — c")  ^^?  = c"  (c  — c). 

From  the  above  equations  it  is  plain  that  the  intersections 
of  AA\  B'B'  of  AA^  B'B]  and  of  AA^  BB  ] will* all  three 
lie  in  a line  of  which  the  equation  is 

V = w. 

Durrande : Gergonne^  Annales  de  Mathematiques^  tom  Vll.  p.  183. 


12.  Let  ASB^  A 8' B'^  A S' B”^  be  three  angles  of  which  the 
sides  are  respectively  parallel.  Let  8'A^  8"B"^  meet  in  if,  and 
8'B'^  S"A'^  in  N:  let  8"Aj  SBj  meet  in  if',  and  8"B"^  SAj 
in  N' : let  SA^  S'B'^  meet  in  if",  and  8B^  8' A,  in  N".  Then 
the  three  lines  ifiV,  M'N'^  M"N"^  will  meet  in  one  point. 

Let  the  equations  to  the  sides  of  the  three  angles  be 


A8 

B8, 

« = 

AS' 

u — a , 

B'8' 



A'8",.„ 

B"8" 

Then  the  equations  to  the  points  if,  A,  will  be 


N. 


u = a ' 
y r= 


The  equation  to  ifA  will  be,  therefore, 

MN, {S'  — ^')  ^ + (a  - a")  ^ = dS'  — a''/3". 
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By  similarity,  for  the  equations  to  M'N\  we  have 


M N' (/3"  — ^)  u (a"  — a)  V — a"/3"  — ayS, 

M"N" {IB  — ^')u  + {a  — d)v  = — djB', 


Adding  together  these  last  three  equations,  we  obtain  an 
identical  equation ; the  three  lines  MNj  M'N\  M"N\  therefore 
all  meet  in  one  point. 

Durrande  : Gergonne^  Annates  de  Mathematiques^  tom.  Vii.  p.  183. 

13.  If  three  straight  lines,  drawn  from  the  summits  of  a 
triangle,  meet  in  one  point,  their  respective  parallels,  drawn  from 
the  middle  points  of  the  opposite  sides,  also  meet  in  one  point. 

The  equations  to  the  three  former  lines  may  be  written  in 
the  forms 


V — W = jJj  — V.. 

w — u = y — \ , 

U — V — \ — fJb, 


and  the  equations  to  the  three  latter,  being  respectively  parallel 
to  the  three  former,  in  the  forms 

V — w — Z.  ..{4),  w — u — m...{b)^  u — V = n (6). 

In  these  six  equations  w,  are  supposed  to  denote  linear 
functions  of  x and  y without  constant  terms*  Z,  m,  X,  yit,  v, 
being  all  constants. 

Let  be  the  values  of  v,  at  the  middle  point  of  5(7; 

w those  of  w,  at  the  middle  point  of  CA ; and  v , 
those  of  V,  at  the  middle  point  of  AB. 

Also  let  (%',  v',  w)^  {u\  v",  w)^  {u'\  v"\  w'")^  be  the  values 
of  {m^  w)^  at  the  points  A^  (7,  respectively. 

Then  it  is  plain,  from  the  geometrical  conditions,  that 


2?;^  = V + v" ^ — w + w" ; 

= w"  + w\  2u^  = u"  + u ; 
= u + u\  = V + v". 


But,  from  (4),  (5),  (6),  we  have 

2 {I  m n)  = 2 {v^  — w)  2 {w^^  — u)  + 2 {u^^^  — v^J  ; 

E 2 
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hence  2 (Z  + m + n)  = v"  — w"  + v"  — w'" 

+ w'"  — u"  + w'  — u 

-\-  u — V + u — V 

— v"  — u"  W — V u — w\ 

But,  from  the  equations  to  OA^  OBj  OC^ 

V — w = /Jb  — w — u — V — \ u — V — fju: 

hence  2(Z  + m + w)=/A  — X + v — /a  + \ — v, 

and  therefore  I + m + n — 0. 

This  result  shews  that  the  lines  (4),  (5),  (6),  pass  through  one 
point  {O'). 

Cor.  It  is  easily  seen  that  the  equation  to  the  line  joining 
0,  O',  if  we  put  I — fi  — m = V — X',  n = \'  — yu-',  is 

(V  - \)  (/i  - v)  + (/  - /t)  (v  - X)  + (v  - v)  (X  - /i) 

= (X'  — X)  (v  — w)  + {fi  — fjb)  {w  — u)  (y  — y)  (u  — v) 

= (X'  - X)  {fjb  - y)  + (yu.'  - jjb)  (y  - X')  + (y  — y)  (X'  — jx). 

Fregier:  Gergonne.^  Annales  de  Maihematiques.^  tom.  VII.  p.  170. 

14.  To  prove  that  the  sides  -4,  A\  ...  of  any 
polygon,  and  the  sides  X,  X',  X",  X'",  ...  of  any  polygon  in- 
scribed within  it,  may  be  represented  by  the  system  of  equations 


A 

A' 

A" 

A'" 

^(«i 

u = 0 

u = 0 

o 

II 

u"  = 0 

o 

II 

«■ 

Is 

5 

X... 

u + u 

4- 

u"  +.... 

X' OM  + OM  + U + u"  + + = 0, 

X" mi  cm  cm  + + + = 0, 


X”^ cm  + cm  + cm  + cm"  + + = 0. 
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Let  the  sides  A,  A'^  A\ of  the  polygon  be  represented 

by  the  equations 

A = Oj  A'  = Oj  A'  = 0, , 

and  the  sides  X,  X',  X", by  the  equations 

X = 0,  X = 0,  X"  = 0, 

Since  A^  X,  X”^,  pass  through  a single  point, 

X”^  ==XA  + fiXj 


X and  fx  being  constants. 

In  like 

manner 

X 

= X^A' 

+ 

X 

— X^A 

X 

= M'" 

+ 

Multiply  these  n + \ equations  in  order  by 

h 

then,  representing 

X(”>,  IJ,X,  At/4, X, /t/t,/t^ 

by  F'”',  F,  Y', F»-‘), 

and  \A,  iifi,\A', /t/t,/t,, 

by  M,  u\  u\ 

we  have,  putting  a for  


=u 

+ 

I", 

Y =u 

+ 

I"', 

II 

+ 

F", 

■TTtf  W 

Y — u 

+ 

y""' 

y(«-l)  = yin) 

+ aF<“'. 
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I^^rom  tlicso  equations  we  have 

(1  — a)  — u + u u + 


{I  — a)Y  =■  au  u u + + 

(1  — a)Y'  = au  cm  + u + H- 

(1  — a)  = a^^  + cm  4-  cm'  + + 


" Sinee  u\  are  eonstant  multiples  of  A'^  A'^ 

and  the  right-hand  members  of  the  last  n equations  are  eonstant 

multiples  of  F,  Y\ and  therefore  of  X,  X\ , 

the  truth  of  the  proposition  is  established. 

Ex.  Having  given  the  equations  to  the  sides  of  any  quadri- 
lateral, to  find  the  equations  to  the  sides  of  an  inseribed  quadri- 
lateral the  opposite  sides  of  whieh  interseet  in  two  given  points. 

Let  the  equations  to  the  sides  of  the  original  quadrilateral  be 
A:  = 0,  Z = 0,  w = 0,  n = 0. 

Then,  sinee  w,  u\  u'^  u"\  must  be  some  eonstant  multiples 
of  Z,  w,  w,  respeetively,  the  equations  to  the  sides  of  the 


inscribed  quadrilateral  will  be  of  the  forms 

cfJc  + 7m  + Sw  = 0 (1), 

a{k  -\-  /3Z)  + 7m  + = 0 (2), 

a[k  + j3l  7m)  4 = 0 (3), 

^ 4-  7^  + Sw  = 0 (4). 


Let  the  values  of  Z?,  m,  be  and  k^^ 

at  the  two  given  points. 

Then  we  shall  have,  for  the  determination  of  the  constants 

“)  A 7,  7) 


Cfk^  + = 0 

(5), 

a (^2  + + 7^2  + H ^ 

(6), 

a {k^  + + 7wJ  4-  = 0 

(7), 

\ 4-  + 7^^2  + 

(8). 
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From  (5)  and  (7)  we  have 

+ 7^1^  = 0,  a\  + = 0 ; 


and,  from  (6)  and  (8), 

K + 7^3  + ^^2  = 

Substituting  the  values  of  a,  /S,  7,  S,  given  by  these  four  equa- 
tions, in  (1),  (2),  (3),  (4),  we  shall  obtain,  for  the  required  equa- 
tions to  the  sides  of  the  inscribed  quadrilateral. 


ijc  — h.n  hm  — ml 

-1 L = 0, 


kj,  - IJc  m^n  - y/» 

Kk  ~ ’ 


Im  — ml  nlc  — hm 
-1 L _j — i 1 = 0 

Ijn.  ’ 


m^  - n^m  ^ \l  - IJc  ^ ^ 

kX 


Cambridge  and  Dublin  Mathematical  Journal^  for  May  1850. 


15.  If  the  lines  % = 0,  v = 0,  be  parallel,  to  shew  that, 
k being  an  arbitrary  constant, 

u + kv  = 0 

is  parallel  to  each  of  them. 

16.  If,  through  the  three  angles  of  a triangle,  straight  lines 
be  drawm  at  right  angles  to  the  base,  to  prove  that,  the  general 
type  of  the  equation  to  a straight  line  being 

K - *1)  2^  - (^2  - ^i)  « = 

the  equations  to  the  three  sides  of  the  triangle  and  to  the  three 
perpendiculars  may  be  represented  by  the  system  of  equations 

= 0,  = 0, 

^;--w;  = 0,  — w = 0,  u — V — t). 

17.  A straight  line  passes  through  the  intersection  of  two  lines 

w = 0,  = 0 ; 
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and  through  that  of  two  lines 


u =0,  V = 0. 


To  prove  that  it  is  impossible  to  express  generally  the  equation 
to  this  fifth  line  in  terms  of  u\  v. 

18.  If  lines  be  drawn  through  any  two  of  the  points  Bj 
&c.,  and  other  lines  through  any  two  of  the  points  hy  c,, 

to  prove  that  the  intersections  of  AB  with  ahy  of  AO  with  acy 
&c.  will  lie  in  one  straight  line,  provided  that  the  lines  through 
the  intersections  of  any  two  of  the  first  series  of  lines  and  the 
corresponding  intersections  of  the  second  series  all  pass  through 
the  same  point. 

19.  The  four  angles  of  a quadrilateral  ABCD  SiYO  bisected 

by  four  straight  lines : the  bisectors  of  Ay  By  meet  in  a ; of  By  Gy 
in  /3 ; of  Gy  By  in  7 ; and  of  in  3.  To  prove  that  the 

directions  of  ay,  pass  through  the  intersections  of  the  direc- 
tions of  ADy  BOy  and  of  ABy  GDy  respectively. 

20.  In  any  quadrilateral  ABB' Ay  let  the  diagonals  ABy  ABy 
be  drawn,  intersecting  in  By  and  the  sides  AA y BB'y  produced 


to  meet  in  A : also  let  AB"  be  drawn,  cutting  AB  and  AB' 
in  G'  and  G respectively.  To  prove  that,  a being  the  intersection 
of  the  diagonals  of  the  quadrilateral  AG'GAy  and  /3  that  of  the 
intersection  of  the  diagonals  of  the  quadrilateral  BG'GB'y  the 
three  points  a,  B"y  /3,  will  lie  in  one  straight  line. 
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21.  ^ is  any  point  whatever 
in  the  plane  of  a triangle  BCD : 
from  A are  drawn  to  (7,  D^  the 
three  straight  lines  AB^  A (7,  AD. 

On  AB.,  A (7,  AD.,  are  taken  any 
points  respectively ; and 

Bn^  Cm^  Dn.^  Dm^  B^^  are 

joined : through  the  points  of 
intersection  G'  are  drawn 

the  transversals  Ad.^  Ab.^  Ac. 

To  prove  that 

(1) .  The  transversals  Dd,  Bh.,  Gc.,  cut  each  other  in  a single 
point  A\ 

(2) .  The  four  transversals  AA\  BB\  CC\  DD\  pass  all 
through  a single  point.  ‘ 

This  is  a particular  case  of  a theorem  in  Carnot’s  Essai  sur 
la  TMorie  des  Transver sales. 

Cambridge  and  Dublin  Mathematical  Journal^  for  Feb.  1850. 


B 


c 


Section  VII. 

Rectilinear  Areas. 

1.  To  find  the  area  of  the  figure  included  by  the  lines  defined 
by  the  equations 

ic  — ^ = 0,  X + g = Oj  X — y — a.^  x y — b. 

The  construction  of  the  four  lines  shews  that  they  form  a 
rectangle,  the  first  and  third  being  two  parallel  sides.  Now 
the  distance  between  the  first  and  third,  which  is  the  same  thing 

as  the  distance  of  the  origin  from  the  third,  is  equal  to  . 

Similarly,  the  distance  between  the  second  and  fourth  is  equal  to 

. Hence  the  area  of  the  figure  is  equal  to  \ab. 
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2.  From  the  origin  of  coordinates,  0,  perpendiculars  0(7,  (7(7', 
are  let  fall  upon  two  straight  lines 

respectively : the  points  (7,  (7',  are  joined : to  find  the  area  of 
the  triangle  COG',  ^ 

It  is  plain  that  ^ 

sin  z (7  (7  (7'  = sin  z G'  OA',  cos  z C OA 

— sin  z (7  OA  cos  z (7'  OA', 

= cos  sin  A — cos  ^ sin  A'j 

a'  /3  a 

^ 

a 13  — a^' 


Also 


C0=  0 A.  ^ 


a/3 


AB  (a^  + ’ 


and,  similarly,  G'O  = 

Hence  area  COG' = i 


a/s' 


a^OL^'  (a^  — ajB') 


3.  To  find  the  area  G G'  (7 ",  included  between  the  three  lines 
AB,,  A'B',,  A'B",  the  equations  to  which  are  respectively 


a h 


X y ^ X y 

— + T;  = — + TT, 

a 0 a 0 


1. 
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From  the  geometry  we  see  that 

CC'G"  = AG" A - AG'GA, 

= AG"A-\-AGA"-AG'A. 
area  A G"A  = ^ A A x ordinate  of  G” 

i _ L 

' a d 


Now 


= i{d  -a)  . ~ 


ah' 


1 

dh 


— 2 


hb' 


’ dh  — ah'  ’ 
In  the  same  way  it  may  be  proved  that 

h'd 


and 


area  A G A"  = i (d  — d')^ . -7777 7777 , 

^ ^ ' dh  - dF  ’ 

, . hF 


area  A G'A 


* dh  — aF  * 


Hence  area  GG'G"  is  equal  to 

f {d  — aY  {d  — a'Y  {a  — 

a a a"  d a a"  j-  * 

5“"^J 

This  area  may  similarly  be  shewn  to  be  equal  also  to 

b F h'  F “^T  r>- 


4.  To  find  the  area  of  a triangle,  the  coordinates  of  the 
angular  points  of  which  are  given. 

Let  A^A^A^  (fig.  1)  be  the  triangle,  the 
coordinates  of  A^,  A^,  A^^  being  respectively 

2/1))  K)  ^2)}  (*3)  2/a)- 

Then  the  area  of  the  triangle  is  equal  to 

= i (*a  - *,)  (2/a  + y,)  + i (*8  - *a)  (,%  + 2/2)  “ i (*a  “ ^1)  (2/3  + 2/.) ) 


Fig.  1. 

■il- 
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STRAIGHT  LINE. 


whence,  P denoting  the  required  area, 

2-P  = + *.^3  - x^y^. 

Fig.  2. 


Had  the  figure  been  such  as  fig.  (2),  we  might  have  shewn  in  1 
a similar  way  that  , 

- *2^1  + x^y,  - X^y^  + x^y^  - a;, 2/3.  I 

Thus  we  see  that  the  area  of  any  triangle,  the  angular  coordi- 
nates of  which  are  (a?^,  3/^),  3/3),  is  equal  to 

± - x,y^  + X^y^  - x^y,  + a:, 2/3  - *3^,}, 

the  + or  — sign  taken  accordingly  as  the  point  and  the 
indefinite  point  x are  on  the  opposite  or  on  the  same  side  of  the 
indefinite  line  through  A^. 

Puissant:  Pecueil  de  diver ses  propositions  de  GeomStrie^ 
p.  115,  troisieme  edition, 

5.  To  find  the  area  of  a polygon  the  angular  coordinates 
of  which  are  (a5„  2/.),  (*3,  y^-,  \x^^  (*„,  2/J. 

fig.  1.  fig.  2.  fig.  3. 

J., 


Taking  a quadrilateral,  we  have,  for  the  area  of  the  triangle 
A^A^A^,^  in  fig.  (1)  and  (2),  the  expression 

W<,yx  - ^i3/2  + ^33/2  - ^23/3  + ^i3/3  - ^33/1)? 
and,  in  fig.  (3),  the  expression 

WxV^  - ^23^1  + ^‘23/3  - ^33/2  + ^33/1  - 
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Again,  the  area  of  the  triangle  is  equal,  in  fig.  (1) 

and  (3),  to  the  expression 

+ *4^3  - *3^4  + *1^4  - > 

and,  in  fig.  (2),  to  the  expression 

4 (*1^3  - *3^1  + *3^4  - *4^8  + *4^1  “ 

Hence  the  quadrilateral  area  A^A^A^A^  is  equal,  in  fig.  (1) 
and  (2),  to  the  expression 

4(®3y,  - *.^3  + *3^2  - *3^3  + *4^3  “ *3^4  + “’ly.  “ ‘^4^1)1 

and,  in  fig.  (3),  to  this  expression  affected  by  the  negative  sign. 

Thus  we  see  that  the  area  of  a quadrilateral  A^A^A^A^  is 
equal  to 

± 4{*3y.  - *iy3  + - ^2^3  + ^^3  - + ^ly.  - ^.yO^ 

the  + or  the  — sign  being  taken  accordingly  as  the  point  A^ 
and  the  indefinite  point  x are  on  the  opposite  or  on  the  same 
side  of  the  indefinite  line  through  A^. 

Proceeding  in  the  same  way,  we  shall  evidently  obtain,  for 
the  area  of  the  proposed  polygon,  the  expression 

± 4 + *3y3  - ^zVz  + ^kVz  - ^zVi  + + *iy»  - 

De  Stainville : Gergonne.,  Annales  de  MatliSmatiques.,  tom.  I. 
p.  190. 

Puissant:  Recueil  de  diverges  propositions  de  Geometrie^j 
p.  116,  troisieme  edition. 

6.  To  find  the  area  of  the  quadrilateral  the  equations  to  the 


sides  of  which,  taken  in  order,  are 

y = o W) 

y = * (2), 

{y  — a)  — X — a (3), 

y = * - c (4). 


At  the  intersections  of  (1)  and  (2),  (2)  and  (3),  (3)  and  (4), 
(4)  and  (1),  respectively,  we  shall  have 

c\/3 

/a:,  = 0\  /*3  = «'\  ® 

Vy,  = o;,  \y,^a),  1 _ . c p ^4  = 0;. 

^2'3  - « + TsTTT-' 
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STRAIGHT  LINE. 


But,  P denoting  the  required  area, 

2-P  = - x^y^  + x^y^  - x^y^  + x^y^  - x^y^ : 

hence,  putting  for  the  coordinates  in  this  expression  their  proper 
values,  we  have 


2P  = (2  ( a + 


C/\/3 


V3  - 1 


— a[a  -\- 


V3 


+ C <2  + 


V3  - 1 


2«c  + 


^ = 0,  2 + ^ = 1. 

’ 2 3 


V3  - 1 ’ 

P = (2C  + (V3  + 1). 

7.  To  find  the  area  included  between  the  lines 

a?  = 0, 

Required  area  = 3. 

8.  To  find  the  area  of  the  triangle  formed  by  the  three  lines 

a?  = (2,  y — mx^  V — ~ 

Required  area  = md^. 

9.  To  find  the  area  included  between  the  four  lines 

X =■  X — d^  y — ^ y — d. 

Required  area  = {d  — a).{b'  — h). 

10.  To  find  the  area  of  the  triangle  included  by  the  three 

y = y — ouoo^  y = dx. 

Required  area  = ^ 


11.  To  find  the  area  of  the  triangle  formed  by  the  line 

a?  + ?/  = 1, 

a perpendicular  upon  it  from  the  origin,  and  the  axis  of  x. 
Required  area  = J. 

12.  To  find  the  area  included  between  the  three  lines 

ic  = 0,  ocic  + ?/  = )8,  2ax  + y = 2yS. 

Required  area  = — . 

2a 
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13.  To  find  the  area  of  the  triangle  included  between  the 
three  lines  x + y = 7,  y = x 

Required  area  = |. 


14.  To  find  the  area  included  between  the  lines  of  which 
the  equations  are 


X y X y X y 


The  required  area  is  equal  to 
1 -212 


a'/3 


* (a/3'  + ha).{a^  + &a)  ’ 


15.  To  find  the  area  included  between  the  lines  of  which 
the  equations  are 

-c  = 0,  3/  “ Oj  ic  = a,  y = ^> 

The  area  is  equal  to  ah. 

16.  To  find  the  area  of  the  quadrilateral  included  between 
the  four  lines  x = a.,  a?  = a,  y = aa?,  y = ax. 

Required  area  = J ^ a^).(a'  a). 


17.  To  find  the  area  included  between  the  lines  of  which 
the  equations  are 

a;  = 0,  2^  = 0,  -4-|  = l 

ah  ah 

The  area  is  equal  to 

^{ah  <>'  a'h'). 

18.  To  find  the  area  of  a parallelogram,  the  equations  to 
the  sides  of  which  are 


lx  + my  ±3=0, 
hx  + m'y  ± 3'  = 0, 


ft)  being  the  angle  between  the  coordinate  axes. 
The  required  area  is  equal  to 

433'  sin  ft) 
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straight  line. 


19.  To  find  the  area  of  the  quadrilateral  included  between 
the  four  lines 

y = Oic,  y = a a?,  y = mx  + c,  y — mx  + c. 


Kequired  area  = ± ^ (a  — a). 


[a—m).[a—m)  (a— m).(a'— m)  j 


20.  To  find  the  area  of  the  quadrilateral  included  between 
the  four  lines 

a?  + y = 4,  — + 23^  = 5,  12a?  + ly  = — 35,  4a?  — 5?/  = 25. 

Required  area  = 30*8. 


21.  If  a;,,  y,;  a;,,  y y^-, (a;„,  j/J  ; denote  the  coor- 

dinates  of  the  angular  points  of  a polygon  taken  in  order,  the 
axes  being  Inclined  to  each  other  at  any  angle  <0,  to  prove  that 
the  area  of  the  polygon  is  equal  to 

+ + x^y.-x^y,+x^y-ai,y,  +.••+ 

22.  To  find  the  equations  to  straight  lines  passing  through 
a given  point  and  including  a given  triangular  area  between 
given  axes  of  coordinates. 

Let  a,  &,  be  the  coordinates  of  the  given  point,  a the  angle 
between  the  axes,  and  the  given  area.  Then  the  equations 
to  the  lines,  which  satisfy  the  conditions  of  the  problem,  will  be 

+ 2c^  (a?  — a)  {y  — h)  + sin  a {a  [y  — h)  — h (x  — a)  y = 0. 

Puissant:  Recmil  de  dwerses  propositions  de  Geometries 
p.  139,  troisieme  edition. 


23.  To  bisect  a trapezium  AOBCy  the  angles  0,  of  which 
are  right  angles,  by  a straight  line  at  right  angles  to  OA. 

Let  OA  = a,  GA  = A,  BO  = and,  the  lines  0^,  OB., 
being  taken  as  axes  of  a?,  3/,  respectively,  let  a?  be  the  abscissa 
of  the  bisecting  line.  Then 


a?  = 


a 


W + 


Puissant:  Recueil  de  dwerses  propositions  de  GdomStrie., 
p.  160,  troisieme  edition. 
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24.  Aj  are  two  given  points ; P is  a point  so  placed  that 
the  sum  of  the  squares  of  the  distances  PA^  PB^  bears  to  the 
area  of  the  triangle  APB  the  ratio  of  f to  and  that  the  angle 
APB  has  a given  value.  Supposing  the  middle  point  0 be- 
tween A and  B to  be  the  origin  of  rectangular  coordinates, 
OA  produced  indefinitely  being  the  axis  of  cc,  to  find  the 
coordinates  of  P, 

Let  OA  = a — OB^  L APB  — a.  Then 


X — + 


.(/"sin“a-16/)*, 


jfsin  OL  — 4.g  cos  a 

4.ag  sin  a 

^ /sin  a — 4^  cos  a * 

L’  Hospital : Tmite  Analytique  des  Sections  Goniques^  p.  362. 


25.  To  find  the  lengths  of  the  sides  AA\  A' A',  AAj  of  a 
triangle  and  its  area,  the  equations  to  its  sides  AA'j  A'A'\  A'Aj 
being  respectively 

fl3Cosa"+?^sina'=  3",  a?  cos  a + 3/sina  = 3,  a?cosa  H-i/sina  = 8'. 
The  required  lengths  are 

_ B"  sin  (g  — a ) + S sin  (a  — g')  + S'  sin  (a"  — a) 

sin  (a  — a"). sin  (a  — a")  ’ 


A'A' 


S sin  (a  — a")  + S'  sin  (a"  — a)  + S"  sin  (a  — a) 
sin  (a  — a). sin  (a"  — a) 


_ S'  sin  (a"  — a)  + S"  sin  (a  — a')  + S sin  (a  — a") 

~ sin  (a"  — a). sin  (a  — a) 

and  twice  the  area  of  the  triangle  is  equal  to 

{S  sin  (a  — a)  + S'  sin  (a"  — a)  + S"  sin  (a  — a)  }*'* 
sin  (a  — a). sin  (a'  — a"). sin  (a"  — a) 


Lhuilier:  EUmens  d'' Analyse  Geometrique  et  d’' Analyse 
Algebrique^  p.  116. 
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V 


CIRCLE. 

Section  I. 

Referred  to  two  Perj>endicular  Diameters.  Tangents. 

1.  To  find  the  relation  among  the  quantities  a,  c,  that 
the  line  ^ y 

- + f 1 

a 0 

may  be  a tangent  to  the  circle 

= P. 

If  a be  the  inclination  of  the  radius  of  any  point  in  the 
circumference  to  the  axis  of  a?,  the  equation  to  the  corresponding 
tangent  is  ^ cog  a + y sin  a = c. 

In  order  that  this  equation  may  coincide  with  that  to  the 
given  straight  line,  we  must  have 

cos  a _ 1 sin  a _ 1 

c a'‘  c b ' 

Squaring  and  then  adding  these  equations,  we  get,  for  the 

required  relation.  111 


2.  Tangents  are  drawn  to  a circle 
iP  + = c® 

at  two  points  {x\  ?/'),  (x",  y") : to  find  the  distance  of  a point 
(A,  k)  from  a line  passing  through  the  centre  of  the  circle  and 
the  intersection  of  the  two  tangents. 

The  equations  to  the  two  tangents  are 
XX  + yy  — 

XX  + yy  — c^. 
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Subtracting  one  of  these  equations  from  the  other,  we  get 
for  the  equation  to  the  line,  which  passes  through  the  centre 
and  the  intersection  of  the  two  tangents, 

X (x  - x")  +y(y'  - y")  = 0. 

Let  S denote  the  distance  of  (A,  k)  from  this  line ; then 

{h(x  -x)  +h{y'  -y")Y 

{x  - xf  + (y  - y"f 

3.  To  find  the  equations  to  straight  lines  touching  the  circle 

= 10 

at  points  the  common  abscissa  of  which  is  unity. 

The  required  equations  are 

X ±^y  — 10. 

4.  To  find  the  equation  to  a circle,  the  centre  of  which  is  at 

the  origin  of  rectangular  coordinates,  and  which  is  touched  by 
the  line  y = 2x  + Z. 

The  required  equation  is 

+ f = §. 

5.  To  find  the  intercepts  on  the  axes  of  coordinates  of  the 
tangent  to  a circle  drawn  parallel  to  a given  straight  line. 

If  c be  the  radius  of  the  circle,  and  w,  the  direction-cosines 
of  the  given  line,  the  required  intercepts  are  equal  to  ^ . 

Puissant:  Recueil  de  diverges  propositions  de  Geometrie^ 
p.  148,  troisieme  edition. 

6.  If,  from  a given  point  /S',  a perpendicular  8Y  he  drawn 
to  the  tangent  PY  at  any  point  P of  a circle  of  which  the 
centre  is  (7,  and,  in  the  line  MP  at  right  angles  to  CS  and 
produced  if  necessary,  a point  Q be  always  taken  such  that 
MQ  — SY  to  find  the  locus  of  Q. 

f2 
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CIRCLE. 


Let  C be  the  origin  of  coordinates,  (7/8,  produced  indefinitely, 
being  the  axis  of  a?;  then,  denoting  GS  by  a,  and  the  radius 
by  r,  the  equation  to  the  locus  of  Q will  be 

ax  — ry  — r^. 


Section  II. 


Referred  to  two  PerpendicMlar  Diameters.  Chords. 


1.  If  a chord  be  drawn  parallel  to  a diameter  of  a circle, 
and  from  any  point  in  the  diameter  lines  be  drawn  to  its 
extremities ; the  sum  of  their  squares  will  be  equal  to  the  sum 
of  the  squares  of  the  segments  of  the  diameter. 


Let  the  chord  QR  be  drawn  parallel  to  the  diameter 
let  R^  be  joined  by  straight  lines  to  any 
point  P in  AB.  Draw  QM.,  BN.,  at  right 
angles  to  AB. 

Let  QM=y  = RN.,  €P=  a.,  r=  the  radius  of 
the^circle,  CM  = x — CN.  Then 

PQ^  + PR  af  + f + {x  + aY 


= 2 (a?""  + / + d^) 

= 2 {P  + a^) 

= {r  — af  + (r  + a)^ 


= PA^  + PB\ 


2.  To  prove  analytically  that  the  angle  in  a semicircle  is 
a right  angle. 

Let  (a,  Z>),  be  the  coordinates  of  one  end  of  the  diameter  of 
the  semicircle ; (—a,  — b)  will  be  those  of  the  other  end. 

The  equations  to  the  two  chords  will  be 
X — a y — b 


PERPENDICULAR  DIAMETERS.  CHORDS. 


69 


At  the  intersection  of  these  two  lines 


X 


(1). 


(2). 


IV  mm 
But,  c being  the  radius  of  the  circle, 

and  therefore  — W = 0 

From  (1)  and  (2)  we  see  that 

IV  + mm'  — 0, 

the  condition  for  the  perpendicularity  of  the  two  chords. 


3.  (7  is  a fixed  point  in  the  diameter  BA^  produced,  of  a 
circle ; from  G any  line  GLK  is 
drawn  cutting  the  circle  in  two  points 
X,  K]  AK^  BL^  are  joined,  inter- 
secting in  P ; to  find  the  locus  of  P. 

Let  OGx  be  taken  as  the  axis 
of  a?,  and  Oy^  at  right  angles  to  it, 
as  that  of  y.  Let  a denote  the  radius  of  the  circle. 

Then  the  equations  to  AK^  BL^  will  be,  respectively,  of  the 
forms  y — m{x  — d)^ 

2^  = n (a?  + a) ; 

both  of  these  equations  being  comprehended  in  the  following  one, 
(2/  — mx  + md)  — nx  — na)  = 0, 
or  y^  + mna?  — {m n)  xy  a {m  — n)  y --  mnd.  = 0. . . (1). 
The  equation  to  the  circle  is 

x^+f  = d (2). 

Eliminating  y^  between  (1)  and  (2),  we  get,  relatively  to  the 
points  of  intersection  of  AK^  BL^  with  the  circle, 

y^  — mny^  — {m  n)  xy  + a {m  ^ n)  y = d \ 
whence,  dividing  by  2/,  we  have 

(1  — mn)  y — [m  n)  x (m  — 22)  a = 0 (3)^ 
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as  the  equation  to  the  chord  KL. 

Let  OC  — c]  then,  since  KL^  produced,  passes  through  (7, 


we  have,  from  (3), 

[m  — n)  a = [m  n)  c (4). 

At  the  point  P,  in  which  AK^  BL^  intersect,  we  have 

m {x  — a)  = n{x  + a) (5). 


From  (4)  and  (5)  there  is 

a {{x  a)  — [x  — a)}  = c {(£C  + a)  + {x  — a)}. 


whence 


which  is  the  equation  to  the  locus  of  P,  being  therefore  a straight 
line  at  right  angles  to  the  axis  of  a?,  passing  through  the  point 
at  which  a tangent  from  C touches  the  circle. 


4.  To  find  the  length  of  a chord  of  the  circle 

+ f = c\ 

the  equation  to  the  chord  being 


X y 

- + f = 1- 

a o 


The  required  length  = 2 ( d 


a^-\-V 


5.  If  2a,  2a',  be  the  inclinations  of  two  radii  of  a circle 

if  = & 

to  the  axis  of  a?,  to  find  the  equation  to  the  chord  joining  the 
extremities  of  the  radii. 

The  required  equation  is 

X cos  (a  + a ) + 3/  sin  (a  + a')  = c cos  (a  — d). 


6.  From  any  point  Q in  the  circumference  of  a semicircle 
two  chords  are  drawn  to  the  extremities  A^  of  its  diameter. 
From  any  point  M in  this  diameter  a perpendicular  to  it  is 
drawn,  which  cuts  AQ  m BQ  m and  the  curve  in  P.  To 
prove  that  mH.  MK  = (MPf. 
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7.  If  represent  the  harmonic  mean  oetween  the  abscissae, 
and  K that  between  the  ordinates,  of  the  points,  in  which  a circle 

= <? 

is  cut  by  a chord  lx  + my  = 8, 

where  Z,  m,  are  the  direction-cosines;  to  prove  that 

8.  To  determine,  in  the  circumference  of  a given  circle, 
a point  P,  such  that,  if  it  be  joined  to  two  given  points  P, 
the  lines  AP^  BP^  may  intersect  the  circumference  in  the  ex- 
tremities A\  B\  of  a chord  AB'  parallel  to  AB. 

The  equation  to  the  circle  being 
0?^  + / = 

and  (a,  y8),  (a , /S'),  being  the  coordinates  of  A^  P,  respectively, 
the  required  point  P will  be  determined  by  the  intersection  of 
the  given  circle  with  the  straight  line  defined  by  the  equation 

OLX  + Py  — _ OLX  + ^y  — 

+ - a'^  + A"  - ‘ 

This  is  a particular  instance  of  the  more  general  problem, 
“To  inscribe  in  a given  conic  section  a triangle  the  sides  of 
which  are  subjected  to  pass  through  three  given  points.” 

Lam^ : Examen  des  differentes  methodes  employees  pour 
resoudre  les  prohlemes  de  Geometrie^  p.  74. 


Section  III. 

Referred  to  two  Perpendicular  Diameters.  Points. 

1.  Having  given  two  points  A and  P,  to  find  the  position 
of  a point  P in  the  circumference  of  a given  circle,  such  that, 
if  ^P,  PP,  be  joined,  and  P be  joined  to  the  centre  G of  the 
circle,  CPA  m 


sin  CPB  n * 
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Let  Cxj  parallel  to  AB^  be  taken  as  the  axis  of  Xj  and  (7y, 
at  right  angles  to  Gxj  as  that  of  y. 

Let  (a,  y8),  (a , /3),  be  the  coordinates  of 
respectively,  and  a?,  y,  those  of  the 
required  point  P.  Let  c be  the  radius  of  the 
circle. 

Then  the  equation  for  determining  x or  y 
will  be  an  equation  of  the  sixth  degree  resulting  from  the 
elimination  of  ^ or  ic  between  the  two  equations 

a?  + f = c‘, 

and  n . {(xy  — ^x)  { (a  — xf  + (/?  — yY}^ 

= m.{-a.y  + px)  {(a  - xf  + O - y)"}*. 

Descartes : Lettres^  Lettre  65,  tom.  ill.  p.  357. 

Puissant:  Recueil  de  diverses  propositions  de  Geometrie^ 
p.  168,  troisieme  edition, 

2.  The  distances  of  a given  point  C from  two  points  P, 

in  the  circumference  of  a circle 

2.2  2 
X + y = r , 

are  each  equal  to  nr',  to  find  the  equations  to  the  two  lines 

PC,  QG, 

If  (a,  h)  be  the  coordinates  of  0,  the  equations  to  P(7,  QG^ 
are  included  in  the  equation 
{a^  + ^ 1)  r^y,  {{x  - of  + (2/  - ly] 

= 47iV^.  \ a(x  — a)  + h{y  — h)y. 


Section  IV. 

Referred  to  any  Rectangular  Axes, 

1.  To  determine  the  relation  among  the  constants  of  the 
two  equations 

lx  + my  = S, 

{x  - af  + (y-  by  = <?, 
in  order  that  they  may  touch  each  other 
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The  coordinates  of  the  centre  of  the  circle  are  a,  and 
therefore  the  square  of  the  distance  of  the  centre  of  the  circle 
from  the  straight  line  is  equal  to 

{al  + hm  — hy 

f ‘ 

But  this  distance,  the  line  being  a tangent,  must  be  equal  to  the 
radius;  hence 

{al  hm  — -V  m^)  c\ 

which  is  the  required  relation. 

Cor.  If  Z,  w,  be  the  direction-cosines  of  the  straight  line, 

= 1, 

and  the  relation  is  reduced  to 

+ {al  hm  — 8)  = c. 


2.  To  find  the  equation  to  a circle  having  for  a diameter  the 
line  joining  the  points  of  intersection  of  the  line  y = ojx  and  the 

= 2c£c  — x^. 

At  the  intersections  of  the  line  and  circle 


a‘V  = 2cx  — 

and  therefore  the  coordinates  of  these  two  points  are 


1 + a"- 


Let  x^  y\  be  the  coordinates  of  the  centre  of  the  new  circle, 
and  c its  radius.  Then 

/ . c 


X = = 


and 


y = 

'2  '2  I '2 

c = a?  + 3/ 


1 + a"’ 
ac 

TTa^’ 

1 + ‘ 
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Hence  the  equation  to  the  new  circle  is 
c f ac 


or 


1 + aV  V"'  l+aV  l4-a“’ 

(1  + a^) . [x^  4-  y^)  —2c[x  + cuy). 


3.  A straight  line  cuts  two  given  circles  in  such  a manner 
that  the  parts  of  it  intercepted  by  them  are  of  given  lengths : 
to  find  the  point  in  which  this  line  cuts  the  line  joining  the 
centres  of  the  two  circles. 

Let  the  line  joining  the  centres  of  the  circles  be  taken  as  the 
axis  of  x^  and  one  of  their  centres  as  the  origin  of  coordinates. 
Their  equations  will  then  be  of  the  forms 

+ (1), 

[x  + aY  = c^ (2). 

The  chords  intercepted  by  the  two  given  circles  being  equal 
and  known,  the  perpendiculars  from  the  centres  of  the  two 
circles  upon  the  intersecting  line  must  also  be  given : let  them 
be  represented  respectively  by  p.  Let  the  equation  to  the 
intersecting  line  be 


1 — = 1. 

m n 


,(3). 


Then,  denoting  the  distance  of  the  centre  of  (1)  from  (3), 

1 
V 


1 


m 


and,  y denoting  the  distance  of  (—  «,  0),  the  centre  of  (2),  from  (3), 


m 


+ 1 


f—  * 


Hence 


± — = 1-  1 

p m 


m = 


ap 


±p  -p 


REFERRED  TO  ANY  RECTANGULAR  AXES. 


75 


which  determines  the  distance  of  the  required  point  from  the 
origin. 

Lacroix : Apjplication  de  VAlgehre  a la  GeomHrie^  No.  109. 
Puissant  : Recueil  de  dwerses  propositions  de  Geometrie^ 
p.  152,  troisieme  edition. 


4.  Diameters  of  two  circles,  the  centres  of  which  are  jB, 
make  up  a diameter  of  a greater  circle, 
the  centre  of  which  is  C, 

To  compare  the  lengths  of  the  two  chords 

EF,,  E'E,,  of  the  greater  circle,  which  touch 

both  the  smaller  ones. 

Let  a,  be  the  radii  of  the  two  smaller 

circles,  a -\-h  being  therefore  the  radius  of 

the  larger.  Let  EE  — c,  E'E'  = c . 

Let  the  equation  to  EF  be 

X y 
— I — =1. 
m n 

Then,  p denoting  the  distance  of  G from  EF,, 


ic^  =:[a  + h) 


2 2 
p 


= (a  + W 


2 I 2 

m -\-n 


.(1). 


Again,  the  distances  of  the  centres  of  the  circles  A,  from 
EF,,  being  a,  &,  respectively,  we  have 


n{h  — m) 


^ _ n[a  + m) 

+ ny  * 


From  these  two  equations  we  may,  by  a few  obvious  algebraical 
processes,  ascertain  that 


+ ¥ 
a — h 


~ ^ah 


Hence,  substituting  these  values  of  and  in  (1),  and  reducing, 
we  shall  get 

+ ah  ¥ 


(?  = 16«5 . 


(«  + 
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Again,  c denoting  the  chord  E'F\  we  have 

= 2a.25, 

or  — l^ab. 

Hence  the  ratio  between  the  lengths  of  the  chords  EF^  E'F\ 
is  equal  to  + ah  + Vf 

a h 

5.  If  three  fixed  circles  be  cut  by  any  other,  to  prove  that 
the  three  chords  will  form  a triangle,  the  loci  of  the  angular 
points  of  which  are  three  fixed  straight  lines  meeting  in  a 
point. 

Let  the  coordinates  of  the  centres  of  the  three  fixed  circles 
be  (a,  h)y  (a , &'),  (a",  &"),  and  their  respective  radii  c,  c , c.  Let 
[Pj  9)  centre  of  the  variable  circle,  and  r its  radius. 

The  equations  to  the  first  of  the  fixed  circles  will  be 
[x  — «)*^  + (3/  — = c% 

and  to  the  variable  circle 

{x  -pY  + (y  - qf  = 

Subtracting  the  latter  equation  from  the  former,  we  have 
2x  {_p  — a)  + 2y  [q  — h)  -{■  — (P  ^ 

which  is  the  equation  to  the  chord  of  intersection. 

The  equation  to  the  chord  of  the  second  of  the  fixed  circles 
will  be,  similarly, 

2x  [p  — d)  + — h')  + — d'^  + 

At  the  intersection  of  these  two  chords,  there  is,  one  equation 
being  subtracted  from  the  other, 

2a?  [a  — d)  -\-2y{J)  — h')  + d — c ^ = d — ad  + Id  — 

which  is  the  equation  to  the  rectilinear  locus  of  one  of  the 
angular  points  of  the  triangle  of  chords. 

The  equations  to  the  other  two  loci  are,  by  similar  reasoning, 

2a?  [d  — d)  + 2y  {h'  — d)  -f-  d — c'^  = a ^ — d^  + — 5"^, 

2a?  [d  — a)  2y  [F  — h)  + cd  — d = d'^  — d + F'‘‘  — F. 
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If  we  add  together  the  equations  to  these  three  loci,  we  shall 
evidently  obtain  an  identical  equation.  They  must  therefore 
pass  through  a single  point. 

6.  To  find  the  equation  to  a circle  the  diameter  of  which 
is  the  common  chord  of  the  two  circles 

c\  {x  - af  + f = 

The  required  equation  is 

-ax^  f = - \a\ 

7.  To  find  the  equation  to  the  straight  line  which  passes 
through  the  centres  of  the  two  circles 

+ 2a?  + 2/^  = 0,  + 2y  + x^  = 0, 

The  required  equation  is 

a?  + 3^  + 1 = 0. 

8.  To  find  the  equations  to  the  circles  which  touch  the  three 

a?  = 3/  = 2^,  y 2&'. 

The  required  equations  are 

(a?  — a + S'  + 5)^  + (3/  — h'Y  — ip  “ S)^ 

9.  To  find  the  equation  to  a circle  which  passes  through 
three  points  the  coordinates  of  which  are  (1,  2),  (1,  3),  (2,  5). 

The  required  equation  is 

a?^  — 9a?  + p — 53/  + 14  = 0. 

10.  To  find  the  equation  to  a circle,  which  passes  through 
the  three  points  (0,  0),  (—  8a,  0),  (0,  6a). 

The  equation  to  the  circle  will  be 

(a?  + 4a)^  + (3/  — 3a)®  = 25a®. 

11.  To  find  the  centre  and  radius  of  the  circle 

a?®  + 3/®  — 6a?  + 43/  + 4 = 0. 

The  coordinates  of  its  centre  are  (3,  — 2),  and  its  radius  is  3. 
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12.  To  find  the  equation  to  the  common  chord  of  the  two 

circles  (j,  _ + (y  - if  = 6, 

(*  - 2)^^  +{y-  3)“  = 8. 

The  required  equation  is 

a?  + 3/  = 3. 

13.  To  find  the  equation  to  a circle  having  for  diameter  the 
distance  of  a given  point  from  the  origin  of  coordinates. 

If  a,  be  the  coordinates  of  the  given  point,  the  required 
equation  will  be  a;”  + / = oa;  + fy. 

14.  To  find  the  length  of  the  common  chord  of  the  two 
circles 

{x  - af  + {y  - ^f  = {x  - ^f  + {y  - af  = 7*. 

The  required  length  = {47^  — 2 (a  — 


15.  To  prove  that  all  circles  represented  by  the  equation 

{x  - af  + (y  - fif  -y‘  + k {{«  - af  + {y  - ^f  - = 0, 

where  a,  yS,  7,  a^,  7^,  are  constant,  and  h any  quantity  what- 

ever, pass  through  two  fixed  points;  and  to  find  the  equation 
to  the  straight  line  which  passes  through  the  two  points. 

The  required  equation  to  the  straight  line  will  be 
2 (a  — aj  a?  + 2 (/3  — 3/  + a/  + = 7^^  — 7^ 

16.  To  find  the  equation  to  a straight  line  passing  through 

the  origin  of  coordinates  and  touching  the  circle  of  which  the 
equation  is  ^2  _ 3^^  + 4^  = q. 

The  required  equation  is 

3a?  = 43/. 


17.  To  find  the  equations  to  the  lines  which  touch  both  the 
circles  (x  — aY  + if  = c ^ 

The  required  equations  to  the  four  common  tangents  are 
(c  ± c)  X ± {a^  — (c  ± c'Yf^  — ac. 

Puissant:  Recueil  de  diverses  propositions  de  Giomitrie^ 
p.  150,  troisieme  edition. 
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18.  The  abscissae  of  the  centres  of  two  circles  are  a^,  and 
the  lengths  of  tangents  drawn  to  them  from  the  origin  are  ; 
to  find  the  position  of  a point  in  the  axis  of  x such  that  tangents 
drawn  from  it  to  the  tw^o  circles  shall  be  equal  to  each  other. 

The  distance  of  the  required  point  from  the  origin  is  equal  to 

— V 

2 {%  - a,)  ■ 


19.  To  find  the  equation  to  a circle  which  touches  the  three 
lines  ^ .. 

a;  = 0,  y = 0,  -4|=1, 

in  the  positive  quadrant. 

The  required  equation,  if  we  put  is 

o?  — [a  h — c)[x  y)  •\-  (a  + — c)‘^  = 0. 


20.  To  find  the  equation  to  a circle  which  touches  the  two 

X y ^ X y 
a 0 ^ ah  - 


and  of  which  the  centre  lies  in  the  line 

ax  — hy. 

The  required  equation  is 

(?  + p)  - (^  + /*)  2 + I ) + V = 0. 


21.  A fixed  circle  is  cut  by  a series  of  circles,  all  of  which 
pass  through  two  given  points;  to  shew  that  the  straight  lines 
which  join  the  points  of  intersection  of  the  fixed  circle  with  each 
of  the  series,  all  converge  to  one  point,  and  to  determine  the 
position  of  this  point. 

If  the  equation  to  the  fixed  circle  be 

2 1 2 2 
X y — r , 

and  (a,  5),  (a,  /3),  be  the  two  given  points,  the  coordinates  of  the 
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required  point  will  be 

(a  — a)  — a (a^  + + cl  [d^  + 

(^-&)/-^(a-  + y)  + &K  + ^) 

oi‘  + ^-  d - V 

Leybourn:  Mathematical  Repository^  New  Series^  vol.  I.  partil.  p.  39. 


22.  If  P be  the  point  of  intersection  (not  the  origin)  of  the 
circles  „ 2a?  2 2 2^ 

«^+3/=— ^ ^ +y  = 


and  P'  the  point  of  intersection  (not  the  origin)  of  the  circles 

2a? 
a 


.2  „ . 

y 


4-  / = ^ , a?'-*  + f - y , 

to  prove  that 

PP  = + V)K{d^  + 


23.  Two  parallel  tangents  are  drawn  to  a given  circle 
and  two  circles  P,  Gy  touch  each  other  and  A 
externally,  touching  also  the  two  tangents 
respectively;  to  find  the  locus  of  the  point 
of  contact  of  B and  G. 

Let  a denote  the  radius  of  A,  Then,  the 
centre  of  A being  taken  as  the  origin  of  coor- 
dinates, and  the  diameter  of  A^  which  is  per- 
pendicular to  the  two  parallel  tangents,  as  the 
axis  of  x^  the  equation  to  the  required  locus 
will  be 

{*'  + ff  = + 2/). 

J 

Section  V. 

Referred  to  two  Tangents  as  Axes  of  Goordinates. 

1.  To  find  the  equation  to  a circle  referred  to  two  tangents 
as  axes  of  coordinates. 
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Let  ft)  denote  the  inclination  of  the  axes,  c the  radius  of  the 
circle,  and  a,  a,  the  equal  coordinates  of  its  centre. 

Then  the  equation  to  the  circle  will  be 

[x  — af  + (3/  — 4-  2 (a?  — a).{y  — a),  cos  co  = c^: 

but  from  the  geometry  it  is  plain  that  c is  equal  to  a sin  ft) ; 
hence  the  equation  becomes 

+ 2x1/  cos  ft)  + — 2a  (1  + cos  co) . (a?  + ?/)  + (1  + cos  ft))  = sin^  ft), 

or  {x  + yY  — 2a  (1  + cos  ft))  {x  + y)  4-  a'*  (1  4-  cos  (oY 

= 2xy  (1  — cos  ft)), 

/ « ‘2  ft)\^  . • a W 

or  \x  + y — 2a  cos  —1=4  sm  — ,xy^ 


or 


a?  + 2/  + 2 sin 


{xyY  = 2a  008“^ 


ft) 

2 ' 


2.  To  find  the  equation  to  a circle,  of  which  the  radius  is  c, 
and  which  is  referred  to  two  rectangular  tangents  as  axes. 

The  required  equation  is 

x^  4-  2/^  — 2c  (a?  4-  2/)  + = 0. 


3.  To  find  the  equations  to  two  circles  which  touch  the 
rectangular  axes  of  x and  2/,  and  pass  through  a given  point 
(a,  h) ; to  find  also  the  equation  to  their  common  chord. 

The  equations  to  the  two  circles  are 
+ y^  — ^ [a  h ± {2abY],{x  + 2/)  + {a  + & + (^ab)^Y  = 0, 
and  the  equation  to  the  conunon  chord  is 
a?  + 2/  = a 4-  Z>. 


4.  Supposing  the  inclination  between  the  coordinate  axes 


TT 

to  be  - , to  prove  that 

O 


x + y -a  = {xy) 

is  the  equation  to  a circle  the  radius  of  which  is  equal  to 


V3' 
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5.  To  find  the  equation  to  a circle  touching  a given  circle 
and  the  two  sides  of  a given  angle. 

The  two  sides  of  the  given  angle  to  being  taken  as  axes 
of  coordinates,  let  c he  the  radius  and  A,  the  coordinates  of 
the  centre  of  the  given  circle.  Then  the  equation  to  the 
required  circle  will  be 

f , .2  • 2 ^ 

\x  y — 4:a  cos  — j = 4 sin  — .xy^ 

a being  determined  by  the  equation 

{h  — ay  {k  — ay  2 {h  — a)  {k  — a)  cos  to  = (c  + a sin  (o)'\ 

There  being  four  values  of  a,  it  is  plain  that  there  will  be 
four  circles  satisfying  the  conditions  of  the  problem. 

Puissant:  Recueil  de  diverges  propositions  de  Geometrie^ 
p.  159,  troisieme  edition. 


Section  VI. 

Referred  to  any  Oblique  Axes. 

1.  To  determine  the  radius  of  the  circle  represented  by  the 
equation  + y"^  -{■  2xy  cos  (o  — ax  + by. 

The  general  equation  to  the  circle  referred  to  oblique  axes 
including  an  angle  w is 

{x  — hy  + {y  — ky^  2 [x  — h)  cos  w = 

where  e is  the  radius. 

Equating  the  coefficients  of  cc,  and  the  constant  terms  in 


these  two  equations,  we  have 

2 [h  + k cos  G))  = a (1), 

2 ik  + h cos  (o)  =b (2), 

d"  = k^  + 2hk  cos  w (3). 


Multiplying  (1)  by  (2)  by  and  adding  the  resulting 
equations,  we  see  that 

2 {K^  + + 2lik  cos  (o)  = ah  bk., 
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and  therefore,  by  (3), 

2c^  = ah  + hh.. 
From  (1)  and  (2)  we  readily  find  that 


(4). 


a — h cos  ft) 


h — a cos  ft) 


“ 2 sin"  ft)  ’ 

and  therefore,  by  (4), 

4.6'  = 


2 sin^  ft) 

c6  + W — 2ab  cos  ft) 
sin^  ft)  ’ 


which  determines  the  magnitude  of  the  radius. 

2.  To  determine  the  inclination  of  the  coordinate  axes  in 
order  that  the  equation 

o6'  — xy  + y'  — ax  — ay  = 0 

may  represent  a circle ; and  to  find  the  magnitude  of  its  radius. 
The  inclination  of  the  axes  = f tt,  and  the  radius  = a. 


3.  The  axes  Oo?,  Oy^  cut  a circle  in  points  A\  B\ 
respectively  ; to  compare  the  values  of  a?,  y,  at  the  intersection 
of  the  chords  AB\  AB, 

Let  OA  = a,  OA  = a',  OB  = /S,  OB'  = jS' ; then 
y a - a * 


Section  VII. 

Polar  Coordinates. 

1.  From  a point  0,  without  a circle,  two  tangents  OF^ 
OG^  are  drawn  to  the  curve;  the  chord  FG  is  joined. 
From  0 any  straight  line  OPQR  is  drawn,  cutting  the  circle 
in  the  points  P,  P,  and  the  chord  in  Q.  To  prove  that  the 
line  OB,  is  harmonically  divided  in  the  points  P and  Q. 

g2 
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Join  OC^  G being  the  centre  of  the  circle,  cutting  FG  in  M. 

Let  a = the  radius  of  the  circle,  DC  = c. 

Let  z B OM  — 6^  and  let  OP  or 
OR  be  denoted  by  r. 

Then,  by  the  polar  equation  to  the 
circle,  0 being  the  pole  and  OG  the 
direction  of  the  prime  radius  vector, 
there  is 

(r  cos  6 — cY  P sin^  6 — 
or  P — 2c  cos  d.r  + d — d^  = 0, 

or,  since  — d^  —f  \ / denoting  OF^ 

P — 2c  cos  O.r  +/^  = 0. 

Hence  it  appears,  by  the  theory  of  equations,  that 
OR  OB  =f% 

and  OP  + OR  = 2c  cos 

, 1 1 2c  cos  ^ 

whence  'OP'^ 'OR  ~f~  ‘ 

But,  joining  GF^  we  see  by  the  similar  triangles  OMF^  OFG^ 

OQco^e=^OM=f^. 

c 

1 12 
OP"*"  OR~  OQ‘ 

De  La  Hire:  Sectiones  Gonicce^  lib-  I-  prop.  21. 


that 

Hence 


2.  If  on  any  three  chords,  drawn  through  the  same  point 
in  the  circumference  of  a circle,  as  diameters,  three  circles  be 
described;  the  points  of  intersection  of  these  circles  lie  in  a 
single  straight  line. 

Let  the  point  of  the  original  circle  through  which  the  three 
chords  are  drawn  be  taken  as  the  pole  and  the  diameter  through 
it  as  the  prime  radius  vector. 

Let  c represent  the  diameter  of  the  original  circle,  and  c of 
one  of  the  three  new  ones.  Let  a represent  the  angle  between 
c and  c . 
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Then  the  polar  equation  to  the  circle,  of  which  c is  the 
diameter,  will  he 

r = c cos  (0  — a): 

but  it  is  plain  that  c — c cos  a ; 

hence  r = c cos  a cos  {6  — a) 

— (cos  6 + cos  [6  — 2a)) (1). 

Similarly,  the  equations  to  the  other  two  new  circles  will  be 
r = c cos OL  cos  {0  — a)  = (cos  0 + cos  (0  — 2a  )} . . . (2), 

r = c cos  a"  cos  {0  — a")  = (cos  0 + cos  {0  — 2a")}... (3). 

At  the  intersection  of  (1)  and  (2), 

0 — OL  + a\  r — c cos  a cos  a ; 

this  intersection  therefore  lies  in  a straight  line  represented  by 
the  equation 

r cos  (a  + a + a"  — 0)  = c cos  a cos  a'  cos  a". 

By  symmetry  it  is  plain  that  this  line  will  contain  also  the 
intersection  of  (2),  (3),  and  that  o^3),  (1). 

Greathead : Cambridge  Mathematical  Journal^  vol.  I.  p.  168. 

3.  To  determine  the  magnitude  and  position  of  the  circle 
of  which  the  equation  is 

r^  — 2 (cos  0 4-  \/3  sin  0)  r = 5. 

The  coordinates  of  the  centre  are  0 = Jtt,  r = 2,  and  the 
radius  is  equal  to  3. 

4.  To  prove  analytically  that  if,  from  a point  0 without 
a circle,  two  straight  lines  OPQ^  OAy  be  drawn,  one  of  which 
cuts  the  circle  in  P,  Qj  and  the  other  touches  it  in  A,  the  square 
of  the  line  OA  which  touches  the  circle  is  equal  to  the  rect- 
angle contained  by  the  straight  line  OPQ  which  cuts  the  circle 
and  the  part  of  it  OP  without  the  circle. 

5.  Through  a given  point  to  draw  two  straight  lines  at  right 
angles  to  each  other,  such  that  the  parts  of  them  intercepted 
by  a given  circle  may  bear  towards  each  other  a given  ratio. 
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Let  c,  c',  be  the  lengths  of  the  two  intercepted  chords, 
and  (f)  the  inclination  of  the  former  to  the  diameter  passing 
through  the  given  point;  let  r denote  the  radius  of  the  circle, 
and  a the  distance  of  the  given  point  from  its  centre.  Let 
c = /jLc\  yu,  being  a constant.  Then 


, / 

+ z j’ 

c =( 

8r"  - 4:d\h 


1 + fji:' 


and 


sm  (f>  = 


(1  + Cd 


Puissant : Recueil  de  diverses  propositions  de  GeomUrie^ 
p.  145,  troisi^me  edition. 


6.  To  find  the  position  of  the  centre  of  a circle  which  passes 
through  a given  point,  touches  one  given  straight  line,  and 
intercepts  from  another  given  straight  line  a chord  of  given 
length. 

Let  the  summit  of  the  angle  included  between  the  straight 
lines  be  taken  as  the  pole,  the  straight  line  which  touches  the 
circle  being  the  prime  radius  vector. 

Lety=  the  length  of  the  given  chord;  let  (yS,  p)  be  the  coor- 
dinates of  the  given  point,  a the  radius  vector  of  the  point  of 
contact,  c the  perpendicular  distance  of  the  centre  from  the 
prime  radius  vector,  a the  angle  between  the  two  straight  lines. 
Then  a and  c are  to  be  determined  from  the  two  equations 

2cp  sin  13  = p^  + — 2ap  cos  yS, 

p^  (4a^  +/^)  sin^  /5  = {2ap  sin  (/3  — a)  + {p^  + a^)  sin  a}^, 

the  latter  being  a biquadratic  in  a. 

Bossut:  Geometrie.,  p.  345. 

Puissant:  Recueil  de  diverses  propositions  de  Geometrie.^ 
p.  173,  troisihme  edition. 
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Section  VIII. 


Polar  Equations  to  Tangents  and  Chords. 


1.  If  a constant  moveable  angle  has  its  summit  fixed  at 
a point  in  the  circumference  of  a circle,  the  chord,  which  it 
subtends  in  the  circle,  is  always  a tangent  to  another  circle, 
concentric  with  the  original  one. 

If  r — c be  the  equation  to  the  circle ; X,  /z-,  the  angular  co- 
ordinates of  the  chord  in  any  position,  and  s the  constant  angle ; 
then,  the  perpendicular  distance  of  the  origin  from  the  chord 


being 


c cos 


and 


X + 
__ 


being  the  inclination  of  this 


distance  to  the  prime  radius  vector,  the  equation  to  the  chord 


will  be 


ccos 


= r cos  { 6 — 


X + //- 


But  from  the  geometry  it  is  easily  seen  that 

X - /t  = 2 (tt  - e). 

Hence  the  equation  to  the  chord  becomes 


c cos  (tt  — e)  = r cos  f Q — 


X 4-  //, 


which  is  the  equation  to  a series  of  straight  lines,  varying  in 

position  with  the  value  of  ^ ^ ,.  the  perpendicular  distances 

of  all  of  them  from  the  origin  being  c cos  (tt  — s).  The  chord 
therefore  always  touches  a concentric  circle,  the  radius  of  which 
is  c cos  (tt  — e). 

Bobillier : GergonnOy  Annales  de  Mathematiques.^  tom.  XVIII.  p.  190. 


2.  To  find  the  equation  to  the  chord  of  a given  circle, 
supposing  it  to  subtend  a right  angle  at  the  centre,  and  having 
given  the  position  of  one  of  its  extremities. 
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Let  a be  the  angular  coordinate  of  the  given  extremity,  and 
c be  the  radius  of  the  circle.  Then  the  equation  required  is 


c — sJ2.t.  cos  ± * 


Section  IX. 

Poles  and  Polars. 

1.  If  any  number  of  circles  touch  each  other  in  one  point, 
all  their  polars,  which  correspond  to  a common  pole,  will  pass 
through  a single  point. 

Let  the  point  of  contact  of  the  circles  be  taken  as  the  origin 
of  coordinates,  the  common  diameter  through  the  origin  as  the 
axis  of  ir,  and  the  tangent  as  the  axis  of  y. 

The  equations  to  any  two  of  the  circles  will  be 

4-  = 2r'£C, 

sd  -f  y^  = 2rx. 

Let  y)  be  the  common  pole.  Then  the  equations  to  the 
polars  of  these  two  circles  will  be 

[x^  — t')  X y^y  — Tx^^ 

and  - r)  x + y^y  = rx^. 

At  the  intersection  of  these  two  polars, 

(/  — t)x  — — (r"  -■  r) 

X = — X.  y = -L  , 

■’  ^ y. 

Since  the  values  of  x and  y are  independent  of  the  radii 
of  the  circles,  the  truth  of  the  proposition  is  obvious. 

2.  To  find  the  locus  of  the  pole,  when  the  polar  of  a given 
circle  always  passes  through  a given  point. 


POLES  AND  POLARS, 
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Let  the  equation  to  the  circle  be 


the  axis  of  x being  so  chosen  as  to  pass  through  the  given 
point. 

Then  being  the  pole,  the  equation  to  the  polar 

will  be  y y _ ^2 


But  x — a^  ^ = 9,  simultaneously,  a being  some  constant 
quantity.  Hence 


the  equation  to  the  locus  of  the  pole,  which  is  therefore  a line 
perpendicular  to  the  line  which  passes  through  the  centre  of 
the  circle  and  the  given  point. 


3.  A fixed  circle  is  cut  by  a series  of  circles  touching  each 
other  at  one  point;  to  find  the  locus  of  the  pole  of  the  fixed 
circle,  the  polar  of  which  passes  through  the  two  points  in  which 
the  fixed  circle  is  cut  by  any  one  of  the  series  of  circles. 

The  equation  to  the  fixed  circle  being 

{x  - ixf  + {y-  = 7*, 

and  that  to  any  one  of  the  series  of  circles 

— 2rx^ 

the  equation  to  the  required  locus  will  be 

+ /3‘0  (3^  — /3)  + 27^/3  + (x  - a)  = 0. 


4.  The  equation  to  the  polar  of  a circle,  denoted  by  the 
equation  f c% 

being  ^ + f = 

to  find  the  coordinates  of  the  corresponding  pole  P,  and,  AB 
being  the  portion  of  the  polar  intercepted  by  the  circle,  to  find 
the  inclinations  of  AP,  PP,  to  the  axis  of  x. 
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The  coordinates  of  P are 


, and,  t denoting  the  tangent 


of  the  inclination  of  AP  or  BP  to  the  axis  of 


- 20'^  P -c^  ^ 

2 1 T i H — = 0. 


ab 


Section  X. 

Radical  Axes^  Centres  of  Similitude^  &c. 

1.  If  three  circles,  described  in  one  plane,  intersect,  two  and 
two,  their  three  chords  of  intersection  pass  through  a single 
point. 


Let  the  equations  to  the  three  circles  be 

(x  - af  + (y  - hf  = c‘ (1), 

{x-cif  + (y-Vf  = c'" (2), 

{x-d'Y+ly-Vr^c'^ (3). 


Subtracting  (2)  from  (1),  we  have,  for  the  equation  to  the  chord 
of  intersection  of  the  first  two  circles, 

2 [a!  - a)  X + 2 {V  - h)  y + a^  - a!^  + P - - c'^..(4). 

Similarly,  for  the  intersections  of  (2),  (3),  and  of  (3),  (1),  we  have 

2 {a'  -d)x^^  if'  -y)y-\-  - d^  + h'^  - P‘^  = d - c\ . .(5), 

and 

2{a-  d)  x-\-2{h-  P)  y + d^  -d  + P'^  -P  = - P ...(6). 

The  three  lines,  denoted  by  (4),  (5),  (6),  as  their  equations  indi- 
cate, pass  through  a single  point. 

The  lines  (4),  (5),  (6),  have  been  called  by  Giaultier  the 
radical  axes  of  the  pairs  of  circles  (1,  2),  (2,  3),  (3,  1),  respec- 
tively, and  the  point  of  intersection  of  (4),  (5),  (6),  has  been 
called  by  him  the  radical  centre  of  the  three  circles.  The  terms 
radical  axes  are  applied  to  the  lines  denoted  by  (4),  (5),  (6),  and 
radical  centre  to  their  point  of  intersection,  even  when  the  circles 
do  not  cut  each  other. 

Gaultier-de-Tours:  Journal  de  V Ecole  Polytechnique^  Cah.  xvi. 

Carnot:  G^omHrie  de  Position^  p.  347. 

Durrande:  Gergonne,  Annales  de  Mathematiqiies^  tom.  XI.  p.  13. 
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2.  The  tangents  drawn  to  two  circles,  from  any  point  what- 
ever in  their  radical  axis,  and  terminated  at  their  points  of 
contact,  are  equal  to  each  other. 

Let  the  equations  to  the  two  circles  be 

+[y-  h'Y  = --- 

_ cij  + [y-  bj  = c\ 

The  equation  to  the  radical  axis  will  be 

2 (a"  - a')  x-\- 2 [F  -h')y  + = c'^  - c"l 

Suppose  the  origin  to  be  so  chosen  as  to  lie  in  the  radical  axis ; 
then  a’*  - a‘  + b'^  - V"‘  = c'"  - 0% 

or  a‘  + - c'“  = - c\ 

an  algebraic  expression  of  the  truth  of  the  proposition. 

Durrande : Oergonne^  Annates  de  MatJiematiques^  tom.  VIII.  p.  322. 
Plucker  : Gergonne^  Annates  de  Mathematigues^  tom.  xviil.  p.  33. 

3.  To  find  the  equations  to  the  internat  and  externat  potars 
of  simititude  of  any  two  circles. 

The  term  centre  of  simititude  was  introduced  by  Monge. 
The  externat  centre  of  simititude  of  two  circles  is  the  point  of 
intersection  of  the  two  common  external  tangents,  and  the 
internat  centre  is  the  point  of  intersection  of  the  two  common 
internal  tangents.  Any  straight  line  containing  three  of  the 
centres  of  simititude  of  a system  of  three  circles  is  called  an 
axis  of  simititude ; an  externat  axis^  when  it  contains  the  three 
externat  centres  of  simititude^  and  an  internat  axis^  when  it  con- 
tains one  externat  and  two  internat  centres  of  simititude. 

The  internat  potar  of  simititude  is  the  potar  of  the  internat 
centre  of  simititude^  and  the  externat  potar  of  simititude  is  the 


potar  of  the  externat  centre  of  simititude. 

Let  the  equations  to  the  two  circles  be 

.{x- af  + [y -hf  = d‘ (1), 

[x-c^f+[y-hj=c‘ (2). 
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The  equation  to  a tangent  to  (1),  at  a point  (x,  y)^  is 

{X-a).{x-a)  + {Y-h).(y-h)  = 6‘ (3); 

and  that  to  (2),  at  a point  [x\  y')^  is 

(X  - a') . (a,'  - a')  + ( F-  V) . {y'  - V)  = c‘ (4). 

If  the  lines  (3)  and  (4)  are  coincident,  then,  the  coefficients  of 
X,  Y,  having  the  same  ratios  in  both  equations,  we  must  have 


\[x  — a)  — X — a (5), 

and  \ (y  — y)  — y — h (6) ; 

hence,  from  (3)  and  (4), 


[a  — a)  .[x  — a)  + {p'  — h).[y  — h)  = 6^  — \c^  ...  (7). 
But^  from  (1),  (5),  (6), 

and  therefore,  [x\  y')  being  a point  in  (2), 

<2  -v  C 

c -:r2 j or  X = + - . 

A.  C 

The  equation  (7)  is  therefore  reduced  to  the  form 

{cb  — a)  {x  — a)  + ip'  — h)  [y  — h)  — c[c  ^ c ), 
and  is  equivalent  to  the  two 

[a  — a)  [x  — a)  + (Z>'  — h)  [y  — J)  = c (c  — c)  ...  (8), 
and  [a!  — a)  (a?  — a)  + (&'  — h)  [y  — h)  c{c  + c)  ...  (9). 

Either  of  these  equations,  combined  with  (1),  will  give  two  pairs 
of  values  for  the  coordinates  of  contact:  they  will  accordingly 
represent  two  chords  of  contact,  perpendicular  to  the  line  joining 
the  centres  of  the  circles,  viz.  the  two  polars  of  similitude  re- 
latively to  the  circle  (1). 

Salmon  : Treatise  on  Conic  Sections^  p.  100. 

4.  To  find  the  coordinates  of  the  centres  of  similitude  of  two 
circles. 

The  centres  of  similitude  evidently  lie  in  the  line  joining  the 
centres  of  the  two  circles,  the  equation  to  which,  if  we  adopt  the 
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circumstances  and  notation  of  the  preceding  problem,  will  he 
Y-b  X-a 


b'-h  d-a^ 


that  to  a common  tangent  to  the  circles  at  a point  3/),  being 
[X-a)  [x-a)  + [Y- b)  [y  - b)  = c‘^ 

From  these  two  equations  we  have 


[X-a]  [[d  -a)[x-a)-\-  [V  - h)  [y  - b)]  = d [d  - a), 


and  therefore,  if  we  suppose  a?,  3/,  to  be  a point  in  the  former 
of  the  polars  of  similitude, 


d — a ^ do  — ca 
X.  — a — c 7 • X.  — • 

c — c c — c 


F = 


dc  - db 
c — c 


From  these  values  of  X,  F,  we  see  that  X — a,  Y —b^  have 
the  same  signs  SiS  X — a\  Y — b\  and  that  accordingly  the 
point  X,  F,  lies  in  the  prolongation  of  the  line  joining  the 
centres  of  the  eircles.  Hence  these  values  of  X,  F,  belong 
to  the  external  centre  of  similitude^  and  the  equation  (8)  to  the 
external  polar  of  similitude. 

If  we  suppose  the  point  a?,  y,  to  be  in  the  latter  of  the  polars 
of  similitude,^  we  shall  get  for  the  coordinates  of  the  internal 
centre  of  similitude 

^ dc  + ca  ^ b'c  + db 
c + c ’ c + c ’ 

the  equation  (9)  belonging  accordingly  to  the  internal  polar 
of  similitude, 

Salmon:  Treatise  on  Conic  Sections,^  p.  101. 

For  further  information  respecting  centres  SiXidi  polars  of  simi- 
litude,, the  student  is  referred  to  memoirs  by  Durrandej  Ger- 
gonne,,  Annales  de  Mathematigues^  tom.  II.  p.  1 ; tom.  XVII.  p.  285  ; 
and  Plucker,  ib,  tom.  xviii.  p.  29. 


5.  To  find  the  locus  of  the  radical  centre  of  three  circles,  the 
radii  of  which  are  r + p,  r'  + p,  r + p,  where  p is  a variable 
quantity,  the  centres  of  the  three  circles  being  fixed. 
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Let  (a,  d)j  (a\  h')^  [d\  be  the  central  coordinates  of  the  I 
three  circles:  then  the  required  locus  will  be  a straight  line 
defined  by  the  equation 

[r  [d  — d)  + r [d  — a)  + r"  (a  — d)]  x 

+ [r  {h'  — F)  + r {!)'  — F)  -\-  r {h  — ^')}  «/  = 0, 

the  position  of  the  radical  centre  of  the  three  circles,  when  p = 0, 
being  taken  as  origin  of  coordinates. 

Plucker : Gergonne^  Annales  de  Mathematiques^  tom.  XVIII.  p.  35. 

6.  To  prove  that  the  locus  of  the  radical  centre  of  the  three 

[x  - ar  +[y-  bf  = (r  + pY,  I 

[x  - a'Y  + {y-  h'Y  = {r  + p)^  I 

[x-aY+{y-VY^[r+pY,  I 

where  p is  a variable  quantity,  is  at  right  angles  to  their  external  I 
axis  of  similitude.  t 

Plucker:  Gergonne^  Annales  de  Mathematiques^  tom.  XVIII.  p.  36.  u 

7.  The  four  tangents,  which  are  common  to  two  circles 
which  do  not  intersect,  and  are  terminated  at  their  points  of 
respective  contact,  have  their  middle  points  on  the  radical  axis 
of  the  two  circles. 

Gergonne : Annales  de  Mathematiques^  tom.  Viii.  p.  323. 

8.  Let  two  circles  be  touched  respectively  by  a single  straight 
line  A A in  A and  A ^ and  by  a single  circle  BB  C m B and  B : 
if  the  straight  line  and  the  circle  touch  in  the  same  manner  the 
two  circles,  the  point  C of  the  concourse  of  AB  and  AB\  will 
lie  on  the  circumference  of  the  circle  BBC  and  on  the  radical 
axis  of  the  two  other  circles. 

Durrande : Gergonne^  Annales  de  Mathematiques^  tom.  VIII.  p.  324. 

9.  The  external  centres  of  similitude  of  three  circles,  taken 
successively  two  and  two,  all  lie  in  one  straight  line ; and  each 
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of  them  is  situated  in  a right  line  with  two  of  the  internal 
centres  of  similitude. 

Fuss:  Nova  Acta  Academice  Petropolitanm^  tom.  XIV.  p.  140. 

Durrande : Gergonne^  Annales  Mathematiques^  tom.  XI.  p.  8. 

Puissant : Recueil  de  diverses  projqositions  de  GeomHrie^ 
p.  165,  troisieme  edition,  — ^ 

Fuss  says,  in  relation  to  the  former  portion  of  this  problem : 

“ II  y a deja  plusieurs  annees  qu’  un  jeune  Francois,  employe 
alors  au  Corps  Imperial  des  Cadets  de  Terre,  me  parla  d’  un 
Theoreme  de  Geomdtrie  qui,  dans  le  terns  qu’  il  etoit  encore 
a Paris  a 1’  Ecole  Eoyale  militaire,  avoit  eu  quelque  cel^hrite 
et  qu’  on  avoit  pr^tendu  tenir  de  feu  Mr.  d’Alembert.  Je  lui 
en  donnai  une  demonstration,  dont  j’  ai  retrouve  depuis  peu  le 
brouillon  en  fouillant  mes  papiers.  En  relisant  cette  demon- 
stration j’  ai  vu  que  la  belle  propriety  qui  en  fait  le  sujet,  pent 
conduire  5,  d’  autres  non  moins  remarquables.  En  rassemblant 
mes  idees  sur  cette  mati^re  il  en  est  resulte  le  petit  Memoire 
que  j’ai  I’honneur  de  presenter  ici  k I’Academie  pour  la  col- 
lection des  Memoires  traduits  en  Eusse,  qu’elle  se  propose  de 
publier,  ou  bien  pour  les  Actes  m^mes,  si  elle  le  juge  digne 
de  cet  honneur.  Il  y fera  sans  doute  plaisir  k plus  d’un 
amateur  de  la  Geometrie,  et  peut-etre  m^me  a quelque  Geometre 
de  profession.” 

10.  The  three  circles 

{x  - af  + {y-  bf  = r%  (x  - af  + [y  - b'f  = r\ 

(*  - a'T  +(y-  VJ  = r- 

are  touched  by  a fourth  circle : to  prove  that  the  point,  in  which 
the  third  circle  is  touched,  lies  in  the  line  of  which  the  equation  is 

[a  — d) . [x  — d)  + (5  — F) . [y  — V)  + (r  — r)  r 

+ (5  - yy  - - ^'T 

_ [a!  — d) . [x  — d)  + [h'  — F) . [y  — F)  + [r  — /)  r 

~ [a!  - dy  + [F  - Ff  - (F  - rj  * 

For  full  information  on  the  subject  of  the  contact  of  a fourth 
circle  with  any  three  proposed  circles,  the  reader  is  referred 
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to  Euler/  Fuss/  {Schubert/  Gergonne/  Puissant/  Montucla/ 
Hearn/  Salmon.® 


Section  XI. 

Inscribed  and  Circumscribed  Polygons, 

1.  ABGP  and  AB'  CP'  are  two  concentric  circles,  ABC 
and  AB'C  any  two  equilateral  triangles  inscribed  in  them. 
If  P,  P\  be  any  two  points  in  the  circumferences  of  these 
circles,  to  shew  that 

[APY  + {B'PY  + [G'py  = [Apy  + [bpj  + [gpj. 

Let  the  equations  to  the  two  circles  be 

+y'^  = r\  od  + y^  = r\ 

Let  (* *,  y)  be  the  coordinates  of  P,  and  (a:,',  3/,'),  {x^,  yj),  (a?;,  y^), 
those  of  A^  P',  O',  respectively.  Then 

{Apy  + {B'py  + {C'py 

= + (y;-2^r+  + «-«’)”+  {y^-yf 

= x:‘  + y;^  + + y:^  + 3 + f) 

- 2a;  (a:/  + < + «;)  - %y  (y/  + y;  + y/) 

= 3 (/"  + /)  - 2*  (a:/  + a:/  + a?;)  - 2y  (y,'  + y^  + y,'). 

But,  r V3  being  the  side  of  the  triangle  in  the  circle  AB'  C’P’j 
3/“  = [x;  - x^Y  + (y/  - y;Y  = - 2 [xX  + 

^{«  + y:y:)  = -^’^^-[<‘^y.l- 

Similarly  2 (asX  + y^y;)  = - (a:;'*  + y^^), 
and  2 (a^X  + yX)  = “ + ^3'')- 


‘ iVora  -4c^a  Academics  PetropolitancBy  tom.  vi.  p.  95. 

* Ibid,  tom.  VI.  p.  102. 

3 Ibid.  tom.  X.  p.  77. 

* Annales  de  Mathematiques^  tom.  vii.  p.  289. 

5 Recueil  de  diverses  propositions  de  GeomHrie,  p.  176,  troisieme  edition. 

6 Histoire  des  Mathematigues,  tom.  i.  p.  263. 

7 Researches  on  Curves  of  the  Second  Order y p.  22. 

8 Treatise  on  Conic  Sections,  p.  104,  &c. 
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Adding  together  these  three  equations,  we  have 

(a:/  + x;  + x;y  + [y;  + y;  + % )'■“  = o, 

and  therefore 

x;  + x’  + < = 0,  y;  + yl  + yl  = 0. 
Hence  [AF'f  + {B’Pf  + ( C'PJ  = 3 [P  + r'“). 
Also,  by  symmetry, 

(AP7  + (PP7  + (PP7  = 3 (P  + O- 


2.  Any  quadrilateral  being  described  about  a circle,  to  prove 
that  the  line,  which  joins  the  middle  points  of  the  diagonals, 
passes  through  the  centre  of  the  circle. 

Let  the  equation  to  the  circle  be 

2 I ‘2  2 

X y = c \ 

this  equation  is  equivalent  to  the  two  following, 

c 

* + yV(-l)=ca,  a: -«/ V(- 1)  = -) 


where  a is  arbitrary  : whence  we  have 


The  equation 

(““9="“ w 

represents  therefore  a tangent  to  the  circle,  which  we  will 
suppose  to  coincide  with  a side  of  the  quadrilateral.  The 
equation 


may  be  taken  to  represent  the  next  side. 

At  the  intersection  y^,^^  of  these  two  lines,  as  may  be 
easily  shewn. 


1 + OLOL 

a4-  a ’ 


= 1) 


1 — aoL 
a + a 


H 
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Similarly,  at  the  intersection  of  the  other  two  sides, 


x'—c 


1 + a a 

II  1 III 

cc  + ct 


2/8.4  = CV(-  1) 


1 — a"  a' 
a'  + a " 


If  X,  F,  denote  the  coordinates  of  the  middle  point  of  the 
diagonal  through  these  two  intersections,  we  have 
^ , /I  + aa  1 + a'a!” 

— tc  { ^ r H TT—. TTT 

a + a a + a 


r=icV(- 1) 


/I  — aa  1 — a'a"\  ^ 

V a + a a'  + a"  / ’ 


whence,  performing  obvious  simplifications, 

Y //  OL{l  — aa")  + a{l  — a"a")-\-a'{l—a'”a)  + a''{l  — aa) 
X ^ ^ * a{l  + aa")  + a{l  + a”a"’)  + a"(l  + a"a)  + a'"(l+  aa)  * 


This  result,  being  symmetrical  in  regard  to  a,  a , a",  a",  shews 
that  in  the  case  of  the  other  diagonal,  we  shall  have  the  same 
ratio  for  the  coordinates  X',  F',  of  its  middle  point.  Hence 


T_Y 


which  shews  that  the  two  middle  points  are  in  a line  through  the 
centre  of  the  circle. 

Durrande : Gergonne^  Annales  de  Mathematiques^  tom.  xiv.  p.  309. 


3.  To  prove  that  the  equation  to  a circle,  circumscribed 
about  a triangle,  the  equations  to  the  sides  of  which  are 

u — X cos  a + 3/  sin  a — 

V — X P y mi  ^ — q^ 
w — X cos  7 + 3^  sin  7 — r, 
is  vw  sin  A + wu  mi  B uv  sin  (7=0, 

H,  jB,  (7,  being  the  angles  between  the  sides  (v,  w)^  {w^  u)^  (^^,  v)^ 
respectively. 

Salmon  : Treatise  on  Conic  Sections^  p.  92. 

4.  If  two  triangles  are  the  one  inscribed  in  a circle  and 
the  other  circumscribed  about  it;  so  that  the  summits  of  the 


INSCRIBED  AND  CIRCUMSCRIBED  POLYGONS. 


99 


inscribed  are  the  points  of  contact  of  the  circumscribed  triangle ; 
to  prove  that,  (1),  the  points  of  concourse  of  the  directions  of  the 
opposite  sides  of  the  two  triangles  lie  in  a single  straight  line, 
(2),  that  the  lines  joining  their  opposite  summits  meet  all  three 
in  a single  point,  and,  (3),  that  this  point  is  the  pole  of  the 
aforesaid  straight  line. 

Durrande  : Gergonne^  Annales  de  Mathematiques^  tom.  XIV.  p.  45. 

Salmon : Treatise  on  Conic  Sections^  p.  94. 

5.  The  feet  of  the  perpendiculars  let  fall,  upon  the  directions 
of  the  sides  of  any  triangle,  from  any  point  in  the  circumference 
of  the  circumscribed  circle,  all  lie  in  one  straight  line. 

Servois,  Gergonne : Gergonne^  Annales  de  Mathematiques^ 
tom.  IV.  p.  251. 

Durrande : Ihid,  tom.  vil.  p.  253. 

Querret : Ihid.  tom.  xiv.  p.  285. 

Salmon : Treatise  on  Conic  Sections.,  p.  94. 

6.  The  base  OA  of  a triangle  POA  is  given,  and  the  triangle 
is  such  that  a circle  of  given  radius  may  always  be  inscribed  in 
it : to  find  the  locus  of  P. 

If  OP=  r,  lPOA  — OA  = a^  c=  the  radius  of  the  inscribed 
circle,  the  equation  to  the  locus  of  P will  be 

sin  0 . (a  sin  0 — 2c)  r = 2c  {a  sin  ^ — c cos  0 — c). 

Manderlier:  Quetelet.,  Corr.  Math,  et  Phys..,  tom.  ii.  p.  320. 

7.  To  find  the  radius  of  a circle  inscribed  in  a triangle  the 
equations  to  the  sides  of  which  are 

X cos  a + 2/  sin  a = 8,  x cos  o!  + y sin  a = S', 

X cos  a"  + y sin  a"  = S". 

The  radius  is  equal  to 

S sin  (a  — a")  + S'  sin  (a"  — a)  + S"  sin  (a  — a') 

a — a”  . a"  — OL  . a — a 

4 sm— ^ — . sm-^ — . sm— ^ 

Lhuilier : Piemens  d'' Analyse  Giometrique  et  d' Analyse 
Algebrique.,  p.  119. 


H2 
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8.  The  equations  to  three  straight  lines  are 


w = 0,  = 0,  Wg  = 0, 

a?  sin  ^ — 3/  cos  ^ -1-  c = 0,  being  taken  as  the  type  of  the  equa- 
tion to  a straight  line:  to  prove  that  the  equations  of  the  four 
circles,  to  each  of  which  these  lines  are  tangents,  are 

1.6—6  1.6—6  1.6—6 
W sin  -^-7; + u}  sin SUl  = 0, 


. 6.-6 
u"  sin 


h ^2,  .....^.1  ^ ^ (jQg  ^ .^2  ^ ^ (jQg  Z-L 


2 

6-6. 


2 2 
6.-6 


2 


e.-e 


. o-e,  . i e,- 6 

iY\  4 _L  'I/  ones  ± 


vr  cos  i + u,  sin  — - — ^ cos 


= 0, 


i , 6 — 6 1 6 — 6 

u cos  cos  — - — ^ 

A A 


.6.-6 


0. 


Salmon : Treatise  on  Conic  Sections.^  p.  94. 


9.  Having  given  the  equations  to  the  three  sides  of  a tri- 
angle, to  find  the  equations  to  the  lines  joining  the  angles  of  the 
triangle  with  the  points  in  which  the  escribed  circles  touch  the 
opposite  sides. 


The  notation  of  the  preceding  problem  being  retained,  the 
equations  to  the  three  lines  will  be 


...  0 - e. 


COS“  — — ^ cos'*^ 


6-6 


u.  cos 


6.-6 


2 ^1 


2 2 

U COS  ^ COS  - 

2 ^ 2 


2 

6-6. 


= u cos 


. 6.  - 6. 


2 '^2 


These  equations  shew  that  the  three  lines  pass  through  a single 
point. 


10.  If  any  number  of  quadrilaterals,  inscribed  in  a given 
circle,  have  a common  side,  to  prove  that  the  lines  which,  in 
these  quadrilaterals,  join  the  intersection  of  the  diagonals  and 
the  point  of  concourse  of  the  sides  adjacent  to  the  common  side. 
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will  all  meet  in  a single  point  of  the  perpendicular  on  the  middle 
point  of  the  common  side. 

Durrande : Gergonne^  Annates  de  Mathematigues^  tom.  xiii.  p.  308. 
Puissant:  Recueil  de  diverges  propositions  de  GeomMrie^  p.  137, 
troisieme  edition.  , 


Section  XII. 

Circular  Loci. 

1.  The  distances  of  a point  P from  two  fixed  points  A\ 
are  r,  r.  To  find  the  locus  of  P,  supposing  that  nr^  + rir^  is 
equal  to  a constant  quantity  where  n.,  are  given  quantities. 

Let  (a,  &),  (a,  5'),  he  the  coordinates  of  A\  respectively, 
(a?,  y)  being  those  of  P.  Then 

n{{x  - af  + {y  - hf]  + n {{x  - a!f  {y  - h'Y]  = c% 

{n  + n!)  [od  + y'^)  — 2a?  [na  + no!)  — 2y  {nh  + nt>') 

+ n + P)  + d {a!^  + 5'^)  = P, 

a _ + n a <j  ^ + nh'  d—n (P + P)  — ri  ia!^ + h'’^) 

a?  — 2 — .x-\-y  —2 r • V — , 

n + n n-\-n  n-{-n  ^ 


X 


na  + na!d 
n + n 


^[y- 


nh  + nh'd 
n + n' 


nn 


= —7—7  - 7 -n. . {(«  - dy  ^-{h-  h'Y}, 

the  equation  to  the  required  locus,  which  is  therefore  a circle, 
its  radius  being  equal  to 


1 


7 [{n  + n)  d — nri  [{a  — dy  + (^  — P)*'*}]^, 


n + n 

and  central  coordinates  to 

na  + na 
n + n 


nh  + nh' 
n + n 


Lhuilier : EUmens  d'' Analyse  GSomStrique  et  d' Analyse 
Algdhrigue.^  p.  131. 
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2.  To  find  the  locus  of  a point  such  that  the  sum  of  the 
squares  of  its  distances  from  any  number  of  proposed  points  may 
have  a given  value. 

Let  there  be  n proposed  points  (a^,  ySJ,  (a^,  (ag,  ySg), 

(a^,  /3^),  and  let  (a?,  y)  be  the  coordinates  of  the  moveable  point. 
Also  let  <?  be  the  constant  value  of  the  sum  of  the  squares. 
Then,  the  axes  being  rectangular,  we  have 

(*  - «i)*  + (y  - A)' 

+ (*  - «,)“  + (y  - 
+ (x-  af  + (y  - 


+ + (y  - = c', 

or 

*' + y”  - ^ («i + «. + “3 + • • • + «J  * - ^ (A + + /3s + • • • + /3J  y 


= - K - « + <+<  + - + O - ... +^;)), 


the  equation  to  the  required  locus,  which  is  therefore  a circle  the 
centre  of  which  has  for  its  coordinates 


- (a^  + + ag  + ...  + aj,  - (/5^  + + ^3  + •••  + Aj* 

AjyoUonii  Pergcei  Locorum  Planorum  Lihri  II.  Pestituti  a 
Roberto  Simson^  p.  159. 

Montucla : Histoire  des  Mathematiques^  tom.  I.  p.  284,  2*  edit. 
Puissant : Recueil  de  diverses  jyro'positions  de  Geometrie,^ 
p.  194,  troisieme  Sdition. 

Gamier : Geometrie  Analytique,,  p.  183,  deuxieme  edition. 


3.  There  are  2n  given  straight  lines,  which  make  with 

another  given  straight  line  angles  a,  /3,  7, A point  P is 

taken  such  that  the  sum  of  the  squares  of  the  perpendiculars 
drawn  from  it  upon  these  2?^  lines  is  constant.  To  prove  that 
the  necessary  and  sufficient  condition,  that  the  locus  of  P may 
be  a circle,  is 

71  + cos  2 (a  — yS)  + cos  2 — 7)  + cos  2 (a  — 7)  + ...  =0. 
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Take  the  fixed  line  of  reference  as  the  axis  of  and  any  line 
at  right  angles  to  it  as  that  of  x.  Then  the  equations  to  the  2n 
lines  will  be  of  the  forms 

ic  cos  a +3/  sin  a a, 

X cos  yS  + y sin 
X cos  7 + ^ sin  7 = c, 


The  condition  of  the  problem,  A denoting  the  constant  value  of 
the  .sum  of  the  squares,  gives  us 

{x  cos  a + ^ sin  a — a)^  + {x  cos  /3  + 3/  sin  — h)'^ 

+ (a?  cos  7 + y sin  7 — c)^  + = A‘^ 

In  order  that  this  equation  may  represent  a circle,  it  is 
sufficient  and  necessary  that  the  coefficients  of  x^  and  be  equal, 
and  that  the  coefficient  of  xy  be  zero  : hence 


cos  2a  + cos  2/3  + cos  27  + = 0, 

and  sin  2a  + sin  2/3  + sin  27  + =0. 


These  two  equations  are  equivalent  to  the  single  equation 
(cos  2a  + cos  2)3+cos27+  ...)^+  (sin2a  + sin2y3+sin27+...)‘'^=0, 
or,  squaring  the  two  members,  simplifying  and  dividing  by  2, 

+ cos  2 (a  — /3)  + cos  2 (/3  — 7)  + cos  2 (a  — 7)  + ...  = 0. 

Lhuilier : EUmens  E Analyse  Geometriqm  et  d? Analyse 
Algehrique^  p.  142. 

4.  To  find  the  locus  of  the  intersection  of  a perpendicular 
from  a fixed  point  upon  a line  passing  through  another  fixed 
point. 

Let  the  former  fixed  point  be  taken  as  the  origin  of  polar 
coordinates : then,  p denoting  the  perpendicular  and  ^ its  incli- 
nation to  the  prime  radius  vector,  the  polar  equation  to  the  line 
mentioned  in  the  problem  will  be 

p — T cos  [9  — 0). 
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Let  r\  6'^  be  the  given  point : then 

p = r cos  {O'  — <^). 

This  result  shews  that  (py  are  the  polar  coordinates  of  any 
point  in  a circle  of  which  r is  the  diameter,  this  circle  being 
therefore  the  required  locus. 

5.  To  determine  the  geometrical  locus  of  the  point  which 
divides  into  two  parts,  in  a constant  ratio,  the  straight  line 
drawn  from  a given  point  to  any  point  in  the  circumference  of 
a given  circle. 

Let  the  circle  be  referred  to  two  diameters  as  axes  of  x and  y, 
the  axis  of  x being  so  chosen  as  to  pass  through  the  given  point. 
The  equation  to  the  circle  will  be,  c denoting  its  radius, 

x^+f  = c^ (1). 

Let  a be  the  abscissa  of  the  given  point  (7,  and  x'y  y\  the 
coordinates  of  the  dividing  point  P'.  Let  GP'  meet  the  circle 
in  P,  and  let  GP'  = n,  GP,  n being,  by  the  condition  of  the 
problem,  constant. 

Then  it  is  easily  seen,  by  similar  triangles,  Xy  being  the 
coordinates  of  P,  that 

a — X ■=  n[a  — a?), 
or  nx  — X {n  — 1)  a, 

and  ny  = y. 

But,  from  (1),  {nxj  + [ny^  — [nc)'^ : 

hence  we  have,  for  the  equation  to  the  required  locus, 

[x  + (w  - 1)  af  + y'^  = [ncYy 

which  is  therefore  a circle,  the  l*adius  of  which  is  nCy  its  centre 
lying  in  the  axis  of  at  a distance  (1  — n)  a from  the  origin. 

Cor.  Suppose  the  equation  to  the  locus  of  P to  be  given, 
and  let  it  be  ^ ^ 
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Then,  for  the  determination  of  the  position  of  C and  of  the 
magnitude  of  w,  we  have 

[n  — \)  a — A,  c — nc^ 


and  therefore 


Remark.  Thus,  two  circles  being  given,  we  may  find  the 
position  of  such  a point  and  also  determine  such  a ratio,  that, 
if  we  draw  through  the  point  any  straight  line  to  cut  the 
circumferences  of  the  two  circles,  the  ratio  between  the  parts 
of  this  straight  line,  comprised  between  this  point  and  the 
circumferences,  may  be  equal  to  the  ratio. 

The  proposition  which  constitutes  the  subject  of  this  re- 
mark belongs  to  a class  of  propositions,  to  which  (according  to 
Simson*)  the  ancients  gave  the  name  of  jporisms.  While  a 
locus  is  determined  by  certain  independent  conditions;  on  the 
other  hand,  when  a locus  is  proposed,  it  determines  certain 
relations  among  the  conditions  by  which  it  would  have  been 
itself  determined;  so  that  two  or  more  of  these  conditions  are 
simultaneously  determined  by  the  proposed  locus.  Thus,  the 
locus  of  the  point  P',  which  is  the  object  of  the  present  problem, 
being  proposed,  the  position  of  the  point  G and  the  ratio  of  GF 
to  GF  are  conjointly  determined. 

Playfairf  has  taken  a different  view  of  the  nature  of  a 
porism ; he  has  arrived  at  the  conclusion  that  the  ancients  gave 
the  name  of  porisms  to  those  propositions  which  affirm  the 
possibility  of  finding  conditions  such  as  to  render  a particular 
problem  indeterminate  or  susceptible  of  an  infinite  number  of 
solutions. 

Simson’s  definition  of  a porism  is  the  following : “ Porisma 
est  Propositio  in  qua  proponitur  demonstrare  rem  aliquam,  vel 
plures  datas  esse,  cui,  vel  quibus,  ut  et  cuilibet  ex  rebus  in- 
numeris,  non  quidem  datis,  sed  quae  ad  ea  quse  data  sunt  eandem 
habent  relationem,  convenire  ostendendum  est  affectionem  quan- 


* De  Porismatibus  Tractatus  ; Opera  qucedam  reliqua.  1776,  Glasgow, 
t Transactions  of  the  Royal  Society  of  Edinburgh^  vol.  in. 
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dam  communem  in  Propositione  descriptam or,  in  Playfair’s 
translation  of  these  words,  “ a Porism  is  a proposition,  in  which 
it  is  proposed  to  demonstrate,  that  one  or  more  things  are  given, 
between  which  and  every  one  of  innumerable  other  things,  not 
given  but  assumed  according  to  a given  law,  a certain  relation, 
described  in  the  proposition,  is  to  be  shewn  to  take  place.” 

Lhuilier:  EUmens  d' Analyse  Geometrique  et  d'' Analyse 
Algehrique^  p.  39. 

Lam^ : Examen  des  differentes  MSthodes  employees  pour 
resoudre  les  Prohlemes  de  Geometrie^  p.  22. 

6.  To  find  on  the  circumference  of  a given  circle  a point 
such  that  the  sum  of  the  squares  of  its  distances  from  two  ^ven 
points  shall  be  equal  to  a given  area. 

Let  the  equation  to  the  given  circle  be 

^ + f = (1); 

and  let  (a,  Z>),  (a,  5'),  be  the  coordinates  of  the  given  points. 

Then,  representing  the  given  area,  we  have,  by  the 
condition  of  the  problem, 

{x  — ay  + {y  — hy  {x  — a'y  -\-  {y  — l^y  = 
or  x^+y^—{a-{-d)x—{h-\-l)')y  = ^ ird^  —a^—  W — a^  — 5'^) . . . (2) . 
From  (1)  and  (2)  we  have 

{a  + a)  X + (&  + V)  y = ■i(2c^  — P d'^  + 5'^)... (3). 

Thus  the  required  point  will  be  an  intersection  of  the  circle 
(1)  with  the  chord  (2). 

Cor.  Suppose  that 

a + a = 0,  5 + 5'  = 0, 

and  20*“^  — rd^  + a^  W + d^  + = 0, 

or  d^  + 5^  + 

Then  the  equation  (2)  becomes  an  identical  equation,  and 
the  problem  becomes  indeterminate ; any  point  whatever  in  (1) 
satisfying  the  conditions  of  the  problem;  the  required  point 
being  thus  replaced  by  a circular  locus  of  appropriate  points. 
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This  problem  affords  an  exemplification  of  Playfair’s  inter- 
pretation of  the  ancient  signification  of  the  word  jporism. 

Playfair : Transactions  of  the  Royal  Society  of  Edinburgh^ 
vol.  III. 

Lhuilier:  Elemens  d'' Analyse  Geomitrique  et  d'' Analyse 
Algibrique^  p.  204. 

7.  A and  B being  two  fixed  points  and  P a point  such  that 
AP  = yu-.PP,  to  find  the  locus  of  P. 

The  locus  is  a circle,  the  centre  of  which  is  in  the  line  AB 
at  a distance  from  A equal  to 

f^a 

and  of  which  the  radius  is  equal  to 

ga 

Newton : Arithmetica  Universalis^  prob.  XXVI. 

L’ Hospital:  Traite  Analytique  des  Sections  Goniques^  p.  252. 
Lhuilier:  Elemens  d'' Analyse  Geometrique  et  d^ Analyse 
Agebrique^  p.  129. 

8.  To  find  the  locus  of  a point  such  that  the  square  of  its 
distance  from  a point  (a,  b)  is  equal  to  the  rectangle  contained 
by  its  distance  from  a line 

X cos  a + 3/  sin  a = 3, 

and  a given  line  2c. 

The  required  locus  is  a circle  defined  by  the  equation 
{x—  (a+c  cosa)}‘'^+ {3/—  (3+c  sina)}^  = 2c  {3  + (a  cosa+3  sina)  P-Jc}. 

Lhuilier:  Elemens  d’’ Analyse  Geometrique  et  d"^ Analyse 
AlgSbrique^  p.  131. 

9.  To  find  the  locus  of  the  intersection  of  two  straight  lines, 
which  pass  through  two  given  points,  and  are  inclined  to  each 
other  at  a given  angle. 
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Let  the  axes  be  so  chosen  that  the  one  point  coincides  with 
the  origin  and  that  (a,  0)  are  the  coordinates  of  the  other  point. 
Then,  c denoting  the  tangent  of  the  constant  angle  included 
between  the  two  lines,  the  locus  will  be  a circle  defined  by  the 
equation  ^ 

=z  - [cx  4-  3/). 
c 

Puissant:  Recueil  de  dwerses  propositions  de  O^omStrie^ 
p.  199,  troisieme  edition. 

10.  AB.^  ACj  are  two  straight  lines  given  in  position; 
BB  is  a straight  line  of  given  length  terminating  in  them  at 
D,  respectively;  from  H,  are  drawn  perpendiculars  to 
ABj  AGj  respectively,  intersecting  each  other  in  P.  To  find 
the  locus  of  P. 

Let  ABj  A (7,  produced  indefinitely,  be  taken  as  axes  of  a?,  y. 
Let  DB  = lBAC=(o.  Then  the  required  locus  will  be 
a circle  defined  by  the  equation 

cos  ft)  = — . 

^ ^ sm"ft) 

Leyboum : Mathematical  Repository.!  New  Series.,  vol.  i.  p.  115. 

11.  Given  one  side  of  a triangle  and  the  opposite  angle, 
to  find  the  locus  of  the  intersection  of  the  bisectors  of  the  other 
two  angles. 

The  middle  point  of  the  given  side  being  taken  as  the  origin, 
and  a perpendicular  to  it  through  this  point  as  the  axis  of 
the  locus  required  will  be  a circle  defined  by  the  equation 

x^  + + ^ay  cot  S — 

2a  being  the  given  side  and  S the  given  angle. 

Lardner:  Algebraic  Geometry 110. 

12.  Straight  lines  are  drawn  from  the  extremities  of  a given 
diameter  of  a circle  to  the  extremities  of  a chord  which  always 
subtends  a given  angle  at  the  centre : to  find  the  locus  of  the 
intersection  of  the  straight  lines. 


CIRCULAR  LOCI. 
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Let  OL  = the  given  angle,  a — the  radius  of  the  circle.  Let 
the  centre  of  the  circle  be  taken  as  origin  of  rectangular  coor- 
dinates, and  the  given  diameter  as  axis  of  x. 

Then  the  required  locus  will  be  a circle  represented  by  the 

equation  ^ 

± tan  - = 

the  + or  — sign  being  taken  accordingly  as  the  diameter  and 
chord  are  joined  towards  the  same  or  opposite  parts. 

13.  To  find  the  locus  of  a point,  such  that,  if  lines  be  drawn 
from  it  through  the  three  summits  of  a triangle,  and  through 
each  summit  be  drawn  a perpendicular  to  the  line  passing 
through  it,  the  three  perpendiculars  shall  always  pass  through 
some  one  point. 

Let  one  summit  of  the  triangle  be  taken  as  the  origin  of 
rectangular  coordinates;  and  let  the  coordinates  of  the  other 
two  summits  be  («,  h)  and  (a',  h').  Let  c,  c,  be  the  lengths 
of  the  two  sides  which  meet  in  the  origin,  and  a the  angle 
between  them. 

Then  the  required  locus  will  be  a circle,  defined  by  the 
equation  y ^ ^ 

— <?  (b'x  — ay)  — 0, 

being  therefore  the  circumscribed  circle  of  the  triangle. 

Stein : Gergonne^  Annates  de  Mathematiques^  tom.  xv.  p.  73. 

14.  A straight  line  is  drawn  through  a given  point  C within 
a circle,  to  cut  it  in  points  P,  P'.  If  a point  p be  taken  in 
this  straight  line,  such  that 

[CpY  = CRGP\ 

to  find  the  locus  of^. 

If  a be  the  distance  of  G from  the  centre,  and  r be  the 
radius  of  the  given  circle,  the  locus  of  p will  be  a circle  of  which 
G is  the  centre,  and  of  which  the  radius  is  equal  to  (P  — 
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15.  A straight  line,  drawn  through  a point  0,  cuts  two  given 
circles,  the  centres  of  which  are  (7,  O',  in  P,  and  P', 
respectively.  To  find  the  locus  of  0,  having  given  that 
OP,OQ  = iJi.OF.Og. 


The  equations  to  the  two  circles  being  of  the  forms 
{x  — ay  + = c^,  {x  — o!y  + y^  = 

the  locus  of  0 will  be  a circle,  defined  by  the  equation 
{x  — ay  + y^  — 6^  — yi[{x  — dy  + y'^  — c'^}. 

Cor.  1.  The  centre  of  this  circle  will  lie  in  CC  or  C G 
produced  accordingly  as  //.  is  < or  > 1. 

Cor.  2.  If  /<6  = 1,  the  locus  of  0 becomes  a straight  line. 

16.  From  a point  are  drawn  perpendiculars  upon  the  sides 
of  a regular  polygon.  To  find  the  locus  of  the  point,  supposing 
the  sum  of  the  squares  of  the  perpendiculars  to  be  equal  to 
a given  area. 


Let  the  centre  of  the  polygon  be  taken  as  origin  of  rect- 
angular coordinates;  let  n be  the  number  of  the  sides  of  the 
polygon,  c the  distance  of  its  centre  from  each  side,  and  S the 
given  area. 

Then  the  required  locus  is  a circle  represented  by  the 
equation  . ^ 


Lhuilier:  EUmens  (P  Analyse  GeomStrique  et  (P  Analyse 
Algebrique^  p.  135. 

Gamier:  GeomHrie  Analytique^^.  187. 


17.  The  equations  to  the  four  sides  of  a quadillateral  taken 
successively  are 

u —X  cos  OL  y sin  a — 8 = 0,  u = x cos  ol  y sin  a'  — 8'  = 0, 
u'  = X cos  a"  + y sin  a"  — 8"  = 0,  u"  = x cos  d"  -f  y sin  a'"  — 8'"  = 0 : 
the  rectangle  between  the  distances  of  a point  P from  the  first 
and  third  of  these  lines  is  to  that  between  its  distances  from  the 
second  and  fourth,  as  n to  n.  To  find  the  conditions  that  the 
locus  of  P may  be  a circle. 
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The  conditions  are  n = 


and  a + a"  = a'  + a",  or  a + a"  = 27r  — (a'  + a"). 

Lhuilier:  EUmens  d?  Analyse  Geometrique  et  d' Analyse 
Algebrique^  p.  144. 

18.  To  find  the  locus  of  a point  in  the  plane  of  a triangle, 
such  that,  if  perpendiculars  he  drawn  from  it  upon  the  directions 
of  its  sides,  the  area  of  the  triangle,  formed  by  straight  lines 
joining  the  feet  of  the  three  perpendiculars,  may  be  constant. 

If  the  equations  to  the  three  sides  of  the  triangle  be 
iccosa  + ?/sina  = S,  a?  cos  a +3/ sin  a =8',  a^cosa" +3/ sina"  = 8", 


and  be  the  constant  area,  the  required  locus  will  be  two 
circles  denoted  by  the  double  equation 

±2^  =(a;^+y^)smasma  sma  ] — ^ ^ -f -\ ^ 

( sm  a sm  a sm  a 

+ 8 sin  (a'  — a")  \x  cos  (a'  + a"  — a)  + 3/  sin  (a  + a"  — a)} 

+ 8'  sin  (a"  — a)  {x  cos  (a"  + ol  — d)  + y sin  (a"  + a — a')} 


+ 8"  sin  (a  — d)  {x  cos  (a  + d — a")  + y sin  (a  + a'  — a")} 

(sin  (a  — d)  sin  id  — a)  sin  (a"  — d 
+ SS8  i + g + 


Querret ; Gergonne^  Annales  de  Mathematiques^  tom.  XIV.  p.  280. 
Sturm : Ihid.^  tom.  xiv.  p.  286. 
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Section  I. 

Referred  to  the  Axis  and  its  Tangent,  Ordinates. 

1.  A parabola,  of  which  the  equation  is 

/ = ^ 

is  cut  in  four  points  by  the  cirele 

{x  - af  + (2,  - = 7”: 

to  find  the  product  of  the  distances  of  the  four  points  of  inter- 
section from  the  axis  of  the  parabola. 

Eliminating  x between  the  equations  to  the  two  curves,  we 
get  (f-hr  + P{y-^r  = iy, 

or  + r (a^  + — 7^)  = 0. 

Whence,  by  the  theory  of  equations,  the  required  product  is 
equal  to 

or,  a being  the  distanee  between  the  centre  of  the  circle  and 
the  vertex  of  the  parabola,  to 

2.  Two  ordinates  of  a parabola  meet  its  axis  in  points  equi- 
distant from  the  focus.  If  the  vertex  be  joined  with  the  point, 
where  one  of  the  ordinates  meets  the  parabola,  to  find  the 
equation  to  the  locus  of  the  point  where  this  line  intersects  the 
other  ordinate. 

The  equation  to  the  parabola  being 

= 4ma?, 

let  the  abscissae  of  the  two  points  be  x and  x. 
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Then,  by  the  hypothesis, 


X X = 2m 


(!)• 


The  equation  to  the  line  joining  the  former  point  and  the 
vertex  is 


a?, 


(2), 


and  the  equation  to  the  ordinate  of  the  other  point  is 

x^  = X 


(3). 


At  the  intersection  of  (2)  and  (3), 

, . xf 

X + X — 4m  — ^ 4-  . 

y, 

and  therefore,  by  (1), 

■ (2m  — x)  y’!'  = 4ma?/^, 

the  equation  connecting  the  coordinates  of  every  point  of  the 
curve  formed  by  the  intersection  of  the  line  through  the  vertex 
and  the  other  ordinate,  that  is,  the  equation  to  the  required 
locus. 

3.  The  rectangle  contained  between  two  ordinates  y^^^ 
of  a parabola  y^  — 4ma?,  is  equal  to  m^,  the  distance  between 
these  ordinates  being  equal  to  m:  to  find  the  magnitudes  of 


y,  aiwi  y„- 

(VS  - 2)\  = TO  (V5  + 2)*. 

4.  To  prove  that  the  area  of  a triangle  inscribed  in  a 


parabola  is  equal  to 


A " y")-^y"  ~ y"')-^y"'  - y') 


where  y\  y \ y'"^  are  the  ordinates  of  the  vertices  of  the  triangle, 
y = 4ma?  being  the  equation  to  the  curve. 

5.  The  abscissa  and  double  ordinate  of  a segment  of  a common 
parabola  are  a and  5,  and  the  diameters  of  its  circumscribed 
and  inscribed  circles  D and  c?;  to  prove  that 


D d = a h. 


1 
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6.  If  a parabola  intersects  a circle  in  four  points,  to  prove 
that  the  ordinates  of  the  points  of  intersection,  which  lie  on 
one  side  of  the  axis  of  the  parabola,  are  together  equal  to  the 
sum  of  the  ordinates  of  the  points  of  intersection,  which  lie 
on  the  other  side  of  the  axis. 

De  La  Hire : Sectiones  Gonicce^  lib.  V.  prop.  29. 


Section  II. 


Referred  to  the  Axis  and  its  Tangent.  Tangents. 

1.  Two  tangents  are  drawn  to  a parabola;  the  one  touches 
it  at  a point  (a,  &),  the  other  at  a point  (a,  h').  To  find  the 
point  in  which  the  two  tangents  intersect. 


If  4m  denote  the  latus-rectum,  the  equations  to  the  tangents 
hy  = 2m  (a?  + a), 
h'y  = 2m  [x  + o!). 

At  the  intersection  of  these  two  lines,  eliminating  a?,  and 
observing  that  Z>'^,  are  respectively  equal  to  4ma,  4ma',  we 

if  — y)y  — 2m  {a  — a) 

whence  y — \ Id). 

Also,  eliminating  ?/,  we  see  that 

aV  - a'h 


X 


h-y 


Thus  the  coordinates  of  the  required  point  are 


add  — ah 

h-y 


and 


h-\-y 

2 


2.  In  the  parabola,  of  which  the  equation  is 
y^  — 4ma?, 

two  tangents  are  drawn  at  points  of  which  the  abscissae  are 
in  the  ratio  of  1 : /a;  to  find  the  equation  to  the  locus  of  their 
intersection. 
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If  [x\  y)j  {x\  y'),  be  the  two  points  of  contact,  the  equations 
to  the  two  tangents  will  be 

yy  = 2mx  + ^y'\ 

yy”  = + \y’''^. 

But  y"^  = = 4ma?"  = 

and  therefore  y”  — ± fj^y' (1). 


At  the  intersection  of  the  two  tangents,  we  have,  from  their 


equations. 


y[y’’  -y')^Uy'’^-y% 
y = k{y"  + y) 

= i(i  i>y  (!)• 


Hence,  from  the  former  of  the  equations  to  the  tangents,  we 
see  that 

2mx  = y'{y-y)  = ^^.{y-^^, 


f = {i±y>r. 


mx 
± ’ 


the  appropriate  equation  to  the  locus  being,  by  virtue  of  (1), 

i _i 

f = (m‘  + /*  "Ymx, 

i _1 

or  2/^  = •“  (a*'^  — H'  ^^7 


accordingly  as  the  points  of  contact  are  on  the  same  or  on 
opposite  sides  of  the  axis  of  the  parabola. 


3.  To  find  the  area  of  the  triangle  included  between  the 
tangents  to  parabolae 

y = 4:mX^  y = 4:fJLXj 

at  points  the  common  abscissa  of  which  is  a,  and  the  portion 
of  the  ordinate  intercepted  between  the  two  curves. 

The  required  area  is  equal  to 


i2 


116 


PARABOLA. 


4.  To  find  the  magnitude  of  the  ordinate  of  such  a point 
in  a parabola,  that  the  intercepts,  on  the  axes  of  coordinates, 
of  a tangent  drawn  to  the  curve  at  this  point,  may  be  equal 
to  each  other. 

The  required  magnitude  = half  the  latus-rectum. 


Section  III. 

Referred  to  the  Axis  and  its  Tangent.  Magical  Equation  to  the 

Tangent. 

1.  A straight  line,  inclined  at  an  angle  ^ to  the  axis  of  a?, 
touches  both  the  curves 

f = 4wa?,  od'  -\-  if  = (f : 

to  find  the  value  of  <p. 


Put  tan (f)  = a:  then  the  equation  to  the  line,  since  it  touches 
the  former  curve,  will  be 

m 

3/  = , 

and,  since  it  touches  the  latter, 

3/  = aa?  + c (1  + df. 

Since  these  two  equations  represent  the  same  line,  they  must 

be  identical ; hence  , ^ 

c(H-af  = “, 
a ' 

whence  c sec  ^ = m cot 

or  c sin  </>  = m cos^  (f> ; 

an  equation  which  determines  the  value  of  (ft. 


2.  Two  straight  lines,  which  are  always  tangents  to  a given 
parabola,  are  such  that  the  sum  of  the  cotangents  of  their 
inclinations  to  its  axis  is  constant;  to  find  the  equation  to  the 
locus  of  their  intersection. 
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The  equation  to  either  tangent  h 


whence 


m 

2/  = =®  + -, 

a m a m 


Hence,  a , a",  denoting  the  two  values  of  a, 


1 1 y 

a a m 


but,  by  the  condition  of  the  problem. 


1 1 o 

“7  "1 ^ = /3, 

a a ’ 


^ denoting  some  constant  quantity. 

Hence  y = myS, 

the  equation  to  the  required  locus,  which  is  therefore  a diameter 
of  the  parabola. 


3.  If  a^,  a^,  be  the  trigonometrical  tangents  of  the  incli- 
nations of  any  two  tangents  of  a parabola  to  its  axis,  to  find 
the  equation  to  the  tangent  at  the  extremity  of  the  diameter 
which  passes  through  their  intersection. 

The  equation  to  the  parabola  being 

the  equations  to  the  first  two  tangents  will  be 

m 

Wl 

and  y = oljx  H — . 

At  their  point  of  intersection,  y^  being  its  ordinate. 


and  therefore  y — — [a.  + aj, 

which  is  the  equation  to  the  diameter 
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The  equation  to  the  required  tangent  will  therefore  be 

iJX 

2m  1 

2a, a„  , «!  + tto 

or  y — X H — m. 

a,  + 2a, a, 

4.  From  the  vertex  of  a parabola  a straight  line  is  drawn, 
inclined  at  an  angle  J tt  to  the  tangent  at  any  point ; to  find  the 
equation  to  the  locus  of  their  intersection. 

Let  the  equation  to  the  straight  line  be 

2/  = “'a= (1); 

then,  by  the  hypothesis,  the  equation  to  the  tangent  being 

3/  = + - (2), 

we  shall  have  1 = ^ ^ , a'  = ^ ^ ^ ; 

1 + aa  ’ 1 — a 

hence  the  equation  (1)  becomes 

^ = 

Obtaining  a from  (3),  in  terms  of  x and  and  substituting 

its  value  in  (2),  we  shall  get 

y — X y X 

y = X 1-  m , 

y -V  X y — x^ 

or  (y  + 3?).[y  -x)  = m{y  + xf, 

which  is  the  equation  to  the  required  locus. 


5.  To  prove  that  the  three  altitudes  of  any  triangle  circum- 
scribed about  a parabola  all  pass  through  a single  point  in  the 
directrix. 

The  equations  to  the  three  sides  of  the  triangle  will  be  of 
the  forms 
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The  equation  to  one  altitude,  viz.  that  which  passes  through 


the  intersection  of  (1)  and  (2)  at  right  angles  to  (3),  will  be, 
as  may  easily  be  ascertained, 

aa  [x  + a”y)  = m (1  + aa"  + a'a) (4). 

By  similarity  it  is  clear  that  the  equation  to  the  altitude, 
which  is  at  right  angles  to  (l),  is 

a'a"  [x  + ay)  — m [I  -\-  a'a  + aa) (5). 

At  the  intersection  of  (4)  and  (5) 


/'-I  1 ' ''  I I 

x — — m,  y — — 7-77  1 + aa  + a a + aa  . 
aaa  ^ 

These  results,  being  symmetrical  in  relation  to  a,  a,  a", 
shew  that  the  three  altitudes  all  pass  through  a single  point. 
The  value  of  x shews  that  the  point  lies  in  the  directrix,  which 
is  therefore  the  locus  of  the  intersection  of  the  altitudes  of  a 
variable  tangential  triangle. 

Steiner : Gergonne^  Annates  de  Mathematiques^  tom.  xix.  p.  59. 

6.  To  find  the  equation  to  the  tangent  of  a parabola 
y = 4ma7,  which  passes  through  the  point  in  which  the  directrix 
cuts  the  axis. 

The  required  equation  is 

y X m. 

7.  To  find  the  locus  of  the  intersection  of  two  straight  lines, 
which  always  touch  a parabola 

y^  = ^mx ; 

the  product  of  the  trigonometrical  tangents  of  their  inclinations 
to  the  axis  of  x being  a constant  quantity  h. 

The  locus  is  a straight  line  of  which  the  equation  is 

m 

Bochat ; Gergonne^  Annates  de  Mathematiques^  tom.  ii.  p.  229. 

8.  To  find  the  distances  of  the  vertex  and  focus  of  a parabola 
from  the  tangent,  in  terms  of  the  inclination  of  the  tangent  to 
the  axis  of  x. 
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If  <j>  denote  the  iiiciinatioii,  the  required  distances  are  re- 
spectively equal  to 


m cos‘^  (j> 
sin  0 


and 


m 

sin  0 * 


9.  If,  from  the  focus  of  a parabola,  lines  be  drawn  to  meet 
the  tangents  at  a constant  angle,  to  prove  that  the  locus  of  the 
points  of  intersection  will  be  that  tangent  to  the  parabola,  the 
inclination  of  which  to  the  axis  is  equal  to  the  given  angle. 


10.  Two  tangents  to  a parabola  make  angles  6\  with  its 
axis.  To  find  the  locus  of  their  intersection,  having  given  that 
siii  ^.sin  O'  is  invariable  in  magnitude. 

Put  sin ^.sin  & — then,  = ^mx  being  the  equation  to 
the  parabola,  the  required  locus  will  be  a circle  defined  by  the 

equation  ^ 

[x  - mf  +f  = —. 


11.  Two  tangents  to  a parabola  make  angles  0'^  with 
its  axis.  To  find  the  locus  of  their  intersection,  supposing 
cot  0 — cot  O'  to  be  invariable. 

The  equation  to  the  parabola  being  = 4ma?,  the  required 
locus  will  be  another  parabola,  the  equation  to  which,  a denoting 
cot  0 — cot  O'  ^ is 

y^  = ^mx  + 

12.  To  prove  that  the  area  of  the  triangle  formed  by  three 
tangents  to  a parabola,  the  cotangents  of  the  inclinations  of 
which  to  the  axis  are  successive  terms  of  an  arithmetical  pro- 
gression, of  which  the  common  difference  is  X,  is  equal  to  \W, 
4w  being  the  latus-rectum. 

13.  From  two  points  in  the  diameter  of  a parabola,  two 
pairs  of  tangents  are  drawn  to  the  curve;  the  trigonometrical 
tangents  of  the  inclinations  of  the  one  pair  to  the  axis  are  a^,  a^, 
and,  of  the  other  pair,  ag,  : to  prove  that 
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14.  If  any  hexagon  be  described  about  a parabola,  to  prove 
that  its  three  diagonals  will  all  pass  through  a single  point. 
(This  problem  is  a particular  case  of  the  same  proposition  in 
regard  to  any  conic  section). 

Lubbock  : Philosophical  Magazine.^  August  1838. 

Ellis : Cambridge  Mathematical  Journal^  vol.  I.  p.  204. 


15.  lix 


be  the  coordinates  of  the 


angles  of  any  re-entering  polygon  of  2w  sides,  circumscribing 
a parabola,  to  prove  that 


— /y>  /y>  /y*  /y> 


and 


2«7 

yi  - y*  + - - = 0- 

Ellis  : Cambridge  Mathematical  Journal^  vol.  II.  p.  48. 


16.  To  prove  that  the  continued  product  of  the  abscissae  of 
the  points  of  intersection  of  any  number  of  tangents  to  a para- 
bola, is  equal  to  the  continued  product  of  the  abscissae  of  the 
points  of  contact,  provided  that  no  three  points  of  intersection 
lie  in  the  same  straight  line. 

Ellis  : Cambridge  Mathematical  Journal^  vol.  II.  p.  48. 


Section  IV. 


Referred  to  the  Axis  and  its  Tangent,  Normals. 


1.  In  a parabola  ==  the  ordinates  of  three  points,  such 
that  the  normals  pass  through  the  same  point,  are  y^ : 

to  prove  that  y,  + y,  + = 0, 


and  to  find  the  equation  to  the  circle  passing  through  these 
three  points. 

Let  (ic,  y)  be  the  coordinates  of  any  one  of  the  three  points ; 
a,  /3,  being  the  common  point  of  the  normals.  Then 


/3  - y = - j (a  - a;). 

Eliminating  x between  this  equation  and  y^  = fc,  we  have 

2/  = Z(2a  - Z)  y + (1). 
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The  form  of  this  cubic  shews  that 

yt  + y2  + y,  = 

Let  the  equation  to  the  circle  passing  through  the  three  points  be 

+ \x  fjby  V = 

From  this  equation  and  that  to  the  parabola,  we  have,  for  the 
points  of  intersection, 

y"^  I [I  y^  + l^y^y  + ZV  = 0 (2). 

Multiplying  this  equation  by  2 and  attending  to  (1),  we  get 

I (2a  + Z + 2X)  y^  + V + 2yu,)  y + 2Z‘V  = 0. 

This  equation  must  be  satisfied  by  y^^  y^^  3/3,  as  roots : hence  we 
must  have 

2a  H"  Z -j-  2X  ~ ^ d"  2/^  ~ ^7  V = 0. 

These  three  equations  reduce  the  equation  to  the  circle  to  the 
form  3,2  + ^ _ (a  + a,  _ = o. 

This  equation  shews  that  the  circle  passes  through  the  vertex  of 
the  parabola. 


2.  To  find  the  locus  of  the  intersections  of  the  normals  at 
any  two  points  of  a parabola,  on  opposite  sides  of  its  axis,  the 
ordinates  of  which  are  as  1 to  2. 

The  equations  to  such  a pair  of  normals  are 


1 

II 

1 

(“-£) 

(1), 

2/  + 2y=J( 

. m) 

(2). 

Multiplying  the  equation  (1)  by  8 and  adding  the  result  to  the 
equation  (2),  we  have,  at  the  intersection  of  these  two  lines, 

O..  _ V 
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Substituting  this  expression  for  y in  (l),  and  reducing,  we  shall 
get  for  the  equation  to  th^  required  locus 

4 


y 


"217/1 


(x  — 2m)®, 


which  is  the  equation  to  the  evolute  of  the  parabola.  — 

3.  If  SL  be  drawn  from  the  focus  /S'  of  a parabola  perpen- 
dicular to  the  normal  at  any  point  P,  to  find  the  locus  of  the 
point  L. 

If  tan'^a  be  the  angle  made  by  the  tangent  at  P with  the 
axis,  the  coordinates  of  P will  be 

m 2m 

Hence  the  equation  to  the  normal  at  P will  be 


2m 

a 


m 


X — 


Also,  the  equation  to  BL  will  be 

y — 0,{X  — TTl) 

From  (1)  we  have 


(!)• 

,(2). 


and,  from  (2), 
Hence,  at  P, 


d^y  + ao?  = m Q + 2aj, 


aaj  — 2^  = am. 

I + d^)  y — m + OL 


TTi 

3/  = -; 


and  therefore,  from  (2), 

y^  = m[x  — m), 

which  is  the  equation  to  the  locus  of  L.  The  locus  is  therefore 
a parabola  the  latus-rectum  of  which  is  one-fourth  of  that  of  the 
original  parabola  and  of  which  the  vertex  is  8. 

4.  To  find  the  equation  to  the  normal  of  a parabola,  which 
is  inclined  at  any  proposed  angle  to  the  axis  of  the  curve. 
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If  a = the  tangent  of  the  normal’s  inclination  to  the  axis  of 
the  parabola,  the  equation  required  will  be 

ax  = y + [d^  4-  2)  am. 

5.  To  prove  that,  — ^mx  being  the  equation  to  a parabola, 
three  normals  may  be  drawn  to  the  curve  from  any  point  within 
the  area  of  the  curve  defined  by  the  equation 

21  my^  = 4 (a?  — 2^)*^, 

and,  from  any  point  without  the  area,  only  one. 

6.  Two  normals  to  a parabola  are  always  at  right  angles  to 
each  other  : to  find  the  locus  of  their  intersection. 

The  equation  to  the  parabola  being  y^  — 4ma?,  the  required 
locus  will  be  another  parabola  defined  by  the  equation 

y^  = m[x  — 3m). 

Bobillier : Gergonne.^  Annates  de  Mathematiques.,  tom.  XVII.  p.  281. 

7.  To  draw,  from  a given  point,  normals  to  a parabola. 

Let  (a,  h)  be  the  coordinates  of  the  given  point,  and  let 
y^  = ^mx  be  the  equation  to  the  parabola.  There  will  be 
generally  three  normals  passing  through  the  intersections  of  the 
parabola  with  the  circle  represented  by  the  equation 

sd  — (2m  a)  X y^  ^ \t)y  = 0. 

James  Bernoulli : Analysis  et  Constructio  Prdblematis  Hu- 
geniani.^  Ojyera^  tom.  II.  p.  700. 

8.  The  axis  Ax  of  a parabola  is  divided  into  a number  of 

successive  portions  AM^.^  ^1^2?  ^2^3) equal  respectively  to 

Z,  3Z,  5Z,  where  I denotes  the  latus-rectum.  Circles  are 

described  with  AM^.,  diameters.  To  prove 

that  two  radii  of  every  circle,  except  the  first,  are  normals  to 
the  parabola. 

De  la  Hire  : Sectiones  Conicce^  lib.  vii.  prop.  43. 
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Section  V. 

Referred  to  the  Axis  and  its  Tangent.  Chords. 

1.  If  chords  be  drawn  to  a parabola,  all  passing  through  the 
point  where  the  axis  meets  the  directrix,  to  find  the  equation  to 
the  locus  of  their  middle  points* 

Let  (cCj,  be  the  two  extremities  of  any  one  of  the 

chords.  Then,  y denoting  the  ordinate  of  its  middle  point, 

y = i(yi  + yj (1)- 

Now  3^2,  are  the  roots  of  a quadratic  resulting  from  the 
elimination  of  x between  the  equations 

y — a{x  m) 

and  y^  — ^mx ; 

that  is,  of  the  equation 

o 4m  . 2 ^ 

y — — y 4m  = 0 : 


hence 

and  therefore,  by  (1), 


4m 

^2  = — ? 


(3). 


Eliminating  a between  (2)  and  (3),  we  get  for  the  equation  to 
the  locus,  — 2m  (x  + m), 


which  belongs  to  a parabola  similar  to  the  original  one ; the 
distances  between  their  vertices  being  m. 


2.  If  a circle,  described  upon  a chord  of  a parabola  as  a 
diameter,  meets  the  directrix,  to  prove  that  it  also  touches  it ; and 
to  shew  that  all  the  chords,  for  which  this  is  possible,  intersect  in 
a single  point. 

Let  [x\  y'\  [x  \ y''\  be  the  two  ends  of  the  diameter.  Then 
the  equation  to  the  circle  will  be 

{x-^[x'+x’)Y  + {y-W^y")f  = + 

or  x^  + y^  — [x  + x”)  x—(y'  + y")  y + xx  + yy”  — 0. 
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Let  the  equations  to  the  chord  and  parabola  be 
y — ax  13^ 

At  their  intersection, 

aV  — 2 (2m  — a/3)  £c  + = 0, 

and  ay^  — ^my  + 4m/3  = 0 : 

2 

hence  x + ic"  = ^ (2m  — a/3),  , 


/ 4m 

3/+y  =-, 


The  equation  to  the  circle  is  therefore 

+ 3/  + -2  (a/3  - 2m)  a? 3^  + ^ + = 0. 

a ^ a a a 


If  the  circle  meets  the  directrix,  a?  = — m,  and  therefore 

0 (!)• 


4m  4m’‘  / 


f ^ + -2-  + I w + - 

a ^ a \ a 


In  order  that  y may  be  possible,  we  must  have 

m + - = 0 

a 


(2), 


which  shews  that  the  equation  to  the  chord  is 


y — a\x  — m)\ 


the  chords  therefore  all  pass  through  the  focus. 

The  roots  of  (1),  under  the  condition  (2),  are  equal,  and 
therefore  the  circle  touches  when  it  meets  the  directrix. 


3.  To  find  the  equations  to  all  the  common  chords  of  the  two 

curves  ^2  _ _ ^2^  ^2  _ 4^^^ 

The  required  equations  are 

4.  To  inscribe  in  a given  parabola  a chord  Pp  of  given 
length,  passing  through  a given  point  Q, 
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Let  Pp  intersect  the  axis  Ax  of  the  parabola  in  (7,  and  let 
QN  he  the  ordinate  of  Q,  Let  AN  = a,  QN  —h^Pp  — c^  ON  = 

I = the  latus-rectum.  Then  the  value  of  z will  he  defined  by 
the  biquadratic  equation 

l^z^  - mp  + PI  (4a  + 1)  P + P (Aal  - P)  = 0. 

Newton  : Arithmetica  Universalis^  prob.  XIV. 


Section  VI. 


Referred  to  the  Axis  and  its  Tangent.  Focal  Properties. 

1.  P\  P'\  being  any  two  points  in  a parabola,  and  0 the 
point  of  concourse  of  the  tangents  at  these  points,  and  8 the 
focus : to  prove  that 

[POY  {P'oy 
P'S  ~ P'S  • 

Let  the  equations  to  the  tangents  at  P',  P",  be 

, m 

y = OLX  H — p , 

//  ^ 

y = ax  + -^,. 


Combining  these  two  equations  we  obtain,  for  the  coordinates 
of  the  point  0, 


X.  = 


m 

~1  71  9 

aa  ^ 


Vx 


m 

aa" 


. (a'  + a" 


Also,  combining  each  of  the  equations  to  the  tangents  with  that 
to  the  parabola,  viz.  f we  have,  for  the  coordinates 

of  P',  P",  respectively. 


( , m ^ 

' t,  w 

\% 

11 

1 and 

a;  -jr. 

, 2m 

„ 2m 

(P'Of  = K-a)T  + (2^.-yT, 


= m 


Hence 
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and 


{F'sy  = (x^  - mf  + y 


We  have  therefore 


= 1 + 4, 


(roY  fi 


F'S 


Symmetry  shews  that  we  must  have  also 

[F'oy 

F"S 


1 1^" 

^1-77 1 

a a 


Hence 


{F'oy  _ {F'Of 
F8  ~ F'S  * 


Massabieau,  Guillaume,  Gobert,  Berard ; Gergorme^  Annoles 
de  Mathematiques^  tom.  IV.  p.  183. 

2.  To  find  the  locus  of  the  intersection  of  a tangent  at  one 
extremity  of  a focal  chord  of  a parabola  with  the  ordinate  at  the 
other  produced. 

Let  x'^  y\  be  the  coordinates  of  the  point  of  contact  of  the 
tangent ; and  let  (cc,  y)  be  the  point  of  intersection  of  the  tangent 
and  ordinate.  Then 

yy  = 2m  (x  + a?'), 
y^y'^  = 4m‘^  [x  + x^^ 
xy^  = m (a?  + x)^ (1). 


But 
whence 
and 

Hence,  from  (1), 


1 _ J_ 

m 


1 


1 


7 + 


1 


SF  SF  m-\-  X m + a?  ’ 

1 X 


m + x'  m (m  + a?)  ’ 


X 


m 

X 


my  { m 

— — — m[x-\ 

X \ X 


mxy^  = (a?  + 

the  equation  to  the  required  locus. 
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3.  To  prove  that  a series  of  circles,  of  which  the  centres  are 
in  a parabola,  and  which  pass  through  the  focus,  all  touch  the 
directrix. 

4.  PT^  PG^  are  the  tangent  and  normal  of  a parabola,  at 

a point  P,  terminating  at  P,  G^  in  the  axis:  8R^  are 

perpendiculars  upon  PT^  PG^  respectively,  from  the  focus  8\ 
to  find  the  area  of  the  rectangle  8QPB^  and  to  determine  the 
position  of  P when  the  rectangle  is  a square. 

The  equation  to  the  parabola  being  = 4w£c,  the  area  of 
8QPB^  if  a?,  y,  are  the  coordinates  of  P,  is  equal  to 

hy  [x  + m)-, 

and,  when  the  rectangle  is  a square,  the  point  P is  at  an  ex- 
tremity of  the  latus-rectum. 

5.  If  from  the  focus  of  a parabola  as  centre  and  with  the 
focal  distance  of  a point  in  the  parabola  as  radius,  a circle  be 
described,  to  prove  that  the  intersections  of  the  tangent  and 
normal  to  the  parabola  at  the  point,  with  the  axis,  will  lie  in  the 
circumference  of  the  circle. 

6.  If  8L  be  drawn,  from  the  focus  P of  a parabola,  at  right 
angles  to  the  normal  at  any  point  P:  to  prove  that  the  abscissa 
of  the  point  L is  equal  to  /SP,  and  that,  AM  being  the  abscissa 

[8Lf  = AM.8P. 

7.  In  the  preceding  problem,  to  find  the  locus  of  the  point  L. 

The  equation  to  the  parabola  being  = 4wa?,  the  required 
locus  is  another  parabola  defined  by  the  equation 

y^  — m{x  — w). 


K 


130 


PARABOLA. 


Section  VII. 

Referred  to  a Tangent  and  its  diameter  as  Axes. 


1.  From  a point  0 are  drawn  two  lines  to  touch  a parabola 
in  the  points  P and  Q:  another  line,  parallel  to  P^,  touches 
the  parabola  in  R and  intersects  OP^  0 in  P,  P,  respectively : 
if  V be  the  intersection  of  the  lines  joining  PP,  Q8.,  crosswise, 
to  prove  that  0,  P,  F,  are  in  the  same  straight  line. 

Let  P P be  taken  as  the  axis  of  y,  and  the  diameter  through  P 
as  the  axis  of  x.  Since  P^  is  parallel  to  PPP,  we  may  take 
[x\  y)  and  [x\  —3/'),  as  the  coordinates  of  P,  respectively. 

The  equations  to  QO^  PO^  will  accordingly  be  of  the  forms 


— r [X  + x) 

y 


and 


2m  , 

^ = - -y  (*  + *)• 


These  two  lines  therefore  intersect  in  the  axis  of  x. 
Moreover  the  coordinates  of  P are 


x^  = 0, 

2mic'  1 , 

The  equation  to  PP  is  therefore 

x'y  + %yx  = \xy. 

Similarly,  putting  — y'  for  y\  we  see  that  the  equation  to  Q8  is 
a^y  - ly'x  = - \a!y' . 

These  two  lines  PP,  therefore  also  intersect  in  the  axis 
of  X.  Thus  0,  P,  F,  all  lie  in  the  axis  of  x. 


2.  From  any  point  0,  in  the  arc  of  a parabola,  a straight 
line  OR  is  drawn,  parallel  to  the  axis  of  the  curve,  to  meet 
a chord  produced  if  necessary,  in  P.  To  prove  that 

RQ.Rq  <x  RO. 
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Let  a tangent  PT^  and  its  diameter  Px^  be  taken  as  axes  of 
coordinates,  PT  being  parallel  to  q Q. 


Produce  OR  to  meet  PT  in  E. 

The  equation  to  the  curve  is  of  the  form 

f = lx. 

Let  be  the  coordinates  of  R : then,  if  we  put  Ti  for 
and  h — y ioY  the  values  of  y in  the  resulting  quadratic 

iy  - kf  = Ih, 

or  y^  — "iky  + H — Ih 

will  be  equal  to  RQ^Rq\  hence 

RQ.Rq  — — Ih^ 

^l[OE-RE\ 

= IRO, 
cc  RO. 

De  la  Hire  : Sectiones  Conicce^  lib.  v.  prop.  i. 

3.  If  two  tangents  be  drawn  to  a parabola,  to  prove  that 
a third  tangent,  parallel  to  the  chord  joining  the  points  of 
contact,  will  bisect  the  parts  of  the  other  tangents  which  are 
included  between  their  point  of  intersection  and  their  points  of 
contact. 


K2 
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4.  BC^  GD^  are  two  consecutive  arcs  of  a parabola,  the 
sagittaB  of  which,  bisecting  their  chords  and  being  parallel  to  the 
axis,  are  equal;  to  prove  that  the  chord  BD  is  parallel  to  the 
tangent  at  C. 

5.  From  a point  B,  without  a parabola,  two  straight  lines 
are  drawn,  one  touching  the  curve  in  P,  and  the  other  cutting 
it  in  Q,  A straight  line  HEF  is  drawn,  parallel  to  PP,  cutting 
in  the  point  H the  diameter  through  P,  and  the  curve  in  the 
points  P,  P.  HQ  is  joined.  To  prove  that 

{BPy  : HE.EF::  BQ:  HQ. 

De  la  Hire  : Sectiones  Comcce^  lib.  ill.  prop.  28. 

6.  Qq  is  a chord  of  a parabola : from  any  point  P in  this 
chord  is  drawn  PPP,  parallel  to  the  axis  of  the  parabola, 
meeting  the  curve  in  P,  and  the  tangent,  drawn  through  the 
point  in  P : to  prove  that 

BQ  : Bq::  EF : FB. 

De  la  Hire : Sectiones  Conicce^  lib.  v.  prop.  25. 

7.  Through  a point  P in  a parabola,  a chord  is  drawn  to  cut 
in  Qj  5',  another  parabola,  equal  to  the  former,  the  axes  of  the 
two  curves  lying  in  a single  straight  line : to  prove  that,  Qq 
remaining  always  parallel  to  itself,  the  rectangle  PQ.Pq  will 
remain  constant  for  all  positions  of  P. 

De  la  Hire : Sectiones  Conicce.^  lib.  VI.  prop.  13. 


Section  VIII. 

Beferred  to  two  Tangents  as  Axes. 

If  the  parabola  be  referred  to  two  tangents  as  axes  of  co- 
ordinates, its  equation  will  assume  the  symmetrical  form 
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a and  h being  the  lengths  of  the  tangents  from  their  intersection 
to  the  points  of  contact. 

Puissant:  Recueil  de  diver ses  propositions  de  Geometrie^ 
p.  105,  troisieme  edition. 

Gregory  : Cambridge  Mathematical  Journal.,  vol.  Ilr'p.  14. 


1.  To  prove  that  two  parabolas  cannot  touch  each  other  in 
more  than  one  point. 

If  possible,  let  the  tangents  at  two  points  of  contact  be  taken 
as  axes  of  coordinates,  and  let  a,  &,  be  the  distances  of  these 
points  of  contact  from  the  origin. 

Then  the  equation  to  either  parabola  will  be 


and  therefore  the  two  parabolas  coincide. 


Hapa^o\r]  7rapa^o\rj<;  ov/c  i^dirTeraL  Kara  irkeiova  agpuela 


* r/ 

7]  ev. 


’AIIOAAQNIOT  XIEPFAIOY  TLtovLKWv  to  'rlrapTov^  UpoTuarLs  /ct;. 


2.  The  equation  to  a curve  referred  to  oblique  axes,  which 
are  inclined  to  one  another  at  an  angle  is 

a^i 

to  prove  that,  when  the  axes  are  changed  into  a system  of  rect- 
angular ones,  of  which  the  axis  of  x bisects  the  equation 
will  become 


2 _ 2a  sin^  ^ 0 
^ ~ cos^^ 


{x  — \a  cos  ^ 6). 


Let  P be  any  point  whatever. 
Let  Oif,  PM,  be  the  coordinates 
of  P in  regard  to  the  original  axes 
Od?,  Oy ; and  OM\  PM\  in  regard 
to  the  new  axes  Oa?',  Oy'.  Draw 
M'K.,  parallel  to  xO,  meeting  PM 
inK 


y’ 
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Then 


X 


= X 


OQ  - M'K 

, sin  i ^ , cos  ^ ^ 

sin  0 ^ sin  d 

^ y 


2 cos  \6  2 sin  J ^ ’ 


Also 


y = M'Q  + KP 


X 


, sin  ^ , cos  J 0 


sin  6 

X 


+ 3/ 


sin  6 

y 


Now 

and  therefore 
hence 


2 cos  \Q  2 sin  J ^ ' 
x^  = a®, 

X + y 2 {xy)i  = a i 


X 


cos^O 


X 


y 


cos*'^  ^ 0 

f2 

_y 


sin^  \ 6 


= a. 


cos*'^ 


y'^  = 


sin'^  ^ 6 
2a  sin^  ^ 6 


X 


a — 


cos  ^6 


cos-|^ 


[x  — cos-l^). 


3.  If  three  parabolas  be  described,  having  their  principal 
diameters  in  the  continuations  of  the  lines  bisecting  the  three 
angles  of  any  plane  triangle,  and  if  each  parabola  touch  one  side 
of  the  triangle  and  the  prolongation  of  the  other  two  : then,  if  A 
denote  the  area  of  the  triangle ; a,  c,  its  sides ; s half  the  sum 
of  the  sides;  and  tt^,  tt^,  TTg,  the  semiparameters  of  the  three 
parabolas,  it  is  required  to  prove  that 
[h  + c)  (c  + a)  {a  + h)  f A' 

“ ahc  * I 

Let  HKT  be  the  triangle.  If  8 
be  the  focus  of  the  parabola  in  the 
diagram,  T8  will  bisect  the  angle 
A = PTK.  If  P,  be  the  points 
of  contact,  it  is  plain  that  PT  = QT. 

Let  PP,  TQ^  be  taken  as  axes  of 
coordinates.  Then  the  equation  to 
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the  parabola,  if  TP  = m,  will  be 


+1 

11 

«|0. 

+1 

(1). 

Let  TH  = a,  TK  = h.  Then 

X y , 

- +f  - 1 

a 0 

(2) 

is  the  equation  to  a tangent  to  the  parabola. 

But  the  tangent  at  a point  y^^  is 

X y . 

jdb  ^ +1  

(3)- 

Comparing  (2)  and  (3),  on  the  supposition  of  their  representing 
the  same  line,  we  see  that 

{mx^^  = ± a,  ^ • 

and  therefore,  by  virtue  of  (1),  putting  x^,  y^^  for  x^ 

y,  we  get 

a h = m — PT. 


But,  by  known  properties  of  the  parabola, 
PT  = 28P 


and 

PTsm‘^A  = ^ AS  coil 

hence 

TT,  = 2A8  ={a  + h) 

Similarly 

. sin^  4P 
= + oo,lB' 

and 

. sin^  ^ C 

= + 

Hence  Tr^Tr^TTg 

{b-\-c)[c-\-a)[a-\-h)  {s(s- 
abc 

{h  + c)  (c  + a)  [a  + 1)  /Ay 
abc  \s  ) ' 

Lady's  and  Gentleman's  Diary ^ 1844. 


4.  From  P,  the  point  of  concourse  of  two  tangents  to  a 
parabola,  viz.  PQ^  PQ\  a straight  line  PABG  is  drawn,  meeting  ‘ 
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the  curve  in  (7,  and  the  chord  QQ  in  B.  To  shew  that 
PA^  PB^  PG^  are  in  harmonical  progression. 

Let  PQ  = a,  PQ  = h.  Then  the  equation  to  the  parabola, 
referred  to  these  tangents  as  axes,  will  be 


(!)• 


The  equation  to  Q Q will  be 


X y 

- + f =1 

a 0 


(2). 


The  equation  to  PABG  we  may  take  to  he 

y = (Bx (3). 


Let  cCj,  CTg,  be  the  abscissae  of  A^  B^  (7,  respectively : then, 
from  (1)  and  (3), 


whence 


1 


and,  from  (2)  and  (3), 


1 1 

— ~ 7"  * 

a 0 


Hence  we  see  that 


1-1  1 

^2  ~ ^3 


But  it  is  plain  that 
hence 


x^^  iTg,  are  proportional  to  PA^  PB^  PG 

A.  _ _L  A 

PB~  PA'^  PG' 


J 


De  la  Hire : Sectiones  Gonicce^  lib.  ii.  prop.  21. 


5.  To  determine  the  magnitude  of  the  latus-rectum  of  the 
parabola  represented  by  the  equation 

±'ip  = ± Ci^-, 

the  axes  being  rectangular. 

The  latus-rectum  = as/ 2. 
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6.  TP^  TQ^  are  two  tangents  to  a parabola ; any  other  tan- 
gent cuts  these  two  in  points  respectively ; to  prove  that 

^ = 1. 

TP^  TQ 

7.  PT^  QT^  are  two  equal  tangents  to  a parabola,  P and  Q 

being  the  points  of  contact.  If  PT^  QT^  be  cut  by  a third 
tangent  in  respectively,  to  prove  that 

PE=FT,  and  QF  = ET. 

8.  If  there  are  three  tangents  to  a parabola,  the  triangle 
formed  by  their  intersections  is  half  of  that  the  angular  points 
of  which  are  the  points  of  contact. 

Gregory : Cambridge  Mathematical  Journal^  vol.  ii.  p.  16. 

9.  Three  straight  lines  MN^  NL^  LM^ 
produced  if  necessary,  touch  a parabola  in 
the  points  P,  P,  respectively;  to  prove 
that 

RL  : LM-.  LQ  : QN y.  MN:  NP, 

De  la  Hire : Sectiones  Conicce^  lib.  ill. 
prop.  20. 

10.  Two  tangents  OA^  OB^  are  drawn  to  a parabola:  in 
the  line  AB^  joining  the  points  of  contact  J,  P,  is  taken  any 
point  whatever  E:  from  E are  drawn  the  straight  lines  EH^ 
EK^  parallel  to  BO^  AO^  respectively,  and  cutting  AO^  BOj 
respectively  in  JP,  K:  to  prove  that  HK  will  touch  the  parabola 
in  some  point  P,  and  that  PE  is  a diameter  of  the  curve. 

De  la  Hire:  Sectiones  Conicce^  lib.  III.  prop.  21. 

11.  Two  straight  lines  OA^  OB^  touch  a parabola  in  A^  B. 
The  chord  AB  is  joined.  M is  the  middle  point  of  ^P;  OM 
is  joined.  A third  tangent  to  the  parabola  cuts  OA,  OP,  re- 
spectively in  P,  K. 
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li  lMOA  = \ lMOB  = ii,  OA  = a,  OB^h,  OH  = ol, 
OK  = /?,  to  prove  that  the  equation  to  the  directrix,  OA^  OB^ 
being  chosen  as  the  axes  of  a?,  respectively,  will  be 

X cos  A,  + 3/  cos  yu,  = cot  (X  + />«').(a  sin  X + y8  sin  y). 


Cor.  It  may  easily  be  shewn  that  the  directrix  always 
passes  through  a fixed  point  of  which,  w denoting  the  angle 
between  the  axes,  the  coordinates  are  equal  to 


cos  ft) 
sin^  ft) 


(/?  — a cos  ft)). 


cos  ft) 
sin^  ft) 


(a  — y8  cos  ft)). 


12.  Two  tangents  to  a parabola,  the  lengths  of  which  are 
a,  &,  intersect  in  0 at  an  angle  ft),  and  a circle  is  inscribed 
between  the  tangents  and  the  curve ; to  find  the  distance  of 
the  centre  of  the  circle  from  0. 

The  required  distance  = ^ . 

^ (a  + 0)  sec  J ft)  + 2 (aoj^.tan  f ft) 

13.  Parabolas  are  described  touching  two  given  straight 
lines  at  right  angles  to  each  other;  to  find  the  locus  of  the 
vertices  of  the  parabolas,  supposing  the  chords  of  contact  to 
be  all  parallel  to  a fixed  line. 

Let  the  two  given  straight  lines  be  taken  as  axes  of  coor- 
dinates ; then,  Z,  m,  being  the  direction-cosines  of  the  fixed  line, 
the  locus  of  the  vertices  will  be  a straight  line  represented  by 
the  equation  ^ ^ 


Section  IX. 

Referred  to  any  Rectangular  Axes  whatever.  Reduction. 
The  most  general  form  of  the  equation  to  a parabola  is 
ax^  + hy^  + 2cxy  + 2a  a?  + 2h'y  + c = 0, 
the  parameters  a,  &,  c,  being  subject  to  the  relation  c^  = ab. 
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The  object  of  the  general  problem  of  reduction  is  to  as- 
certain the  positions  of  the  vertex  of  the  parabola  and  its 
focus.  This  object  may  be  effected  by  first  turning  the  axes 
of  coordinates  through  such  aii  angle  that  the  coefficient  of 
xy  in  the  transformed  equation  may  be  zero,  and  then  changing 
the  origin  into  such  a position  that  the  final  equation  may 
consist  of  only  two  terms,  one  term  containing  the  first  power 
of  one  of  the  coordinates,  and  the  other  term  containing  the 
second  power  of  the  other.  The  equation  will  then  be  reduced 
to  the  more  simple  form  belonging  to  the  axis  and  its  tangent 
as  axes  of  coordinates. 


1.  To  find  the  position  of  the  vertex  and  the  magnitude 
of  the  latus-rectum  of  the  parabola 

±y^  — ± a^. 

Squaring  the  equation,  we  have 


X + ^x^y^  y =1 

and  thence  [x  y ~ a)^  = 4a??/, 

or  x^  — 2xy  y^  — 2ax  — 2ay  + = 0. 

If  we  turn  the  axes  through  an  angle  the  equation  will 
become 

[x  cos  0 — y sin  BY  — 2 (a?'  cos  B — y sin  B),{x  sin  B -{•  y cos  B) 

+ (a?'  sin  B y cos  BY  — 2a  [x  cos  B — y sin  6) 

— 2a  [x  sin  B y cos  B)  + = 0. 

Assume  the  coefficient  of  x y to  be  equal  to  zero ; then 

— 2 sin  ^.cos  B — 2 (cos^  B — sin^  B)  2 sin  ^.cos  ^ = 0, 
and  therefore  cos2^  = 0,  2^  = j7r,  B = 

Hence,  substituting  for  cos  B and  sin  B their  common  value 
in  the  equation  to  the  curve,  we  get 

Y u 

- 2 + ix'^  + 

— a (a?V2  — yV2)  — « (a?V2  + ^ V2)  + d^  — 0, 
and  therefore  2y'^  — 2\/2  ax  + d‘‘  — 0. 
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Again,  changing  the  origin  of  coordinates  to  a point  a,  /?, 
we  have  2 [y"  + - ‘1^1‘i.a  {x"  + a)  + = 0. 

Equating  to  zero  the  coefficient  of  y"  and  those  terms  which 
involve  neither  x"  nor  y\  we  obtain 

4/3  = 0,  = 0, 

and  2/3^  — 2\l2.aoL  + = 0, 


whence 


a = 


The  equation  then  becomes 


a 

2^  ' 


y”^  = s/2.a^'. 

Thus  the  latus-rectum  of  the  parabola  is  equal  to  a\/2,  and 
the  coordinates  of  the  vertex,  referred  to  the  original  axes  of 
coordinates,  are  Ja,  ^a. 

The  diagram  will  elucidate  the  analytical  transformations. 


OH  = a cosJtt  = 
AH  — a sin  Jtt  = Ja. 


A8  = 


2V2 


POLAR  EQUATION.  FOCUS  THE  POLE. 
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2.  To  find  the  magnitude  of  the  latus-rectum  of  the  parabola 
of  which  the  equation  is 

[y  — mxY  = cx. 

The  required  magnitude 


(1  + 


3.  To  find  the  position  and  dimensions  of  the  curve 
x^  + 2xy  + + 2/  + 1 = 0. 

The  latus-rectum  = ^ ? the  coordinates  of  the  vertex  are  f , — 
and  the  inclination  of  the  axis  of  figure  to  the  axis  of  x is  45°. 


4.  To  find  the  position  of  the  parabola  represented  by  the 
equation  _j_  [y  + = 2^^ 

and  the  magnitude  of  its  latus-rectum. 

Its  vertex  is  at  the  origin  of  coordinates,  its  axis  bisects  the 
angle  between  the  axes  of  x and  «/,  and  its  latus-rectum  is  equal 
to  4a\/2. 


5.  The  equation  to  a parabola  being 

{x  -H  (1  + a/3)  + 8j/  (1  - V3)  + 48  = 0, 

to  find  its  latus-rectum  and  the  inclination  of  its  axis  to  the  axis 
of  X. 

The  latus-rectum  = 4,  and  the  required  inclination  is  equal 
to  Jtt. 


Section  X. 

Polar  Equation.  Focus  the  Pole. 

1.  If,  with  the  focus  /S  of  a parabola  as  centre,  a circle  be 
described,  passing  through  the  vertex,  to  prove  that  the  rect- 
angle under  the  intercepts  qy.,  of  any  focal  chord  PQSqp^ 
included  between  the  circle  and  the  parabola,  is  constant. 
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The  polar  equation  to  the  parabola  being 
T — m sec'*  \ Oj 

and  that  to  the  circle  r = 

the  difference  between  these  radii  vectores  for  any  value  of  6 
is  equal  to  mtan^d. 

The  corresponding  difference  for  a value  tt  + ^ of  the 
angular  coordinate  is  equal  to 

m cot'*  J 6. 

The  quantities  wtan^^^,  mcot''*^^,  are  the  values  of  the 
intercepts  FQ^  'pq^ : the  area  of  the  rectangle  included  by  them 
is  equal  to  the  constant  quantity  m‘‘*. 

2.  To  find  the  locus  of  the  vertex  of  a series  of  parabolas 
which  have  a given  focus  and  touch  a given  line. 

Let  EF  be  the  given  line,  and  S the  given  focus.  Draw 
iS'T  at  right  angles  to  EF.  Let  P be  the  point  at  which  one 


of  the  parabolas,  of  which  A is  the  vertex,  is  touched  by  EF. 
Let  EF  cut  the  axis  of  the  parabola  PA  in  T. 

Let  LASY^e,  LASP=if>,  Y8=c,  AS  = m. 

Then,  by  the  nature  of  parabolas, 

c — ST.  cos  6 = SP  cos  6. 


POLAR  EQUATION.  FOCUS  THE  POLE. 
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But 


hence 


8P  = 


2m 


1 -h  COB  (f)' 


2m  cos  Q 
1 + cos 


2m  cos  6 
1 + cos  20 


m 

cos  6 ’ 


or  c cos  0 — w, 

which  shews  that  the  locus  of  ^ is  a circle  of  which  8Y  Ib  the 
diameter. 

This  proposition  is  easily  proved  geometrically.  We  know, 
by  a property  of  the  parabola,  that  L 8A  T is  a right  angle ; 
hence  the  locus  of  ^ is  a circle  on  8Y  as  diameter. 

Lardner : Algebraic  Geometry^  p.  129. 


3.  If  r,  r,  be  two  radii  vectores  of  a parabola  at  right 
angles  to  each  other,  and  I the  semi-latus-rectum,  to  prove  that 

A_l\" 

Vr  1)  Ij  F' ' 

4.  In  the  focal  distance  8P  of  any  point  P in  a parabola, 
8p  is  taken  equal  to  the  distance  PN  of  P from  the  axis;  to 
find  the  equation  to  the  locus  of  j?. 

The  equation  to  the  parabola  being 

2m 

^ 1 4-  cos  ’ 

that  to  the  required  locus  will  be 

T — 2m  tan  \ 6. 

5.  If,  from  any  point  P in  a parabola,  a perpendicular  PK 
be  drawn  to  the  directrix,  to  prove  that,  8 being  the  focus, 
5P,  8K^  and  the  latus-rectum,  are  in  geometrical  progression. 
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6.  If  A be  the  vertex,  8 the  focus,  and  P8p  a focal  chord 
of  a parabola,  to  prove  that  the  rectilineal  triangle  PAp  varies 
as  {Pp)K 

7.  From  any  point  in  the  directrix  of  a parabola,  two 
tangents  are  drawn  to  meet  the  curve : to  determine  the  length 
of  the  latus-rectum  of  the  parabola,  the  lengths  of  the  two 
tangents  being  given. 

If  a,  hj  be  the  lengths  of  the  two  tangents,  the  length  of 
the  latus-rectum  will  be  equal  to 

(a"  + 

8.  A chord  Q8Q'  is  drawn  through  the  focus  of  a 
parabola,  parallel  to  the  tangent  at  a point  P;  to  prove  that, 
L denoting  the  latus-rectum, 

SQ.Sg  = L.8P. 

9.  If  P be  a point  in  the  radius  vector  produced  of  a 
parabola  r (1  + cos  6)  = 2m,  such  that  its  distance  from  the 
focus  is  equal  to  the  corresponding  focal  chord ; to  find  the 
equation  to  the  locus  of  P,  and  to  shew  that  in  this  curve,  if 
two  radii  vectores  be  taken  at  right  angles  to  each  other,  the 
sum  of  their  reciprocals  is  equal  to  the  reciprocal  of  the  latus- 
rectum  of  the  given  parabola. 

The  equation  to  the  required  locus  is 

4m 


10.  If  PP,  be  the  tangents,  and  P(r,  pg^  the  normals 
at  P,  p^  the  extremities  of  any  focal  chord  PSp  in  a parabola, 
P,  being  the  intersections  of  the  tangents  and  6^,  of  the 
normals,  with  the  axis,  to  prove  that 


PT,PG 


= tan^ 


ASP 


pt.pg 


2 


POLAR  EQUATION.  VERTEX  THE  POLE. 
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11.  Let  8 be  the  focus  of  a parabola  of  which 

the  vertex  is  axis  AM^  and 
latus-rectum  L,  Draw  any  line 
/SPj,  and  make  n angles  P^8P^^ 

P^8P^, P^8P^^  round  /S',  all 

equal  to  each  other.  Draw  8Q 
so  that  the  angle  M8Q  — n times 
the  angle  M8P^,  It  is  required 
to  prove  that 

8P,,8P^,8P, 8P^  = n-\8Q, 

Herschel:  LeyhourrCs  Mathematical  Repository^  New  Series^ 
vol.  IV.  p.  67. 


Section  XI. 

Polar  Equation.  Vertex  the  Pole. 

1.  Two  given  parabolas  have  a common  vertex  A and  a 
common  axis : P,  P\  are  points  in  the  two  curves,  such  that 
AP^  AP'^  aro  at  right  angles  and  equal  to  each  other:  to  find 
the  magnitude  and  positions  of  AP^  AP'. 

Let  c,  c\  be  the  two  latera  recta ; let  AP  be  inclined  to  the 
axis  at  an  angle  and  let  r denote  its  magnitude.  Then,  by 
the  polar  equation  to  the  curve  AP^ 

r sin'^  ^ = c cos  6 (1). 

Similarly,  by  the  polar  equation  to  the  curve  AP\ 

r cos^  6 = c sin  6 (2). 

From  (1)  and  (2)  there  is 


which  determines  the  position  of  -4P,  AP. 
Also,  from  (1)  and  (2), 

r — c cos  6 c sin  d 


cc"  + c c 


(cc'f.(c’  + c'T, 

(c^  + 

which  determines  the  magnitude  of  AP  or  AP. 
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2.  Having  given  r,  r , two  radii  vectores  of  a parabola  at 
right  angles  to  each  other,  the  vertex  being  the  pole  and  the 
axis  the  prime  radius  vector,  to  find  the  latus-rectum. 


If  I denote  the  latus-rectum, 


[rr 


r r 


Section  XII. 

Polar  Equation.  Pole  a jpoint  in  the  Axis. 

1.  A point  C is  taken  in  the  axis  of  a parabola,  at  a distance 
from  the  vertex  A greater  than  half  the  latus-rectum;  to  de- 
termine the  least  distance  CP  of  this  point  from  the  curve. 

Let  CA  = c,  and  4m  = the  latus-rectum.  Then,  C being 
taken  as  the  pole,  the  polar  equation  to  the  curve,  if  we  put 
iPCA  = 6>,  CP  = r,  will  be 

sin'^  6 = 4m  (c  — r cos  ^), 
whence  cos‘^  6 — 4mr  cos  Q — — ^mc.^ 

[r  cos  6 — 2m)^  — — 4m  (c  — m). 

From  this  result  it  is  evident  that  {4m  [c  — m)}^  is  the  least 
value  of  r.  The  corresponding  value  of  6 is  given  by  the 
equation  2m  / m A 

oCkS.  H = = 1 • 


the  value  of  cos  6 being  always  possible,  because  c is  greater 
than  2m,  and  therefore  c — m than  m. 

If  the  ordinate  drawn  from  P meets  the  axis  in  if,  then,  from 

the  value  — of  cos  O.  we  see  that  CM  is  equal  to  half  the 

T ^ ^ 

latus-rectum. 

Apollonius ; Conicorum  Liber  Quintus prop.  8. 

- 2.  In  the  axis  of  a parabola  is  taken  a point  (7,  at  a distance 
from  its  vertex  A equal  to  half  the  latus-rectum.  P is  any 


POLAR  EQUATION.  POLE  ANYWHERE. 
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point  in  the  curve ; CP  is  joined.  PM  is  an  ordinate  to  the  axis. 
To  prove  that  CA  is  the  least  value  of  CP  and  that 
(OP)^  _ i^CAY  = [AM)\ 

Apollonius : Conicorum^  lib.  V.  prop.  4. 


Section  XIII. 

Polar  Equation,  Pole  anywhere. 

1.  Through  a given  point  within  a parabola,  a chord  is 
drawn;  to  find  the  position  of  the  chord  that  the  rectangle  of 
its  two  segments  may  be  equal  to  a given  square. 

Let  A,  A;,  be  the  coordinates  of  the  given  point. 

The  equation  to  the  parabola,  referred  to  its  axis  and 
tangent,  being 

f = fe, 

the  polar  equation,  (A,  /r)  being  the  pole,  will  be 
(r  sin  ^ -h  hy  ==  I (r  cos  0 + A), 
or  P sin^  6 + [2k  — I cos  6)  r W — Ih  — 0. 

If  be  the  roots  of  this  equation, 

F - Ih 

T T ~ 

sin'^  6 * 


The  point  (A,  k)  lying  within  the  parabola,  — Ih  is  ne- 
gative ; hence,  c denoting  the  side  of  the  given  square,  we  shall 
have,  equating  P to  the  area  of.  the  rectangle  between  the 
two  segments  of  the  chord, 

Ih  - W .. 


sm-^  e 


or 


sin^6> 


Ih-k^ 


This  equation  gives  two  values  of  or  two  positions  of  th« 
chord ; provided  that  P is  not  less  than  Ih  — when  the 
problem  is  impossible. 
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Cor.  If  the  given  point  were  without  the  parabola,  we 
should  have  ^ _ ij^ 

sin^  6 = 5 — . 


De  la  Hire : Sectiones  Conicce^  lib.  V.  prop.  39. 


2.  Through  a given  point  0,  within  a parabolic  area,  is 
drawn  a chord  FOQ:  to  find  the  inclination  of  POQ  to  the 
axis  in  order  that  the  rectangle  PO.OQ  may  be  the  least 


The  chord  must  be  at  right  angles  to  the  axis. 

De  la  Hire : Sectiones  Conicce^  lib.  Vii.  prop.  28. 

3.  If,  from  a point  T without  a parabola,  two  tangents  be 
drawn  to  the  cm’ve,  meeting  it  in  P and  and  the  axis  in 
E and  F respectively;  to  prove  that 

PT  _ ET 


Section  XIV. 

Linear  Equation. 

1.  To  prove  that,  in  a parabola,  the  semi-sum  of  the  focal 
radii  vectores  which  terminate  at  the  extremities  of  any  arc 
of  the  curve,  is  always  equal  to  the  radius  vector  which  ter- 
minates at  the  end  of  the  diameter  drawn  through  the  middle 
point  of  the  chord,  together  with  the  part  of  this  diameter 
intercepted  between  the  arc  and  the  chord. 

Let  cc,  cr',  be  the  absciss^  of  the  ends  of  the  arc,  and  the 
abscissa  of  the  end  of  the  diameter.  Let  r,  /,  be  the 
corresponding  radii  vectores.  Let  also  4m  be  the  latus-rectum. 
Then,  by  the  linear  equation  to  the  parabola,  we  have 

r = m + cc, 
r'  m + a?', 

and  therefore  |(r  + r')  = m + J (a?  + a?'). 

But  i (a?  + is  equal  to  the  abscissa  of  the  middle  point 

of  the  chord,  that  is,  to  + c,  where  c represents  the  intercepted 
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part  of  the  diameter : hence 

(r  + r')  = m + 0?^  + c 

= + C. 

2.  The  abscissae  of  two  points  in  a parabola,  reckoned  along 
the  axis,  are  cc,  3a?,  and  the  corresponding  focal  distances  r,  2r : 
to  find  the  position  of  the  former  of  these  points. 

The  required  point  is  an  extremity  of  the  latus-rectum. 


Section  XV. 

Folar  Equation  to  the  Tangent, 

1.  If  PT^  QT^  be  tangents  at  the  points  P,  of  a parabola, 
the  focus  of  which  is  8y  to  prove  that 

SRSQ  = ST^, 

A being  the  vertex  of  the  parabola,  let  L ASP  = a,  and 
AS  = m.  Then  the  polar  equation  to  PT  will  be 

^ = cos  ^ + cos  — a) (1).* 


ST  = 


m 


cos  4a. cos  4/0  ’ 


(2). 


Similarly,  \i  lASQ  — the  polar  equation  to  QT  will  be 

— = cos  ^ + cos  (^  — /0) 

At  the  intersection  P,  of  (1)  and  (2), 

cos  — a)  = cos  [6  — /0), 

whence  ^ — a = — — /3),  ^ = |(a  + /0), 

and  therefore 

2m  a4-/5,.  a — /0  a S 

_ = cos  + cos  = 2 cos  - cos  - , 


* This  equation  to  the  tangent  of  a parabola  is  given  by  Mr.  Davies  in  the 
Philosophical  Magazine  for  1842,  p.  191. 
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Whence,  by  the  polar  equation  to  the  parabola, 


cos‘'^  Ja  ‘ cos‘'^i/8 

= 8R8Q. 


2.  To  prove  that  a circle,  described  about  the  triangle  formed 
by  three  tangents  to  a parabola,  will  pass  through  the  focus. 

The  polar  equation  to  a parabola  being 

_ 2m 
^ ~ 1 + cos  ^ ’ 


the  polar  equations  to  three  tangents  will  be 

/I  //I  \ 

— = cos  c'  + cos  (cr  — a) 

r ' 

(1), 

2^^  /I  //,  n 

— — cos  t'  + cos  — a ) 

T ^ ‘ 

(2), 

2w  /I  //,  ,/N 

— = cos  ^ -1-  cos  (^  — a ) 

r ^ 

(3), 

a,  a , being  the  angular  coordinates  of  the  three  points  of 
contact. 

If  be  the  coordinates  of  the  intersection  of  (1)  and  (2), 

= i(a  + a),  -=  cos -.cos-. 

Similarly,  (^,  r),  being  the  coordinates  of  the  inter- 

sections of  (2),  (3) ; (3),  (1) ; we  shall  have 

m a a!' 

0 = i(a+a),  -=  cos- cos—; 

and  = 2 IT  cos  -. 

T u L 


It  is  evident  from  these  results  that  the  three  points  (^,  r), 
rj,  r^j,  all  lie  in  a circle  of  which  the  equation  is 


m 

— cos 
r 


a + a + a' 


a a a 

cos  - cos  — cos  — 
2 2 2 


2 
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The  equation  to  the  circle  shews  that  it  passes  through  the 
focus  of  the  parabola. 

Poncelet : Gergonne^  Annates  de  Mathematiques^  tom.  VIII.  p.  9. 
Davies,  Goodwin : Philosophical  Magazine^  vol.  xxi.,  1842, 
pp.  190,  219.  ^ 

Greathead;  Cambridge  Mathematical  Journal^  vol.  I.  p.  170. 
Ellis : Cambridge  Mathematical  Journal^  vol.  I.  p.  206. 
Haydon : Cambridge  Mathematical  Journal^  vol.  IV.  p.  192. 


3.  To  determine  the  magnitude  of  the  latus-rectum  of  a 
parabola  the  equation  to  which  is 


ft)  being  the  angle  between  the  coordinate  axes. 

The  form  of  the  equation  shews  that  the  axes  of  x and  y 
touch  the  parabola,  a,  J,  being  the 
distances  of  the  points  of  contact  from 
the  origin. 

Let  PT,  QT^  touch  the  parabola 
in  P,  0,  respectively,  PT  being  de- 
noted by  a,  and  QT  by  then 
zPP(3  = ft).  Join  8P,  8Q,  8T,  8 
being  the  focus ; let  A be  the  vertex. 

Put  L P8A  — a^L  Q8A  — Then 
the  equations  to  PP,  QT^  are,  respectively, 

— = cos  ^ + cos  {6  — d)^  — = cos  ^ 4-  cos  (6  — /S), 


and  therefore  at  P,  the  intersection  of  these  two  lines, 
6>  = i(a  + /3)  =aA8T, 
whence  L P8T  = J (a  — ^)  — L Q8T. 

But  Z^PP=i(7r-a),  zPQP=i(7r  + ^). 
Hence  L PT8  = J (tt  + /0),  L QT8  = i (tt  - a), 
and  consequently  (a  — L PTQ  = tt  — ^ (a  — /3) 
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From  the  triangle  STFj 


a=  ST 


sin 


0^-/3 

2 


sin 


TT  — a 


2 


m 


sin  CO 


cos ^a. cos " cos^^a’ 


m sin o)  ..a  S 

= cos  - . cos  — . 

a 2 2 


Similarly,  from  the  triangle  STQ^ 

m sin  CO  „S  a 
—^=  cos -.cos-, 


(2). 


(3). 


From  (2)  and  (3),  we  see  that 

o a rah  , „ B raa  . 

cos  - = — 3- . sm  G>,  cos  — = "7^ . sm  G) : 

2 a"  ’ 2 Z)" 

but,  from  (l), 

cos \oL  cos  1^)8  + sin sin — cos  g), 
cos"  cos^  J/3  + 2 cos  g)  cos  Ja  cos + cos^  co  — sin^  sin^  J ^ 

= 1 — cos’^  Ja  — cos^l^/S  + cos^  |a  cos‘"|/S, 
cos^  ^-a  + 2 cos  G)  cos  Ja  cos  J/3  + cos^  = sin^  co ; 
hence,  putting  for  cos^a,  cosJyS,  their  values,  we  have 


— — (a"  + 2ah  cos  co  + F)  — (sin  g))"*, 
(ahf 


and  therefore 


latus-rectum  = 


4a‘"Z>‘"  sin"  co 


[c^  4-  2a&  cos  CO  + Vy 


4.  If  a straight  line  be  drawn  from  the  focus  of  a parabola, 
intersecting  at  an  angle  /3  the  tangent  at  any  point  of  the  curve ; 
to  find  the  equation  to  the  locus  of  the  intersection. 

The  equation  to  the  parabola  being 

2m 
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the  required  locus  will  be  a straight  line  of  which  the  equation  is 

and  which  is  therefore  a tangent  to  the  curve  at  a point  of 
which  the  angular  coordinate  is  tt  — 2/3. 

5.  A right  angle  moves  in  such  a manner  that  its  sides 
always  touch  respectively  two  confocal  parabolas,  the  axes  of 
which  lie  in  the  same  line;  to  find  the  locus  of  the  summit 
of  the  angle. 

The  equations  to  the  parabolas  being 

2m  ^ ^ 2m'  , ^ 

— = 1 + cos  = 1 + cos  d. 

the  required  locus  will  be  a right  line,  perpendicular  to  the  axis 
of  the  parabolas,  defined  by  the  equation 

r cos  ^ = m + m'. 

Bobillier : Gergonne^  Armales  de  MatJiematiques^  tom.  xix.  p.  323. 


Section  XVI. 

Poles  and  Polars. 

1.  If,  from  any  point  of  the  exterior  of  two  similar  parabolas, 
having  the  same  axis,  tangents  be  drawn  to  the  interior  one, 
to  shew  that  they  will  touch  it  at  the  extremities  of  diameters, 
the  distance  between  which  is  constant. 

Let  the  equation  to  the  interior  parabola  be 


= 4ma7 (1), 

and  to  the  exterior  = 4m  (a?  + c) (2). 


The  equation  to  the  polar  in  the  parabola  (1),  corresponding 
to  a pole  is 

yVt  = 2m  (a:  + «,) 

or  + Ima^j  (3). 
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At  the  intersections  of  (1)  and  (3),  we  have 

= 0. 

Let  y\  y\  be  the  ordinates  of  these  intersections  : then 

y"  + 3/'  = yy  = 

(/  - yY  = ^y'Y  - (^)* 

Suppose  the  point  yj,  to  lie  in  (2) : then,  from  (2)  and  (4), 

iy”  - y'T  = y”  - y =4.  {mc)i, 

which  is  the  distance  between  the  two  diameters. 

2.  To  find  the  locus  of  a pole,  relatively  to  a given  parabola, 
the  portion  of  the  corresponding  polar  intercepted  by  the  curve 
being  constant. 

Let  the  equation  to  the  parabola  be 

y^  = Amx (1). 

Then,  (A,  k)  being  the  pole,  the  equation  to  the  polar  will  be 
ky  — 2w  [x  + h) (2). 

Let  y^  be  the  middle  point  of  the  intercepted  portion  of  the 
polar:  then,  putting  in  (1) 

X — x^-\-  r cos^,  y — y^-{.  r sin^, 

we  shall  have 

sin”^^  + 2r  [y^  sin^  — 2m  cos^)  + y^  — 4:mx^  = 0...(3). 
Also  (2)  becomes 

k [r  sin^  + y^  — 2m  [r  cos 6 -{■  x^  + h)'^ 


but,  y^  being  a point  in  (2), 

ky^  = 2m  [x^  + h) (4), 

and  therefore  A;  sin^  = 2m  cos^ (5). 


At  the  intersection  of  (3)  and  (5),  6 is  common  to  both,  and  the 
values  of  r in  (3)  are  c and  — c,  2c  denoting  the  length  of  the 


intercepted  portion  of  the  polar. 

Hence,  by  the  theory  of  equations, 

y^  sin^  = 2m  cos0 (6), 

sin**^  = dmiCj  — yY (7). 
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From  (5)  and  (6)  we  see  that 


From  (4)  and  (7) 


6^  sin^^  + y '^  — 2%j  — 4mA ; 
whence,  by  (8),  sin^^  = A®  — 4mA, 

or  <?  sin^^  = — ^mh)  (cos^^  + sin'^^), 

and  therefore,  by  (5), 

— 4mA)  (Jc^  + 4m^), 


the  equation  to  the  required  locus. 


(8). 


3.  If  the  normal  at  one  extremity  of  the  latus-rectum  of  a 
parabola  be  the  polar,  to  prove  that  the  corresponding  pole  will 
lie  in  the  diameter  through  the  other  extremity  of  the  latus- 
rectum,  and  to  determine  its  exact  position  in  this  line. 

If  y = imx  be  the  equation  to  the  parabola,  the  coordinates 
of  the  pole  will  he 

X = — 3m,  y — — 2m. 


4.  To  find  the  locus  of  the  intersection  of  a perpendicular 
drawn  from  the  vertex  of  a parabola  to  meet  a polar,  the  pole 
of  which  lies  in  a similar  external  parabola  having  an  axis  co- 
incident with  that  of  the  inner  parabola. 

If  the  equation  to  the  inner  parabola  he 

= 4ma7, 

then,  a denoting  the  distance  between  the  vertices  of  the  two 
parabolas,  the  equation  to  the  required  locus  will  be 

(m  + y^  — (a  — x)  x^. 


5.  Any  number  of  parabolas  are  described  having  the  same 
vertex  and  axis,  and  any  straight  line  is  drawn  without  the 
parabolas  at  right  angles  to  the  common  axis.  If  any  points 
whatever  in  this  line  be  taken  as  poles,  to  prove  that  all  the 
polars  belonging  to  all  the  parabolas  will  intersect  in  a single 
point. 


156 


PARABOLA. 


6.  The  polar  belonging  to  a pole  P,  relatively  to  a given 
parabola,  intersects  the  curve  in  points  E and  F\  the  triangle 
PPP  being  supposed  to  have  a constant  area,  to  find  the  locus 
ofP. 

The  equation  to  the  parabola  being 

y‘  = lx, 

and  (?  denoting  the  constant  area,  the  required  locus  will  be 
a parabola  defined  by  the  equation 

f lx 


Section  XVII. 

Intersection  of  Parabolas, 

1.  If  two  parabolas  have  their  axes  perpendicular  to  each 
other ; to  prove  that,  if  they  cut  each  other  in  four  points,  those 
four  points  will  lie  in  a circle. 

The  equations  to  the  two  parabolas,  supposing  the  axes  of 
coordinates  to  be  parallel  to  their  two  axes,  will  be  of  the  forms 
/ + + 7 = 6? 

+ ^'X  + O^y  + y = Or 

At  the  intersections  of  these  parabolas,  we  shall  have 

^ f + (a  + /3')  aj  + (/3  + a')  3/  + 7 + 7"  = 0. 

This  equation  shews  that  all  their  points  of  intersection  lie  in 
a circle. 

2.  Three  parabolas,  of  which  the  axes  are  parallel  to  each 
other,  intersect:  to  prove  that  the  three  chords  joining  their 
points  of  intersection  pass  through  a single  point. 

3.  If  a parabola,  of  which  the  equation  is  f — Ix^  be  inter- 
sected in  four  points  by  a parabola,  the  diameters  of  which  are 
parallel  to  the  axis  of  3/,  to  prove  that  the  sums  of  the  ordinates 
of  intersection  on  opposite  sides  of  the  axis  of  abscissae,  will  be 
equal  to  each  other. 

De  la  Hire : Sectiones  Gonicce^  lib.  V.  prop.  30. 
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1 

I 

i- 

I 

i 


4.  Ax  the  axis  of  a parabola  AE^  Ay  being  the  tangent 
at  A.  Also  Ay  is  the  axis  of  a para- 
bola AF^  Ax  being  a tangent  to  it 
at  A.  To  prove  that,  being 

the  latera-recta  of  the  parabolas  AE^ 

AF^  respectively, 

E',PM::PN\F, 

P being  the  point  of  intersection  of  _ 
the  two  curves,  and  Pilf,  PA,  at  right  ^ 
angles  to  Ax^  Ay^  respectively. 

This  is  one  of  two  methods  of  finding  two  mean  proportionals 
between  two  given  lines  E and  P,  discovered  by  Menechmus, 
a geometrician  of  the  School  of  Plato.  His  two  solutions  of  the 
problem  of  the  two  means  afford  the  earliest  instances  of  the 
application  of  geometrical  loci  and  conic  sections  to  the  solution 
of  problems  which  cannot  be  solved  by  means  of  the  rule  and 
compass,  called  by  the  ancients  solid  problems. 

The  problem  of  the  two  means  excited  much  interest  among 
the  ancient  philosophers  by  reason  of  its  intimate  connection  with 
the  celebrated  Delian  problem  of  the  duplication  of  the  cube. 
Many  solutions  were  accordingly  discovered  by  various  Greek 
geometricians;  by  Eudoxus,  Plato,  Hero,  Philo,  Apollonius, 
Diodes,  Pappus,  Sporus,  Menechmus,  Architas,  Eratosthenes, 
and  Nicomedes.  The  solution  of  Diodes,  as  depending  upon 
the  construction  of  his  cissoid,  has  been  rendered  more  complete 
by  Newton,  who  has  given  in  his  Universal  Arithmetic  a method 
of  describing  this  curve  by  continuous  motion.  For  an  exposi- 
tion of  the  various  solutions  of  this  problem  the  reader  is 
referred  to  the  Commentaries  of  Eutochius  on  the  Second  Booh 
of  Archimedes^  Tlepl  ^^alpa<;  Kal  KuKiySpov ; to  the  Mathe- 
maticcB  Collectiones  of  Pappus,  lib.  III.,  where  he  will  find  an 
account  of  several  of  the  solutions;  and  to  Montucla’s  Histoire 
des  Mathematiques^  tom.  i.  p.  186. 


ArfKioL^  rydp  \oLpLa)^a(7LV,  e'x^p'qaev  6 AttoXXwv,  anraWa- 
f^rjcraaOat,  rod  XoopLOVj  el  rbv  ficopubv  hiifkacnda-ovG-LV,  kv^ikov 
e')(pvTa  (T')(fjpLa,  oX  8’  iTr^KoSopurjaav  irpoadeyTe^;  tw  TTporepco 
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^(Ofjbfp  erepov  tcv^ov  laov'  a\X  t)  tmv  Svo  kv^cdv  avvOrj/cr), 
TO  Tov  Kvj3ov  cr^^//,a  'j^Wolcoae'  7670  ve  Be  avrl  kv/Sov, 
8okI^.  tov  XoLfiov  Se  /ny  TravcrapLevov,  e^p'^ycrev  6 ^eo9  P'V 
TreTTOLrjKevaL  avToif^  to  TrpoaTa'x^dev.  6 puev  yap  TrpoaeTa^e 
SnrXao-Ldo-ai,  tov  kv^ov'  TOVTeaTVy  ^oypiov  /caTao-Kevdaat, 
KvjSiKov  TOV  TTpOTepov  BtTrXdcTtov*  ol  hey  Kv^ov  iirl  kv/Sg) 
eTreOrjKav.  ^\6ov  ovv  7rpb<i  YlXdTCOva  ^7)tovvt6<s  pukOohov, 
Irfans  dv  tov  kv^ov  hnrXacndaaLev'  6 he  7r/309  avTov^;  (fujacv, 
eoLKev  vpblv  oveihi^ecv  6 0e6<i  (09  dpLeXovac  yecopueTpiai;.  6 he 
TOV  Kv^ov  ht7r\ao-Laa-pub<;,  evpeOTja-eTat  el  hvo  evdeiMV 

hvo  pukaat  dvdXoyov  evpedelev'  ical  tovto  to  irpo^Xripua  Tot9 
pLa67jTaL<s  TTpoejSdXXeTO'  oiTive<^  /cal  Trepl  tovtov  yeypd<^a<JiVy 
<09  hehvvrjTai  €/ca(rTO<;*  mv  ovhevTi  Trepiad^eTaL  pi'k')(pL  tov  vvVy 
aXX’  ovh'  6 yecopLeTprj<;  Trepl  tovtov  eTrea-7)pLyvaT0’  hvo  puev  yap 
hoOeLCTwv  evOeLG/v,  pueaov  dvdXoyov  evpelv,  e^edeTO  t^v  aTTohec^cv. 

’IQANNOY  TOT  PPAMMATIKOT,  EIS  TA  "TSTEPA  ANAATTIKA 
’APISTOTEAOTS,  'YnOMNHMA.  Venice,  1534,  p.  24. 

KopLt^opLevoL^  'qpuv  air  AlyvTTTOV  Trepl  Kapiav  ArjXlcov 
Tive<i  aTrrjVTTiaaVy  heopuevoi  irXdT(ovo<;  ct)9  yecopueTpcKov  Xvaac 
'^prjcrpLov  avTol<;  aTOTrov  vtto  tov  6eov  Trpo^e^Xrjpbivov.  ^v 
he  ')(^pr)(TpLo<iy  ATjXloL^i  /cal  TOt9  dXXot<i  ^'EXXrjcri,  TravXav  rwv 
TrapovTcov  /ca/ccav  eaecrQai  hiTrXacndaaai  tov  ev  ArjXcp  ^copuov 
ovTe  he  t^v  hidvoiav  e/celvoc  crvpL^dXXecv  hvvdpuevoiy  Kal 
Trepl  T^v  TOV  ^copuov  /caTaaKevyv  yeXola  Trdcr^ovTeff,  (e/cdo-Ty<} 
yap  Tcbv  Tecrcrdpcov  TrXevpcbv  hLTrXaG-ia^opLevrj<i,  eXaOov  Ty 
av^rjcreL  tottov  aTepeov  o/CTaTrXdcnov  aTrepyacrdpuevoLy  he 
direLpLav  dvaXoyLa<^y  fj  tS  pbrjKei  hiTrXdaiov  Trape')(^eTaL)  IlXa- 
Tcova  T^9  aTTOpia^;  eTreKaXovVTO  ^oydov.  6 he,  tov  AlyvTTTLOV 
pLvyaOeU,  TTpoa-Tral^eiv  eef/y  tov  deov  ^'EXXycrLVy  oXeyeopoverL 
Traiheiafiy  olov  e(l>v^pL^ovTa  Tyv  dpbaOlav  ypucov,  /cal  /ceXevovTa 
y6copLeTpLa<i  aTTTeaOai  pby  irapepyov,  ov  ydpToi  <pavXoVy 
ovh’  dpu^Xv  hiavoLa<i  opebayfiy  d/cp(0<;  he  Ta9  ypapupid^;  yaKy- 
pLevy<i  epyov  elvaty  /cal  hvoiv  pueacov  dvdXoyov  XyyjrLV  y P'Ovy 
hcTrXao-id^eTa/,  <T'xflpt,a  kv^lkov  acopuaTOfiy  i/c  Trday^  opLolayf; 
av^opuevov  hLacrTd<Te(o<;.  tovto  puev  ovv  Evho^ov  avTol<^  tov 
EvihioVy  y tov  Evl^iKyvov  'EXt/cwm,  awTeXecreiv* 

nAOYTAPXOY  TOU  SQKPATOYS  AAIMONIOY. 


PAKABOLIC  LOCI. 


159 


Section  XVIII. 

Parabolic  Loci, 

1.  A triangle  is  constructed  on  a given  base,  its  vertex  lying 
in  a given  line  parallel  to  the  base : to  find  the  locus  of  the 
intersection  of  perpendiculars  from  the  extremities  of  the  base 
on  the  opposite  sides. 

Let  AB  be  the  base,  and  C the  vertex.  The  perpendiculars 


AZT,  CX,  from  A,  X,  (7,  on  the  opposite  sides  of  the  triangle, 
will  meet  in  a single  point  P.  Let  Oic,  Oy,,  be  the  axes  of 
coordinates,  0 being  the  middle  point  of  AB,  Then,  putting 
AO  = a = BOj  CL  = Z>,  OL  — PL  = j/,  we  have 

— L = UulPAL  = cot  lGBL  = , 

a + X O ' 

whence  (A  — — by,, 

the  equation  to  the  locus  of  P,  which  is  therefore  a parabola,  the 
latus-rectum  of  which  is  equal  to  the  distance  between  AB  and 
the  locus  of  (7,  and  which  passes  through  A and  B, 

2.  Two  straight  lines  SPs,,  TPt,,  are  drawn  through  two 


points  P,  the  former  of  which  is  fixed  and  the  latter  arbitrary. 
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of  an  indefinite  straight  line  xAx.  PM  is  at  right  angles  to 
xx\  Supposing  that  the  angles  SPT^  STP^  are  always  equal, 
and  that,  A being  a given  point,  AT  always  equal  to  AM^ 
to  find  the  locus  of  P,  in  which  the  two  straight  lines  intersect. 

Let  Ax  be  taken  as  the  axis  of  a?,  and  a line  through  A^  at 
right  angles  to  it,  as  that  of  y. 

Then,  denoting  AS  hy  the  equations  to  Tt^  Ps,  will  be 


respectively  of  the  forms 

y = c(jx+  P 

(1), 

II 

1 

(2). 

Since  lSTP^  lSPT^  we  have 

a — a 

a — 

1 + aa 

(3); 

and,  since  AT^  AM^  we  have 

P + ma' 

a a'  — a 

W- 

From  (3)  and  (4)  there  is 

^ ~ 1 + aa'  ’ 


— m 


(5). 


From  (4)  we  have  2a/3  — o![S  — md)^ 

and  therefore,  by  (5),  2m  = d{fi  — ma) (6). 

From  (2)  and  (6), 

2m  {qc  — m)  — y{fi  — ma)  (7). 


From  (1)  and  (7), 


y^  — 2m  (a?  — m) 
yix  m) 


^ y 2x(x  — m) 
y [x  m) 


Substituting  these  expressions  for  a and  ^ in  (5),  and  simplifying 
the  result,  we  shall  get 

[y"^  + (ic  — mY] . {y'^  — ^mx)  = 0. 

Bejecting  the  former  factor,  the  equating  of  which  to  zero  would 
give  impossible  values  to  the  coordinates,  we  have 

y^  = 4m£C, 
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the  equation  to  a parabola  of  whidi  A is  the  vertex  and  S the 
focus. 

Raymond:  Gergonne^  Annales  de  MatMmatiques^  tom.  IIL  p.  1 43. 


3.  To  find  the  locus  of  the  centre  of  a circle  inscribed  in 
a sector  of  a given  circle,  one  of  the  bounding  radii  of  the  sector 
remaining  fixed. 

Let  a be  the  radius  of  the  circle  of  which  OBQ  is  a sector, 
OB  being  the  fixed  radius.  Let 
p denote  the  radius  of  the  in- 
scribed circle : r,  the  polar 
coordinates  of  P,  the  centre  of 
the  inscribed  circle,  lPOB  be- 
ing equal  to  0 and  OP  to  r : 
then,  manifestly, 

T p — 

and  p — T sin^: 


hence 


a 

1 + sin^  ’ 


the  equation  to  a parabola  of  which  0 is  the  pole  and  focus,  and 
of  which  the  latus-rectum  is  equal  to  twice  OB. 


4.  Two  lines  PP,  PP,  indefinitely  produced,  are  given  in 
position  : MEN  is  a given  angle,  the  summit  E of  which  always 


moves  along  PP,  while  the  side  EN  always  passes  through 
a given  point  (7:  moreover  EM  is  a third  proportional  to 
P(7,  CE.  To  find  the  locus  of  M. 

Draw  GA  parallel  to  PP;  and  draw  CB  so  that  lCBE 
— lCEM.  From  A draw  A Q^  meeting  the  indefinite  line  DN 

M 
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in  so  that  lBAQ  — lABG.  Draw  MB  parallel  to  QA^ 
meeting  the  indefinite  line  BE  in  P. 

Let  AD  = a,  AB  — BG  = c,  AP  = PM  = AE  = z. 
Then,  by  the  construction, 

lEPM=  lDAQ  = L GBEi 
also  lPEM+  lGEM=  lGEP  ^ lGBE lBGE 

= lGEM+  lBGE, 

and  therefore  lPEM  = lBGE, 

The  two  triangles  PEM^  BGE^  are  therefore  equiangular. 

By  the  condition  of  the  problem, 

[GEY  = EM.NG ....(1). 

But,  by  the  similar  triangles  PEM^  BGE^ 

GE  BG  c 

EM~  EP  ~ X - z 

Also,  by  the  similar  triangles  GAE^  NDE^ 

GE  _AE  _z 

NG~  AD  ~ a 


From  (1),  (2),  (3),  W- 

Again,  by  the  similar  triangles  PEM^  BGE^ 

PM  _BE 
PE  ~ BG^ 


or 


(5). 


Eliminating  ^ between  (4)  and  (5),  we  shall  readily  get,  putting 
a -p  c =/,  for  the  equation  to  the  required  locus, 

hf  P 

iP  — — X — — V = 0. 

a a ^ 


“ Le  Comte  Roger  de  Vintimille  a proposd  ce  Probltoe  avec 
quelques  autres  dans  le  Journal  de  Parme  du  mois  d’Avril 
de  I’ann^e  1693,  ce  qui  a donnd  occasion  au  P^re  Saquerius  de 
faire  imprimer  un  petit  livre  h Milan,  dans  lequel  il  avoue  qu’il 
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n’  a pii  resoudre  celui-ci,  quoiqu’  il  fasse  assez  paroitre  par  la 
solution  des  autres  qu’  il  est  fort  verse  dans  la  Greomdtrie.” 

L’ Hospital:  Traite  Analytique  des  Sections  Coniques^  p.  254. 

5.  To  find  the  equation  to  the  locus  of  a point  the  distance 
of  which  from  the  origin  of  coordinates  is  equal  to  its  distance 
from  the  line 

[y  — c)  cos^  + a?  sin^  = 0, 

and  to  refer  it  to  axes  inclined  to  the  original  ones  at  an  angle 

TT  — 0. 

The  required  locus  is  a parabola  the  equation  to  which, 
referred  to  the  new  axes,  is 

y^  — c COS0  (c  COS0  — 2x), 

6.  In  a plane  triangle  ABG^  if 

tanH  . tan  = 2, 
and  AB  be  fixed  ; to  find  the  locus  of  G. 

If  AB  = c,  BG  — r,  lABG  = 0,  the  locus  of  G will  be  a 
parabola  defined  by  the  equation 

G 

^ 1 + cos  0 ’ 


7.  From  any  point  in  a fixed  ordinate  of  a parabola  at 
right  angles  to  its  axis,  a diameter  is  drawn  to  meet  the  curve 
in  P.  A being  the  vertex  of  the  parabola,  and  AB  the  abscissa 
of  BA  is  produced  to  (7,  so  that  AG  = AB.  To  find  the 
locus  of  the  intersection  of  A GB^  produced  indefinitely. 

The  required  locus  is  the  parabola  itself. 


8.  A is  the  origin,  B a point  in  the  axis  of  a line 

parallel  to  the  axis  of  x:  in  AQ^  (produced  if  necessary),  P is 
taken  such  that  its  ordinate  is  equal  to  BQ:  to  find  the  locus 
ofP 


If  AB 
equation 


c,  the  locus  will  be  a parabola  defined  by  the 

y^  = cx. 

M 2 
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9.  If,  from  any  point  P of  a circle,  PC  be  drawn  to  the 
centre  (7,  and  a chord  P§  be  drawn  parallel  to  the  diameter 
AGB  and  bisected  in  P,  to  find  the  locus  of  the  intersection 
of  CP  and  AR, 

If  c be  the  radius  of  the  circle;  then,  ABC  being  taken  as 
the  axis  of  x and  a diameter,  at  right  angles  to  it,  as  the  axis 
of  1/,  the  required  locus  will  be  a parabola  of  which  the  equa- 
tion is  ^2  _ + cl 

10.  OA  is  a fixed  straight  line  of  length  a,  POP'  a straight 
line  through  0 making  an  angle  6 with  OA.  To  find  the  locus 
of  P or  P',  having  given  that  the  product  of  the  triangular  areas 
A OP.,  A OP'j  is  equal  to  and  their  quotient  to  cof'*  ^ 6. 

The  locus  of  P or  P will  be  a parabola  represented  by  the 
equation  ^ 

^ 1 + cos  ^ * 

11.  Having  given  one  side  of  a triangle,  and  the  sum  of  the 
tangents  of  the  adjacent  angles,  to  find  the  locus  of  the  vertex. 

Taking  the  origin  of  rectangular  coordinates  at  the  middle 
point  of  the  given  side,  the  given  side  being  chosen  as  the  axis 
of  X,  we  shall  have,  for  the  equation  to  the  required  locus, 
m [c^  — iP)  = 

2a  denoting  the  given  side  and  m the  given  sum. 

Lardner:  Algebraic  Geometry.,  p.  116. 

12.  To  find  the  locus  of  the  centre  of  a circle,  which  passes 
through  a given  point  and  touches  a given  straight  line* 

Let  the  given  straight  line  be  taken  as  the  axis  of  a?,  and 
a line  perpendicular  to  it,  through  the  given  point,  as  that  of  y. 
Let  c be  the  ordinate  of  the  given  point.  Then  the  required 
locus  will  be  a parabola  defined  by  the  equation 

+ c^  = 2cy. 

Puissant:  Recueil  de  diver ses  propositions  de  GSomkrie., 
p.  196,  troisieme  edition. 

Gamier : GSometrie  Analytique,  p.  180. 
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13.  To  find  the  locus  of  the  centre  of  a circle  which  touches 
both  a given  circle  and  a given  straight  line. 

Let  the  given  straight  line  be  chosen  as  the  axis  of  and 
a perpendicular  to  it,  through  the  centre  of  the  given  circle,  as 
that  of  y.  Then,  7 being  the  radius  of  the  given  circle,  and  ^ 
the  ordinate  of  its  centre,  the  required  locus  will  be  a parabola 
defined  by  the  equation 

= (/3  + 7)  (23/  ± 7 - ^)- 

Puissant : Recueil  de  diverges  propositions  de  Geometrie^ 
p.  197,  troisieme  Edition, 

Gamier : G^ometrie  Analytigue^  p.  439,  deuxieme  edition. 

14.  If  /SP  be  the  perpendicular  drawn  from  the  focus  of 
a given  parabola  upon  the  tangent  at  any  point  P;  to  find  the 
locus  of  the  centre  of  the  circle  circumscribing  the  triangle  SYP. 

The  equation  to  the  given  parabola  being  y^  — the 
required  locus  will  be  a parabola  defined  by  the  equation 
y^  = m {2x  — m).. 

15.  A straight  line  passing  through  two  given  points 

P,  (7,  cuts  a given  straight 
line  PA,  produced,  in  E.  Two 
points  P,  6^,  are  taken  in  PA, 
such  that 

AP  _ GE 
BG"  DE^ 

and  the  straight  lines  OP,  D O, 
are  produced  to  meet  in  P. 

To  find  the  locus  of  P. 

Let  EAB^  EGD^  produced  indefinitely,  be  taken  as  axes 
of  a?,  y,  respectively.  ^Let  EG  — ^ ED  — EA  — a,  EB  — a!. 
Then  the  required  locus  will  be  a parabola  defined  by  the 
equation 

[ale  — dk)  ijeh'  -|-  y"^)  + kk\k  — P)  a?  + {dk^  — ak'‘^-\-  [d—  a)  kk']  y — Q. 

Leybourn  : Mathematical  Repository^  New  Series^  vol.  i.  p.  45. 
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16.  To  find  the  locus  of  the  focus  of  a parabola,  which  has 
a given  vertex,  and  which  touches  a given  right  line. 

Let  A be  the  given  vertex : from  A draw  AB  at  right  angles 
to  the  given  right  line,  meeting  it  in  B.  Let  BA,  produced 
indefinitely,  be  the  axis  of  and  A^j  at  right  angles  to  AB^ 
be  the  axis  of  y. 

Then,  a denoting  the  distance  AB^  the  required  locus  will  be 
a parabola  represented  by  the  equation 

= ax. 

Lardner : Algebraic  Geometry.^  p.  130. 

17.  Two  straight  lines  0^,  0^,  are  divided  each  of  them 
into  n equal  parts.  The  ends  of  the  and  (r  + 1)*^^  divisions 
of  0^,  reckoning  from  are  joined  respectively  to  the  ends  of 
the  and  (r  + 1)*^  divisions  of  OB.,  reckoning  from  0.  If  H 
be  the  middle  point  of  AB.,  OHx  be  the  axis  of  a?,  and  Oy^ 
parallel  to  BA.,  that  of  j/ ; to  prove  that,  if  OH  = AH  — 
the  locus  of  the  intersection  of  the  two  joining  lines  will  be  a 
parabola  defined  by  the  equation 

f^jpy^  — + [n^  — 1)  Jpq^  — 0. 

Brianchon : Journal  de  V Ecole  Polytechnique.,  19*  cahier., 
tome  XII. 

Puissant : Recueil  de  diverses  propositions  de  Geometrie., 
p.  201,  troisieme  edition.  Traiti  de  Topographie.,  No.  182, 
2*  edition. 

Gamier : Geometrie  Arwdytique.,  p.  443,  deuxieme  edition. 


Section  XIX. 

Parabolic  Envelops. 

1.  To  find  the  locus  of  the  ultimate  intersections  of  per- 
pendiculars drawn  to  the  normals  of  a parabola  at  the  points 
where  they  cut  the  axis. 

The  abscissa  of  the  intersection  of  a normal  to  a parabola 
3/^  = 4ma?,  drawn  at  a point  (cc,  y)  of  the  curve,  with  the  axis. 
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is  0?  + 2m : the  equation  to  the  perpendicular  to  this  normal 
will  therefore  be 


, 2m  , , 


X — 2m), 


or  yy  — 2m  {x  — 2m)  — \y^. 

Differentiating  this  equation  with  regard  to  the  parameter  y^ 
we  get  y'  I 

hence  the  equation  to  the  required  locus  is 


or 


— y'^  — 2m  [x!  — 2m)  — 
y'^  — 4m  (2m  — x) ; 


which  is  the  equation  to  a parabola  similar  in  form  to  the 
original  one,  its  concavity  being  opposite  and  its  axis  coincident, 
and  its  vertex  being  at  a distance  2m  from  the  origin. 


2.  A straight  line  FQ  moves  with  its  extremities  P,  in 
the  sides  DA,  OB^  of  a triangle  AOB^  so  that  the  rectangle  of 


the  segments  DP,  D§,  is  always  equal  to  that  of  the  segments 
AP,  BQ\  to  determine  the  curve  to  which  PQ  is  always  a 
tangent. 

Let  DA  = a,  OB  = Z>,  DP  = m,  OQ  = n. 

Then,  DAcc,  OBy^  being  chosen  as  the  axes  of  coordinates,  the 
equation  to  PQ  will  be 


m,  being  subject  to  the  condition 

mn  — {a  — m)  {h  — n)^ 


or 


m n 

— f r 
a 0 


(2). 
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Differentiating  (1)  and  (2),  we  have 

dm  ^ dn  = Qy 
m"  n'‘  ’ 

dm  dn 

— + IT  = 
a 0 


whence,  \ Being  an  arbitrary  multiplier, 


X 

m 


52  ? 


y 


n‘ 


52  r 


whence 


, .m  n\  X y 

^ ( ^ T I ~ ^ ~ 7 

Va  u m n 


or,  by  (1)  and  (2),  A = 1. 

We  have,  therefore,  m^  — ax^  = hy^ 
and  therefore,  by  (1)  or  (2), 


1, 


which  is  the  equation  to  a parabola  to  which  OA^  OB^  are 
tangents  at  the  points  Aj  B. 

Servois : Gergonney  Annahs  de  MathematiqueSy  tom.  IV.  p.  156, 159. 


3.  Circles  are  described  on  successive  double  ordinates  to  the 
axis  of  a parabola  as  diameters : to  shew  that  their  envelop  is 
an  equal  parabola,  and  that,  of  this  system  of  circles,  those  of 
which  the  diameters  are  less  than  the  latus-rectum,  do  not  admit 
of  an  envelop. 


4.  If  P be  any  point  in  a parabola,  the  equation  of  which 
is  — Ixy  and  My  Ny  be  the  points  where  the  perpendiculars 
from  P meet  the  axes  of  Xy  respectively ; to  find  the  locus 
of  the  continued  intersection  of  lines  MN. 

The  required  locus  is  a parabola  represented  by  the  equation 
y^  — — ^Ix. 


5.  To  find  the  locus  of  the  consecutive  intersections  of 
straight  lines  drawn  through  points  Ky  X,  which  move  in 
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parallel  straight  lines  so  as  to  make  OK  always  equal  to  OL^ 
0 being  a fixed  point  in  the  locus  of  K. 

Let  0 be  the  origin  of  rectangular  coordinates,  the  locus 
of  K being  the  axis  of  x.  Let  B be  the  intersection  of  the 
axis  of  y with  the  locus  of  L.  Let  OB  = h.  Then  the  required 
locus  will  be  a parabola  defined  by  the  equation 

= — 2y). 

6.  A straight  line  cuts  off  from  a parabola  a segment  equal 
to  a given  area : to  find  the  equation  to  the  curve  to  which  this 
line  in  any  position  is  a tangent. 

Let  represent  the  given  area  ; then,  the  equation  to  the 
parabola  being  y = 

that  to  the  required  envelop  will  be 


Section  XX. 

Miscellaneous  Problems. 

1.  The  equation  to  a parabola,  referred  to  rectangular  axes, 
y^  + ^ay  cot  a = 4aa;, 

to  find  its  equation  when  referred  to  oblique  axes  inclined  to 
each  other  at  an  angle  a,  the  axis  of  x remaining  the  same. 

The  required  equation  is 


being 


4a 


. X. 


2.  P is  any  point  in  a parabola  of  which  the  vertex  is 
and  focus  8^  T is  the  point  where  the  directrix  intersects  the 
axis ; TP  is  joined  and  produced  to  cut  the  latus-rectum  in  N ; 
8PQ  is  drawn  to  meet  NQ.,  which  is  parallel  to  8T^  in  Q:  to 
find  the  locus  of  Q. 
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The  equation  to  the  parabola  being  the  required 

locus  will  be  a circle  represented  by  the  equation 

z=z  m (2x  + 3m). 

3.  To  find  the  locus  of  the  intersection  of  the  tangent  at  one 
extremity  of  a focal  chord  of  a parabola  with  the  ordinate  at  the 
other  extremity  produced. 

The  equation  to  the  parabola  being 
y^  — 

that  to  the  required  locus  will  be 

mxy^  — {x^  + y^y. 

4.  A circle  is  inscribed  in  a parabola,  the  distance  of  the 
centre  of  the  circle  from  the  vertex  of  the  parabola  being  to  the 
radius  of  the  circle  as  + 1 to  — 1.  To  find  the  positions 
of  the  points  of  contact. 

The  equation  to  the  parabola  being  y^  = the  abscissa  of 
the  points  of  contact  is 

In 

{n  ± 1)^ ' 

5.  Having  given  a diameter  of  a parabola,  and  a tangent 
through  the  vertex  of  the  diameter,  to  find  the  locus  of  the 
vertex  of  the  curve. 

The  given  diameter  being  taken  as  the  axis  of  x and  a per- 
pendicular to  it  through  its  vertex,  as  that  of  y,  the  required 
locus  is  a straight  line  of  which  the  equation  is 

y — 2x  tan  a, 

where  a denotes  the  angle  between  the  given  tangent  and 
diameter. 

Lardner : Algehraic  Geometry.,  p.  132. 

6.  Under  the  conditions  of  the  preceding  problem,  to  find 
the  locus  of  the  focus. 
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The  axes  of  coordinates  being  the  same  as  in  the  preceding 
pi’oblem,  the  required  locus  is  a straight  line  represented  by  the 
equation  y = x tan  2a. 

Lardner : Algebraic  Geometry^  p.  132. 

7.  The  tangent  to  a parabola,  at  a point  P,  meets  the  latus- 
rectum  produced  in  P,  and  the  directrix  in  Jf;  to  find  the  locus 
of  the  centre  of  the  circle  inscribed  in  the  triangle  8ML^ 
S being  the  focus. 

The  equation  to  the  parabola  being 
r — m sec^  J 

that  to  the  required  locus  is 

r — ^m.sec  ^.sec^ 


ELLIPSE. 


Section  I. 


Referred  to  its  Axes.  Ordinates. 

1,  If  a,  /3,  are  the  coordinates  of  the  centre  of  a circle  to 
radius  7,  which  cuts  in  four  points  an  ellipse 

+ (1) ; 

to  find  the  value  of  the  product  of  the  four  ordinates  of  inter- 
section. 


The  equation  to  the  circle  will  be 

[x  - aY  + {y-  = r- 

Multiplying  this  equation  by  and  subtracting  the  result 
from  the  equation  to  the  ellipse,  we  have 

y - R)  f + + ^Rax  - W = F {a^  - y)...(2). 


Multiplying  (1)  by  4^V  we  have 

4a%y  + 45Vcr"  = 
and  therefore,  by  (2), 

4aWy  + y y + d^  + - rf)  - - {d^  - b^)  = 4aW, 

or  y - hjf  + + 5"  {y  + d^  + /3^  - 7^)^  - 4aV)  = 0. 

Hence,  by  the  theory  of  equations,  y^^  being  the 

four  ordinates  of  intersection,  we  have 


2/12/22/33/4  = ^"- 


y + a"  + 

y - ny 


2.  If  ordinates  y^^  divide  the  major  axis  of  an  ellipse 
into  two  parts  .t/,  and  x^.^  x^^  respectively,  to  shew  that, 
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I denoting  the  latus-rectum, 


and 


I 

x^.x^  2a  ’ 


*EdF  iv  fCvXlvBpov  ropufj  evdelai  a'^^Qwcriv  iirl  tov  Bidfierpov 
TeTaypbivcof;'  earat  rd  dir  avrSiV  rerpa^cova  tt/jo?  pLev  rd 
irepi,€')(^6pLeva  yoipLa  vtto  twv  diroXapb^avopuivayv  vtt  avrcov 
7r/oo9  TOt9  Trepan t r?)?  •7rXayLa<;  tov  €lSov<;  7r\€vpd<i^  d)9  tov 
€cSov<^  97  opOia  Tfkevpd  7rpo<;  t^v  TfKaylav  irpo<;  eavTd  Be 
<»9  rd  nT6pLe')(ppbeva  ')((opia  viro  t&v,  (W9  eLprjTai,  diroXapu^a- 
vopuevwv  evOeLMV. 

SEPHNOT  ANTINSEQS  $IA020^>0Y  Uepl  KvXivBpov  To^^s.  D^oVao-is  iv. 


3.  A perpendicular  AH  is  drawn  to  the  semi-axis-major  CA 
of  an  ellipse,  through  its  extremity  A,  equal  to  half  the  latus- 
rectum;  an  ordinate  MP  to  the  axis  cuts  the  straight  line  CH 
in  Q»  To  prove  that 

[PMY  = 2 area  QMAH 

Apollonius:  Gonicorum^  lib.  V.  prop.  1. 

4.  An  ellipse  and  a circle  having  the  same  centre,  the  axis 
major  of  the  ellipse  is  equal  to  three  times  the  radius  of  the 
circle : to  determine  the  points  of  intersection  of  the  two  curves, 
supposing  the  foci  to  cut  the  distance  between  the  extremities 
of  the  diameter  and  axis  in  a given  ratio ; and  to  determine  that 
ratio  when  the  ellipse  and  circle  just  touch  each  other. 

Let  AE  = c,  A8  — — , A being  one  vertex  of  the  axis, 
^ m ' 

S the  nearer  focus,  E the  nearest  point  of  the  circle.  Then 

X — + - (4m^  — 6m  + 1)^ ; 

3m  — 1 

and,  when  the  ellipse  and  circle  just  touch  each  other, 
m = ;j-(3  + V^)* 

Leyboum’s  Mathematical  Pejpository^  New  Series^  vol.  IV.  p.  130. 
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5.  About  the  centre  of  an  ellipse 


is  described  a circle,  with  a radius  equal  to  the  ordinate : to  find 
the  locus  of  the  intersection  of  this  circle  with  the  ordinate. 


The  required  locus  is  an  ellipse  defined  by  the  equation 


Lardner:  Algebraic  Geometry 151. 


Section  II. 

Referred  to  its  Axes.  Tangents. 

1.  If  (a,  /?),  (a',  /3'),  be  the  coordinates  of  two  points  in  a 
d/iameter  of  an  ellipse,  and  be  subject  to  the  condition 


to  find  the  equations  to  the  tangents  at  the  extremities  of  this 
diameter. 

If  ir,  3/,  be  the  point  of  contact. 


But,  the  points  (a,  /3),  and  (a',  lying  in  the  same, line 
with  the  point  (^c,  ?/), 


X a.  OL 


y ^ 


hence,  from  (1), 

and  consequently,  by  the  condition  of  the  problem. 


and  therefore 


similarly 


y^±  mt 
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Hence  the  equations  to  the  tangents  are 


2.  To  find  the  area  of  the  parallelogram  formed  by  tangents 
at  the  extremities  of  diameters  2r,  2r',  of  an  ellipse,  the  angle 
between  these  diameters  being  Q, 

Let  the  semi-axes  of  the  ellipse  be  a,  and  [x^  y)^  [x^  y')^ 
the  extremities  of  2r,  2r',  respectively. 

Let  denote  the  angle  between  the  tangents  at  their  ex- 
tremities. Then 


cos  <f>  = 


and  therefore 


sin“  <^  = 1 — cos^  (f>  — 


[xy'  - a!y)^ 
a%' 


_ {xy'  - x'yj 

a'V  ’ 


8,  S',  being  the  perpendiculars  from  the  origin  upon  the  two 
tangents. 

But,  u denoting  the  area  required,  it  is  easily  seen  that 


u — 4, 


SB'  ^ 
sin  <j)  ’ 


hence,  X,  V,  denoting  the  inclinations  of  r,  r',  to  the  major  axis. 


4:a^F  

xy'  — xy  TT  (sin X'  cos X — cos X'  sin X) 

rr  sin  (X'  — X) 

TT  sin  ^ * 


3.  In  the  tangent  at  any  point  P of  an  ellipse  is  taken 
a point  T,  such  that  the  angle  P(7T,  subtended  by  PT  at  the 


176 


ELLIPSE. 


centre  of  the  ellipse,  is  always  a ri^ht  ansrle:  to  find  the  locus 
of  the  point  T, 

The  coordinates  of  P being  a cos  0^  h sin  6^  the  equation  to 


PT  will  be 


- cos  ^ Y sin  ^ = 1. 

a o 


.(1). 


Also,  A being  the  extremity  of  the  axis  major, 

. ^ & sin  ^ 

tan  L PC  A = ^ . 

a cos  d 

Hence  the  equation  to  CTj  which  is  perpendicular  to  CP^  is 

(2). 


sin  6 


ax 

hy 


cos^ 

At  the  intersection  T of  the  lines  (1)  and  (2),  the  equation 
to  the  former  of  which  may  he  written 

X 
a 


cos  ^ ^ sin  ^ = (cos^^  6 + sin^  6)^^ 


we  have 


,hy  — ax  — {Py^  + aV)^, 


©■=S-5’ 


which  is  the  equation  to  the  required  locus. 

4.  To  find  the  equation  to  the  tangent  of  the  ellipse 

aj"  + 2/  = 3, 

at  the  extremity  of  the  latus-rectum. 

The  required  equation  is 

X y 
V6  ^ 3 

5.  If  represent  the  intercepts  of  the  axes  of  coordinates, 
made  by  any  tangent  of  an  ellipse 

2 2 
-+^=i 


to  prove  that 


EEFERRED  TO  ITS  AXES. 


177 


6.  A tangent  at  any  point  P of  an  ellipse  meets  the  semi- 
axis-major, produced,  in  T,  and  the  semi-axis-minor,  produced, 
in  t]  from  P are  drawn  Piif,  Pm^  perpendicular  to  GT^  Ctj 
respectively.  To  compare  the  areas  of  the  triangles  PMT^ 
Pmt. 

The  coordinates  of  P being  cc,  y, 

triangle  PMT : triangle  Pmt :: 

7.  The  circumstances  of  the  preceding  problem  remaining 
the  same,  to  find  the  locus  of  a point  P'  in  Tt^  such  that 

FT n 
Ft  m * 

The  equation  to  the  required  locus  is 


8.  If,  from  a point  without  an  ellipse,  two  tangents  be  drawn 
to  the  curve,  and  two  straight  lines  to  the  foci;  to  prove  that 
the  angle  contained  by  one  tangent  and  the  line  drawn  to  one 
focus,  will  he  equal  to  the  angle  contained  by  the  other  tangent 
and  the  line  drawn  to  the  other  focus. 

Leyboum:  Mathematical  Rejpository^  New  Series^  vol.  ii.  p.  40. 

9.  To  find  the  locus  of  the  intersection  of  an  ordinate  of  the 

ellipse  2 2 


with  the  perpendicular  drawn  from  the  centre  upon  the  tangent 
at  the  extremity  of  this  ordinate. 

The  required  locus  will  he  another  ellipse  represented  by  the 
equation 


(T  ot 


= 1. 


Lentheric,  Valles,  Bohillier:  Gergonne^  Annales  de  Mathe- 
matiques^  tom.  XVII.  p 377. 
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10.  AA'j  BB\  are  the  diagonals  of  a rhombus  ABA'B\ 
which  intersect  in  C.  If  a,  be  the  semi-axes  of  any  ellipse 
described  with  (7  as  a centre  and  axes  in  directions  AA\  BB\ 
so  as  to  touch  the  sides  of  the  rhombus;  then  a,  yS,  are  coor- 
dinates of  a point  in  the  ellipse  having  AA^  BB\  for  its  axes. 

11.  In  two  ellipses,  concentric  and  similarly  placed,  are 
taken  two  points  P,  the  abscissae  of  which  are  as  their  major 
axes ; P,  are  two  other  such  points.  To  prove  that, 

<^,  being  the  angles  which  the  tangents  at  P,  P',  Q,  Q ^ 
respectively,  make  with  the  major  axes, 

tan  6 tan 
tan  S'  tan  ‘ 


Section  III. 

Referred  to  its  Axes.  Magical  Equation  to  the  Tangent. 

The  equation  to  an  ellipse  being 

f-  — = 1 

^ P ’ 

the  straight  line  defined  by  the  equation 

y — ax  + (PP  + P)^, 

will  be  a tangent  to  the  ellipse,  varying  in  position  with  the 
value  of  a. 

This  equation  may  be  seen  in  Leroy’s  Geometric  and  in 
Wand’s  Algebraical  Geometry : it  seems  however,  together  with 
analogous  equations  to  the  tangents  of  parabolas  and  hyperbolas, 
to  have  been  first  employed  by  Mr.  A.  Smith  for  the  demon- 
stration of  various  properties  of  conic  sections.  Owing  to  its 
great  utility,  particularly  in  problems  of  tangency  which  do  not 
involve  the  consideration  of  the  point  of  contact,  it  has  been 
called  the  Magical  Equation  to  the  tangent. 

Smith : Cambridge  Mathematical  Journal.^  vol.  I.  p.  9. 
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If  Z,  w,  be  taken  to  represent  the  direction-cosines  of  the 
tangent,  its  equation  may  be  expressed  in  the  more  symmetrical 
form  U + my^  {IV  + mVf. 


1.  Two  straight  lines,  such  that  the  product  of  the  trigo- 
nometrical tangents  of  their  inclinations  to  the  axis  of  x is 
constant,  touch  an  ellipse 

— 2 + Ta  ==  1 • 
a 0 

to  find  the  equation  to  the  locus  of  their  intersections. 

The  equation  which  connects  the  coordinates  of  any  point 
in  a tangent  to  an  ellipse  with  a,  the  trigonometrical  tangent 
of  the  inclination  of  the  tangent  to  the  axis  of  a?,  is 

+ })\ 

or  (p^  — d^)  0?  — — W — 0. 

If  therefore  a?,  ?/,  be  the  coordinates  of  the  intersection  of  the 
two  tangents,  the  two  values  of  a in  this  quadratic  will  be  the 
trigonometrical  tangents  of  the  inclinations  of  the  two  tangents 
to  the  axis  of  x.  Hence,  m denoting  the  constant  product,  we 
have  for  the  equation  to  the  required  locus 
f -F  = m {x^  - a\ 

which  represents  an  ellipse  or  an  hyperbola  accordingly  as  m 
is  negative  or  positive. 

Hochat : Gergonne^  Annates  de  Mathematiques^  tom.  il.  p.  225. 
Gamier:  Geometrie  Analytique^  p.  275,  deuxieme  Mition. 


2.  To  find  the  locus  of  the  intersection  of  a pair  of  tangents 
to  an  ellipse,  at  right  angles  to  each  other. 

The  equation  to  one  tangent  being 

X cos  a + 2/  sin  a = + [d^  cos^  a + W sin®  a)^, 
that  to  the  other  will  be 

— a?  sin  a + ?/  cos  a = ± (a®  sin®  a + 5®  cos®  a)^ : 
adding  together  the  squares  of  these  two  equations,  we  get 
a?®  + 3/®  = a®  + 5®, 

N2 
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as  the  equation  to  the  required  locus,  which  is  therefore  a circle 
concentric  with  the  ellipse,  having  {a^  + for  its  radius. 

Lamd : Examen  des  differentes  mSthodes  employees  pour 
resoudre  les  prohlemes  de  Geometrie^  p.  77. 

Puissant:  Recueil  de  diverses  propositions  de  Geometrie^ 
p.  214,  troisi^me  edition. 

3.  If  p^  p\  are  the  distances  of  the  foci  of  an  ellipse  from 
a tangent,  to  prove  that 

p.p  = R. 

The  equation  to  a tangent  being 

lx  4-  my  = (ZW  + 

where  Z,  m,  are  its  direction-cosines ; and  the  coordinates  of  the 
foci  being  [[d^  — 5^)^,  0},  and  {—  [d^  — 0},  we  have 

^ _ (ZV  + + l[a^  - 

/ = _ (?V  + Td^Wf  - l[d^  - Rf-, 
whence  pp'  = + rd^R  - F [a^  - R) 

= + m^)  W 

=^h\ 

4.  To  find  the  locus  of  the  middle  points  of  chords  in  a circle 
which  touch  a concentric  ellipse. 

Let  the  equation  to  the  ellipse  be 
cd  y 

~2  + 7;2  — 1* 

a 0 

The  equation  to  the  tangent  will  be,  Z,  m,  being  its  direction- 


cosines,  lx  + my  = [Pa^  + m%'‘f (1). 

Let  the  equation  to  the  circle  be 

+ f = (2). 

At  the  intersections  of  (1)  and  (2), 


3?  - 2?(Z'V  + m^¥)Kx  + Pa^  + rrPV  - toV  = 0. 
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Hence,  denoting  the  abscissa  of  the  middle  point  of  the 
chord,  and  a?',  x\  the  abscissae  of  its  extremities, 

= Z(ZV  + m%^)K 

Similarly  = m 

Hence  x^  + yf  = l^d^  + w?lf. 

But  also  mx^  — ly^^ 

and  therefore,  by  virtue  of  the  equation 

r + 7d^  = 1, 

we  have  [xj  + 3/ ®)  = cc/,  [x^  + y'^)  = y'^. 

Hence  {x^  + 

which  is  the  equation  to  the  required  locus. 


5.  To  find  the  locus  of  the  summit  of  a moveable  right 
angle,  one  side  of  which  touches  one,  and  the  other  side  the 
other,  of  two  confocal  ellipses. 

Let  the  equations  to  the  ellipses  be 


~ + 72  = I7 
CL  0 


>2  1“  112 


= h 


where  a,  J,  a\  h\  will  he  subject  to  the  condition 

(1). 

The  equations  to  the  two  tangents  will  be  respectively 
lx  + my  = (ZV  + 

— mx  x^ly  — + IV)^, 

At  the  intersection  of  these  two  tangents,  we  have,  squaring 
and  adding  their  equations, 

+ m^)  {x^  + f)  = y [d  + + m^  {o!^  + W) 

= (Z^  + m^)(a^  + &'^),  by  (1), 
or  = (Z^  + m^)  {a‘‘  + Z>^) : 

thus  the  locus  of  the  summit  of  the  angle  is  a concentric  circle 
represented  by  either  of  the  equations 
d^  + b'^  = x^  + f = 

Bobillier : Gergonne^  Annales  de  Mathematiques^  tom.  xix.  p.  317. 
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6.  To  find  the  equation  to  a tangent  to  an  ellipse 

+ 3/^  = 3, 

inclined  at  an  angle  of  Jtt  to  the  axis  of  x. 

The  required  equation  is 

y = X + 2. 

7.  To  find  the  distance  of  the  centre  of  an  ellipse  from  a 
tangent  inclined  to  the  major  axis  at  an  angle  (f>. 

Distance  = a [1  — cos^  <f>f, 

8.  To  find  the  distance  of  the  focus  of  an  ellipse  from  a 
tangent  inclined  at  an  angle  to  the  major  axis. 

Distance  = a {e  sin  (^  + (1  — ^ cos*^  ^)^}. 

9.  The  tangent  of  an  ellipse  is  inclined  to  the  major  axis 
at  an  angle  (j) : to  find  the  area  of  the  triangle  included  between 
this  tangent  and  the  two  axes. 

Eequired  area  = tan  ^ cot  </>). 

10.  A tangent  to  an  ellipse 


is  inclined  to  the  axis  of  x at  an  angle  (j> ; to  find  the  product 
of  the  distances  of  the  ends  of  the  axis  major  from  this  tangent. 

The  required  product  is  equal  to 

cos'*  (j). 

11.  To  find  the  equation  to  the  locus  of  the  intersection  of 
a tangent  to  an  ellipse  with  a perpendicular  upon  it  from  a 
given  point. 

The  coordinates  of  the  given  point  being  a,  and  the 
equation  to  the  ellipse  being 
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the  required  locus  will  be  defined  by  the  equation 

{x{x  - a)  + y [y  - = a^{x-  a)‘‘  -\-V{y  - ^)^ 

If  the  given  point  be  the  centre,  the  equation  becomes 
(a?"  + y'y  = aV  + 

a result  given  by  Valles;  Gergonne^  Annates  de  Mathematigues^ 
tom.  XVII.  p.  379. 

12.  To  find  the  equation  to  the  curve,  from  any  point  of 
which  if  two  tangents  be  drawn  to  a given  ellipse,  the  angle 
contained  between  them  shall  be  constant. 

If  — denote  the  value  of  the  tangent  of  the  constant  angle, 
the  required  equation  to  the  curve  will  be 

[x^  — tf'Y  ~ “ d^t)^). 

13.  If  the  two  sides  of  a moveable  right  angle  are  always 
tangents  to  a given  ellipse,  its  summit  will  describe  a circle 
concentric  with  the  ellipse,  the  radius  of  which  is  equal  to  the 
chord  joining  extremities  of  the  major  and  minor  axes. 

Rochat : Gergonne^  Annates  de  MathAmatigues^  tom.  II.  p.  228. 

14.  If  two  straight  lines,  always  touching  a given  ellipse, 
move  in  such  a way  that  the  product  of  the  trigonometrical 
tangents  of  the  angles  which  they  form  with  one  of  the  axes 
be  constant  and  negative,  the  point  of  intersection  of  the  two 
tangents  will  describe  a second  ellipse.  If  we  conceive  two 
tangents  to  this  second  ellipse,  moveable  like  the  first,  and 
subjected  to  the  same  conditions,  the  intersection  of  these  last 
will  describe  a third  ellipse  from  which,  following  the  same 
course,  we  may  deduce  a fourth,  and  so  on  successively.  Then 

(1) .  The  areas  of  these  ellipses  will  form  a geometrical 
progression  having  2 for  its  common  ratio. 

(2) .  The  tangents,  the  intersection  of  which  shall  describe 
any  one  of  these  ellipses,  will  be  always  parallel  to  two  sup- 
plementary chords  of  the  ellipse  which  shall  immediately  precede 
in  the  order  of  their  successive  generation. 

Rochat : Gergonne^  Annates  de  Mathematigues^  tom.  ii.  p.  228. 
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15.  The  semi-axes  of  an  ellipse  being  n,  ^ ; to  find  the  area 
of  a parallelogram  which  circumscribes  it,  the  inclinations  of  its 
sides  to  the  major  axis  being  given ; and  to  determine  the  least 
of  all  such  parallelograms. 


If  tan  ^ m and  tan"^  m be  the  given  inclinations,  the  required 
area  will  be  equal  to 


4 


fd^  mm  + ^ 

V m — m / I ’ 


which  is  evidently  the  least  possible  when 

mm  + = 0, 

or  when  the  parallelogram  is  a conjugate  parallelogram. 
Durrande ; Gergonne^  Annates  de  MathSmatiques^  tom.  xil.  p.  142. 


16.  If  parallelograms,  which  circumscribe  an  ellipse,  have 
their  areas  constantly  equal  to  h times  that  on  the  major  and 
minor  axes;  to  find  the  equation  to  the  loci  of  their  angular 
points. 

The  equation  to  the  ellipse  being 

— 1-^=1 
^ ’ 

the  angular  points  lie  in  two  ellipses  represented  by  the  equation 

J + g = 2^1  ± (*”-!)*}. 


Section  IV. 


Referred  to  its  Axes.  Normals. 

1.  A normal  at  a point  P of  an  ellipse,  cuts  the  major  axis 
in  O.  To  prove  that  GP  is  the  shortest  line  which  can  be 
drawn  from  G to  the  curve. 

The  equation  to  the  ellipse  being 
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let  h be  the  abscissa  of  P;  then,  C being  the  centre, 

GG  = e^h. 

Let  r be  the  distance  of  G from  any  other  point  P'  in  the 
curve ; then,  a?,  being  the  coordinates  of  P', 

P = [x  — e^Kf  + 3/^ 

e^hj  + (1  - e^)  - f) 

= e^{x-  hf  + (1  ^ e^)  (1  - e")  P 

=^e^(^x-hy  + {l-d)  [a^-e^P), 

and  therefore  r is  the  least  possible  when  a?  = ^,  or  when  P' 
coincides  with  P. 

De  la  Hire : Sectiones  Comccej  lib.  vil,  prop.  13. 


2.  P is  a point  in  an  ellipse,  P a point  in  the  major  axis, 
such  that  PD  is  equal  to  the  minor  semi-axis : PQ  is  a normal 
at  P meeting  in  § a perpendicular  to  the  major  axis  through  P. 
To  find  the  locus  of  Q. 

Let  (a?',  y)  be  the  coordinates  of  P:  then,  the  equation  to 
the  ellipse  being 


that  to  the  normal  at  P will  be 


d X Z>  3/  ^2  j2 

a?'  y 


(!)• 


Again,  since  PD  is  equal  to  we  have,  x denoting  the 
abscissa  of  D, 

and  therefore,  by  the  equation  to  the  ellipse, 

(a,'  - ^ = h\ 

(x  — x)  = -2  a? 

^ ' a ^ 

, - ^ , 

X — X = + - X , 
a ’ 

ax 

a ±h 


x 


(2). 
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Substituting  this  value  of  a?'  in  (1),  we  have,  ic,  denoting  the 
coordinates  of 

^ + a(a  + h) 

= hip  ± a), 


, hy 

y ^hT-a 


(3). 


Substituting  the  expressions  for  x\  y\  given  in  (2)  and  (3), 


in  the  equation 


'2 

^ W ’ 


we  have,  for  the  equation  to  the  required  locus, 
od  + if  = (a  ± 

which  represents  either  of  two  circles,  concentric  with  the  ellipse, 
and  having  a — h^  a + as  radii. 


3.  To  find  the  equation  to  the  normal  at  a point  of  an 
ellipse,  defined  by  the  equation 

= 4, 

the  abscissa  of  the  point  being  1. 

The  required  equation  is 
= 


4.  To  find  the  equation  to  the  normal  of  an  ellipse 

nd  y^ 

^ W 

in  terms  of  a,  the  inclination  of  the  normal  to  the  axis  of  x. 

Putting  cosa  = Z,  sina  = m,  we  shall  obtain,  for  the  required 
equation, 

X y _ —W 
~l~m~  * 

5.  To  find  the  length  of  that  portion  of  the  normal  to  an 
ellipse,  which  is  included  between  the  curve  and  the  major  axis, 
in  terms  of  the  inclination  of  the  normal  to  this  axis. 
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If  6 denote  the  inclination  of  the  normal,  and  2a,  25,  the 
major  and  minor  axes  of  the  ellipse,  the  length  of  the  normal 
will  be  equal  to 

-[-w 

6.  To  find  the  tangent  of  the  angle  between  the  normal  at 
any  point  {x^  y)  of  an  ellipse  , 

^ ’ 


and  the  straight  line  drawn  from  this  point  to  the  centre  of  the 
ellipse. 

The  required  tangent  is  equal  to 


xy. 


7.  To  find  the  length  of  the  longer  normal,  drawn  from 
a point  in  the  minor  axis  of  an  ellipse  at  a given  distance  from 
the  centre,  and  intercepted  between  that  point  and  the  curve. 

If  c denote  the  given  distance,  a the  semi-axis  major,  and  e 
the  eccentricity,  the  length  of  the  normal  will  be  equal  to 


8.  If  a right  angle  moves  so  that  its  sides  are  constantly 
normals  to  an  ellipse,  to  find  the  locus  of  the  summit  of  the 
angle. 

The  equation  to  the  ellipse  being 


2 * 7 2 

a 0 


=1, 


that  to  the  required  locus  will  be 

[d^  + 5^) . {x^  + /) . (ay  + Wxy  = - hy  . [dy  - 5V)^ 

Bobillier : Gergonne^  Annales  de  Mathematiques^  tom.  xvil.  p.  277. 
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Section  V. 

Referred  to  its  Axes.  Chords. 

1.  Chords  are  drawn  from  the  extremities  of  the  transverse 
axis  of  an  ellipse  to  any  point  in  the  curve,  and  perpendiculars, 
drawn  to  these  chords  from  the  same  point,  are  produced  to  cut 
the  same  axis  : to  find  the  part  of  the  axis  which  is  intercepted 
between  the  perpendiculars. 

The  principal  axes  of  the  ellipse  being  taken  as  axes  of  co- 
ordinates, the  equation  to  one  of  the  chords  will  be,  if  a?,  3/,  be 
the  coordinates  of  the  point, 

- y 

X — a 


y = (“' 


ffl), 


and  that  to  its  perpendicular 


I X d , I > 

y - y = — {x  - x). 


Putting  y = 0 m.  the  last  equation,  we  have,  for  the  intercept 
of  the  perpendicular  on  the  axis  of  a?, 


a?'  = a?  + 


y 

a?  — a 


— X 0 (a  + x). 

a ^ ‘ 

Similarly,  the  intercept  of  the  other  perpendicular,  — a being 
substituted  for  a,  is  equal  to 

x'  — X 5 (-'  « 4-  a?). 

a ^ ' 

Hence  the  part  of  the  axis  intercepted  between  the  two  per- 
pendiculars 

= a?  — X — — 
a 

— the  latus-rectum. 

Ivory : Leyhournh  Mathematical  Repository.^  New  Series., 
vol.  II.  p.  175. 
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2.  If,  jfrom  any  point  in  the  circumference  of  an  ellipse,  two 
chords  he  drawn  so  as  to  touch  the  circle  described  about  the 
minor  axis  as  diameter,  and  if  the  chord  joining  the  points  of 
contact  be  produced  to  meet  the  major  and  minor  axes  in 
respectively,  to  prove  that,  a,  being  the  semi-ax^  of  the 
ellipse,  Tf 

TcSf  {GKf  “ ; 

Let  (A,  k)  be  the  coordinates  of  any  point  in  the  ellipse  from 
which  the  two  chords  are  drawn.  Then  the  equation  to  the 
chord  of  contact  will  be 

Jix  ky  })\ 

and  therefore  OH  CK  =y  ■. 

h ’ k 


but,  by  the  equation  to  the  ellipse. 


hence 


F 

{OHf  [GKY  ■“  V • 


3.  To  find  the  equation  to  the  locus  of  the  middle  points  of 
all  chords  of  a given  length  in  an  ellipse. 

Let  M be  the  middle  point  of  any  chord  KL,  Let  x\  be 


the  coordinates  of  L,  and  a?,  ^ 

those  of  M.  Also  let  MK—  r — ML. 

K 

Then,  6 denoting  the  inclination 
of  KL  to  the  axis  of  a?,  f 

a?'  = a?  + r cos^,  1 

3/'  = 3/  — r sin  ^ 

C j ^ 

and  therefore,  by  the  equation 

f2  >2 

X y 

L ^ = 1 

^ W ’ 

we  have 

{x  -\-  r 0,0^  Oy  ^ {y  — sin^)‘‘* 

V ^ 

1. 
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But,  if  KL  = 2c,  the  two  values  of  r in  this  equation  must  be 
each  equal  to  c in  magnitude  and  must  have  opposite  signs: 
X cos 6 y mid 


and 


or 


-2  + fii  + 
a b 


/cos^  0 sin^  6 

cos*'^  Q sin'*  d 

x^  2 

^2  + ^2  + cos^^  + sin^^ 


= 1, 


1. 


From  these  two  equations  we  get 

, f , .^y  + ^v_.. 

aY  + & V ” ’ 

which  is  the  equation  to  the  required  locus. 


4.  P is  any  point  in  an  ellipse,  AA  its  axis  major,  MP  an 
ordinate  to  the  point  P:  to  any  point  Q in  the  curve  are  drawn 
the  chords  A Q,  A'  Qj  meeting  MP  in  P,  S,  respectively.  To 
prove  that  MB.MS  = MP‘. 


5.  If,  from  a point  P in  the  tangent  at  the  extremity  B of 
the  axis  minor  of  an  ellipse,  a tangent  PQ  be  drawn,  to  prove 
that  PQ  will  be  equal  to  the  chord  BQ^  if 
BP:  AC::  V3  : 1. 


6.  If  the  equation  to  the  chord  of  an  ellipse  be 

1, 


^4.  f 


to  find  the  length  of  the  chord. 

If  2?  be  the  length  bf  the  chord, 

+ b‘W  - 


r ==  Y + .d^p. 


{P/3^  + Pdy 


7.  PP,  ^P,  are  two  normals  of  an  ellipse,  cutting  each  other 
at  right  angles  in  P : CBH  is  a semi-diameter.  To  prove  that 
the  tangent  at  H is  parallel  to  the  chord  PQ. 
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8.  A chord  of  an  ellipse,  inclined  at  an  angle  tan'^c  to  the 
axis  major,  passes  through  an  extremity  of  the  axis  minor : 
if  07,  be  the  coordinates  of  the  second  point  of  the  chord’s 
intersection  with  the  ellipse,  to  prove  that,  a,  &,  being  the 
semi-axes. 


+ 2 tan"^ 


TT. 


9.  To  find  the  locus  of  the  middle  point  of  a chord  of  an 
ellipse,  the  equation  of  which  is 


^'4  t 

^2  I"  7 2 

a 0 


1 


the  chord  being  supposed  to  touch  a concentric  circle  of  radius  r. 
The  equation  to  the  required  locus  is 


10.  If,  through  the  extremity  of  either  axis  2a  of  an  ellipse, 
any  two  chords  be  drawn  at  right  angles  to  each  other,  to  prove 
that  the  chord  joining  the  points  in  which  the  two  chords  cut 
the  curve,  will  always  pass  through  a point  in  the  axis  at  a 
distance  from  its  extremity  equal  to 


a 


• * 


11.  To  find  the  length  of  a chord  of  an  ellipse,  which  is 
a tangent  at  any  proposed  point  of  a confocal  ellipse. 

Let  a?,  be  the  coordinates  of  the  point  of  contact,  a,  Z>,  the 
semi-axes  of  the  interior,  and  a,  those  of  the  exterior  ellipse. 
Then,  c denoting  the  required  length. 


c 


= 2a/3. 


c 

(/3^  - hy  * 


12.  PQ^  PR^  are  chords  of  an  ellipse,  drawn  through  any 
proposed  point  P in  the  curve,  at  right  angles  to  each  other: 
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to  find  the  equation  to  the  chord  QR^  to  prove  that  QR  always 
passes  through  a fixed  point  /,  and,  P being  afterwards  regarded 
as  variable  in  position,  to  find  the  locus  of  the  point  /. 

If  W2,  — — , denote  the  tangents  of  the  inclinations  of  PQ^  PR^ 

to  the  axis  of  x\  then,  a cos^,  h sin^,  being  the  coordinates  of  P, 
the  equation  to  the  chord  QR  will  be 


cos^'+  hx  sin^)  + {(^  H-  P)  {ay  sin^  — hx  cos^) 


+ ab  (P  - P)  = 0 : 

the  point,  through  which  this  chord  always  passes,  while  m 
varies,  is  the  intersection  of  the  two  lines 
ay  cos^  + hx  sin^  = 0, 


(P  + P) . {ay  sin^  — hx  cos^)  + ah  {d^  — P)  = 0, 

and,  6 being  now  considered  variable,  the  locus  of  this  point  is 
an  ellipse  defined  by  the  equation 

x^  / _ “■  Py 

a"  F “ W+TV  • 


Section  VI. 

Referred  to  its  Axes.  Focal  Properties. 

1.  PT.^  QT^  are  tangents  to  an  ellipse  at  P,  P is  one 
of  the  foci,  G the  centre,  R the  point  where  CT  cuts  the  curve ; 


PV,  parallel  to  /S'P,  meets  the  major  axis  in  iV':  to  shew  that 

8RSQ  = RJSn. 
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Let  x\  be  the  abscissae  of  the  two  points  of  contact. 
Then  ^ _ ga;').(a  _ eoi'). 

The  values  of  the  abscissae,  if  x^^  be  the  coordinates  of 
T,  will  be  obtained  from  the  two  equations 

}?~  ’ 0^  V~  • 


Eliminating  y,  we  have 


1 - 


XX 


y: 


X 


a>-  y'^ 


a \a 


■V  + 


2^33+  1 -^  = 0 
a 0 


hence 


SR8Q  = a"  - ae.{x'  + x”)  + e^x^' 


2x. 


a ae. 


w 


i— , + eV 


1-^ 

d^ 


y.  + {x,  - ad)‘ 


5_ 

BT^ 


RN^ 


= T? 


^ yl 


U— 


RN\ 


We  have  replaced  BT^  x^^  by  BN^  x\  y'\  where  x'\  y"\ 
are  the  coordinates  of  B^  by  virtue  of  the  similarity  of  the  tri- 
angles CBT,  CNR, 


2.  A tangent  at  any  point  P of  an  ellipse  meets  the  major 
axis  produced  in  T,  and  perpendiculars  upon  it  from  the  centre 
and  focus  in  Y,,  Z\  to  prove  that 


TY  _ 
PY~ 


3.  If  P be  any  point  in  an  ellipse,  the  major  axis  of  which 
is  AA\  minor  semi-axis  BG^  and  foci  P,  B' : to  shew  that 

(AP+  BP) . {AP-  BP)  4-  (AT+  B'P) , {A'P-  B'P)  = 2(P(7)^ 
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4.  If  6 be  the  angle  between  the  focal  distances  of  any 
point  of  an  ellipse,  and  the  angle  between  the  lines  joining 
the  point  with  the  extremities  of  the  major  axis,  to  prove  that, 
e denoting  the  eccentricity,  6 and  (f>  will  be  connected  by  the 
equation  cot <^.  (cot — e cot 6)  = 

5.  To  find  the  locus  of  the  centre  of  a circle  inscribed  in  the 
triangle  SFHj  8 and  H being  the  two  foci  and  P any  point  of 
a given  ellipse. 

The  equation  to  the  ellipse  being 

(1  - 6*0  x^  + y'^  = (1  - d), 

the  required  locus  will  be  a concentric  ellipse  defined  by  the 
equation  + [I  - e)  ^ aV  (1  - e). 

Lardner ; Algebraic  Geometry^  p.  125. 

6.  To  find  the  locus  of  the  centre  of  a circle  which,  the 
diagram  remaining  the  same  as  in  the  last  problem,  touches  /SP, 
HP  produced,  and  HS  produced. 

The  required  locus  is  a straight  line  defined  by  the  equation 
X — and  is  therefore  a tangent  to  the  ellipse  through  one  of 
its  vertices. 

Lardner:  Algebraic  Georaetry^  p.  126. 

7.  To  find  the  locus  of  the  centre  of  a circle  which,  the 
diagram  remaining  the  same  as  in  the  two  preceding  problems, 
touches  8H^  P8  produced,  and  PH  produced. 

The  locus  is  an  ellipse  defined  by  the  equation 
(1  — e)  3/^  + (1  + e)  od  — aV  (1  + e). 

Lardner : Algebraic  Geometry^  p.  127. 

8.  If  a circle  be  described  through  the  two  foci  of  an  ellipse, 
and  any  point  in  the  conjugate  axis  produced ; to  prove  that  the 
right  line  joining  that  point  and  one  of  the  points  where  the 
circle  cuts  the  ellipse,  will  be  a tangent  to  the  ellipse. 

Leyboum : Mathematical  Repository^  New  Series^  vol.  I.  p.  187. 
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9.  If  8P<f  HP^  be  any  two  focal  distances  of  an  ellipse,  the 
vertex  of  which  is  Aj  e the  eccentricity,  and  a,  &,  the  semi-axes, 
and  if  a straight  line  AQL  be  drawn  cutting  8P  in  Qy  and 
bisecting  HP  m L:  to  find  the  locus  of  Q, 

The  required  locus  is  an  ellipse  represented  by  the  equation 
{x-ie(l+e)  a}'‘  f 


Section  VII. 

Referred  to  its  Axes.  Conjugate  Diameters, 

1.  CPy  CDy  are  conjugate  semi-diameters  of  an  ellipse ; to 
prove  that  the  sum  of  the  squares  of  the  distances  of  P,  P,  from 
a fixed  diameter  is  invariable. 

Let  a cos^,  h sin^,  be  the  coordinates  of  P:  those  of  D will 
then  be  — a sin^,  h cos  6.  Let  fy  represent  the  respective 
distances  of  these  points  from  a fixed  diameter  represented  by 
the  equation  U + my  = % 

where  Z,  my  are  its  direction-cosines.  Then 
p — la  cos  6 + mh  sin^, 
p = — la  sin  Q mb  cos  Oy 
and  therefore  = ZW  -1-  rr^P. 

2.  CP  and  CD  are  conjugate  semi-diameters  of  an  ellipse. 
If  normals  at  P and  D intersect  in  Ky  to  prove  that  KC  is 
perpendicular  to  PD, 

Let  {xy  y)y  {x^y  yj)y  be  the  coordinates  of  P,  P,  respectively : 
then  the  equations  to  the  normals  will  be 

(x'-x)  ^ = (y'-y)  p 

- y.)  ■ 

02 
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At  the  intersection  of  these  two  lines 


[V 


a ) [x^  — X] 


and  therefore 


y,-y  ^ ^ ^ 

x^  — X W ' xx^  ‘ y * 


but,  by  the  nature  of  conjugate  diameters, 


hence 


= - I 


y^~y 


h 

y=  - x\ 
a 


X 


y 


which  shews  that  CK  is  perpendicular  to  PD. 


3.  If  0 be  the  centre  of  an  ellipse  and,  in  the  normal  to  any 
point  P,  PQ  be  taken  equal  to  the  semi-diameter  CD  which  is 
conjugate  to  the  semi-diameter  CP ; to  find  the  locus  of  Q. 

Let  (£c,  y)  be  the  coordinates  of  P,  and  [x\  y)  those  of  Q. 
Then,  by  the  equation  to  the  normal,  we  have 


X 


{x’ 


a’)  = ^ {y'-y)- 


This  equation  shews  that,  X being  some  arbitrary  quantity, 

, ^ hx 

X — X = — 


.(1). 


But,  the  coordinates  of  D being  — ^ ^ ? we  have,  by  the 
condition  of  the  problem, 

[x  -x)  +[y  -y)  = > 

and  therefore,  by  (1),  = 1,  X = ± 1. 
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Hence,  by  (1),  we  have 

X — [a  + h)-  ^ 

y = (J  ± a)  I . 

From  these  equations,  combined  with  the  equation  to  the  ellipse, 
we  have,  for  the  equation  to  the  required  locus, 

= (a  + hf. 

This  shews  that  the  locus  is  either  of  two  circles  concentric  with 
the  ellipse,  of  which  the  radii  are  a — h and  a + &. 

4.  If  a series  of  chords  of  an  ellipse  pass  through  a fixed 
point,  to  prove  that  the  chords  of  the  corresponding  conjugate 
arcs  have  the  same  property. 

Let  the  coordinates  of  the  extremities  of  any  one  of  the  series 
of  chords  be  (a  cos^,  h sin^)  and  [a  cos^',  h sin^').  The  equa- 
tion to  the  chord  will  therefore  be 

^ (sin0  — sin^')  — ^ (cos^  — cos^')  = sin  [6  — &) , 

and  therefore,  (A,  h)  being  the  fixed  point  through  which  every 
chord  of  the  series  passes, 

^ (sin^  — sin^')  — ^ (cos^  — cos^')  = sin  (6  — 6')  ...(1). 

Again,  the  coordinates  of  the  extremities  of  the  conjugate  chord 
are  (-  a sin^,  h cos^),  {—  a sin^',  h cos^') : its  equation  will 
therefore  be 

^ (cos  ^ — cos  ^ (sin^  — sin^')  = sin  {0  — 6')^ 
or,  by  virtue  of  (1), 

(«  ^ t)  “ Gosd')  + ~ — sin^')  = 0. 

This  equation  shews  that  the  conjugate  chord  passes  always 
through  a fixed  point 

ok  hh 
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5.  CP  and  CD  are  conjugate  semi-diameters  of  an  ellipse, 
and  PF  is  a perpendicular  let  fall  upon  CD : to  determine  the 
locus  of  the  point  F. 

Let  be  the  coordinates  of  P.  Then  the  equation  to  the 
normal  PF  will  be 

- a)  = ^ (y  - y) (1), 


and  the  equation  to  CD  will  be 


XX 


(2). 


At  the  intersection  of  (1)  and  (2),  we  have 

a>  {x'  -x)  +y'  {y'  -y)  = 0, 


or 


^'2  ^ yy>^ 


and  therefore,  by  (2), 


or 

Similarly 


y ^ 

X a 

a {d^  — P)  id  * 

y h (a;'’‘  + y’'‘) 

h {V  - «“)  y • 


But  the  equation  to  the  ellipse  is 


id 

d^  P 


hence 


{a^  - bj  • yi  “ ’ 


which  is  the  equation  to  the  required  locus. 


6.  The  equation  to  an  ellipse  being 

2x^  + ^y^  — 4, 

to  ascertain  the  equation  to  a diameter  conjugate  to  one  repre- 
sented by  the  equation  y = 2x. 

The  required  equation  is 
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7.  CP^  GD^  are  two  conjugate  semi-diameters  of  an  ellipse, 
of  which  /S'  is  a focus : to  prove  that  the  distance  of  P from  a 
diameter,  drawn  parallel  to  the  line  joining  8 and  D,  is  equal  to 
the  minor  semi-axis. 

8.  To  find  the  value  of  the  sum  of  the  squares  of  two 
normals  of  an  ellipse  drawn  from  the  extremities  of  two  con- 
jugate diameters  to  the  major  axis. 

The  required  value  is  equal  to 

iXf 

9.  If  GP^  GD^  be  conjugate  diameters  of  an  ellipse,  and 
ordinates  through  P,  P,  meet  another  ellipse,  described  on  the 
same  major  axis,  in  P,  respectively:  to  prove  that  GQ^  GE^ 
are  conjugate  diameters  of  the  second  ellipse. 

10.  P/SP',  QHQ'j  are  chords  drawn  through  the  foci  /S',  P, 
of  an  ellipse,  parallel  to  any  pair  of  conjugate  diameters : if 
8P=  r,  8P'  = r',  8Q  = Pj  8Q'  = p',  to  prove  that,  25,  2Z, 
denoting  the  axis  minor  and  latus-rectum  respectively, 

rr  + pp  = P + f. 


11.  Two  conjugate  semi-diameters  a',  5',  of  an  ellipse,  are 

inclined  at  angles  <^,  respectively  to  the  semi-axis  major : 
to  prove  that  2^  + sin  2^  = 0. 

12.  0 is  the  centre,  8 the  focus,  and  P any  point  of  an 
ellipse : to  prove  that,  Q being  the  intersection  of  P8  with  the 
diameter  conjugate  to  (7P, 

PQ  = the  semi-axis  major. 

13.  If  (ttj,  5J  and  (a^,  5J  he  the  coordinates  of  the  extremities 
of  any  two  diameters  of  an  ellipse,  to  find  the  angle  between  the 
two  conjugate  diameters. 
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The  required  angle  is  equal  to 


tan-^ 


— ah 


'A  \ 

’ 


a\h,  + h 

which,  if  the  given  diameters  be  conjugate,  reduces  itself  to 


14.  If,  from  the  extremities  P,  P,  of  two  conjugate  semi- 
diameters OP,  OP,  of  an  ellipse,  straight  lines  be  drawn,  parallel 
to  the  semi-axis  minor  OP,  to  meet,  in  points  P',  P',  the 
circumference  of  a circle  which  has  the  axis  major  for  its 
diameter : to  prove  that  the  angle  P'  OP'  is  a right  angle. 


15.  If  P represent  any  diameter  of  an  ellipse  and  P the 
parameter  of  P,  to  find  when  P + P is  the  least  and  when  the 
greatest  possible. 

It  is  the  least  when  P is  the  axis  major  and  the  greatest 
when  it  is  the  axis  minor. 

De  la  Hire  : Sectiones  Conicce^  lib.  vii.  prop.  38. 


16.  If  CPy  GD^  be  any  conjugate  semi-diameters  of  an 
ellipse  APBDA\  A and  A being  the  ends  of  the  major  and 
P an  end  of  the  minor  axis,  and  if  PP,  PP,  be  joined,  and  also 
HP,  H'P,  these  latter  two  intersecting  in  0,  to  prove  that 
PP  OP  is  a parallelogram,  the  greatest  area  of  which  is  equal 
to  ab.{\/2  — 1). 

17.  If  a,  be  the  semi-axes  of  an  ellipse,  and  a\  h\  con- 
jugate semi-diameters,  to  prove  that,  d being  inclined  to  a at 
an  angle  a,  and  V to  h at  an  angle  /3, 

«'2_^,'2^cos(a  + /3) 

— P cos  (a  — /3)  ‘ 


18.  To  find  the  locus  of  the  middle  points  of  the  chords 
joining  the  extremities  of  conjugate  diameters  in  an  ellipse. 
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The  equation  to  the  ellipse  being 


1 


the  required  locus  will  be  an  ellipse  defined  by  the  equation 


X 


+ - 2- 


19.  If  tangents  be  drawn  from  different  points  of  an  ellipse, 
and  of  lengths  equal  to  n times  the  conjugate  semi-diameters  at 
those  points ; to  find  the  locus  of  their  extremities. 

The  equation  to  the  ellipse  being 
2 2 

=1 

^ ’ 

the  required  locus  will  be  a concentric  ellipse  defined  by  the 
equation  ^2 

“2  + ^ = 1 + 

O)  o 


Section  VIII* 


Referred  to  Axes  'parallel  to  the  Axes  of  the  Curve, 

1.  Two  ellipses  lie  in  the  same  plane,  are  similar,  and  have 
their  major  axes  parallel.  Each  is  cut  in  four  points  by  lines 
drawn  from  its  centre  to  touch  the  other.  To  prove  that  the 
eight  points  of  intersection  lie  on  two  parallel  lines. 

Let  the  equations  to  the  two  ellipses  be 


yl 


= 1 


(1), 


{x-af 

+ V “ “ 


.(2). 


Draw  a tangent  from  (a,  /3),  the  centre  of  the  latter,  to  touch 
the  former. 
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Then,  (a?,  ^),  being  the  point  in  which  (1)  is  touched,  the 
equation 

^ (3) 


yj__ 


will  be  satisfied  when  a and  /?  are  put  for  x'  and  y' ; hence 



Combming  (4)  with  (3),  we  get 

^ {^x  - ay')  =x'  -a,  {ay'  - ^x')  ^ y'  - 


W- 


and  thence,  by  (1), 

{ay'  - px'f  = {y'  - + V {x'  - a)^ 

or,  dropping  accents, 

{ay  - = «"(?/-  PY  + &"  (03  - a)", 

the  equation  to  the  system  of  two  tangents  to  (1)  passing 
through  (a,  /3).  Combining  this  equation  with  (2)  multiplied 
by  c^l)\  we  get 

ay  — ^x  — ± mab^ 

the  equations  to  two  parallel  lines  on  which  the  four  points  of 
intersection  lie.  The  distance  of  either  from  the  centre  of  either 
of  the  ellipses  is  obviously 

mob 

In  order  to  determine  the  corresponding  system  for  the 
tangents  drawn  from  the  centre  of  the  former  to  touch  the  latter 

of  the  two  ellipses,  write  ma^  mb^  for  a,  5,  respectively,  and  — 
for  m;  when 

mab 

remains  unchanged.  The  two  systems  therefore  coincide. 


2.  To  find  the  equation  to  an  ellipse,  placed  with  its  axes 
parallel  to  the  rectangular  axes  of  coordinates,  so  as  to  touch 
the  lines 

x = 2«,  X = 2a\  y = 2^,  y = 2b' . 
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The  required  equation  is 

(x  - a-  a'Y  {y-h-  h'Y  _ 
(a  - a'Y  (6  - b'Y 


Section  IX. 

Polar  Equation.  Centre  the  Pole. 

1.  CP.,  CD.,  are  two  conjugate  semi-diameters  of  an  ellipse, 
of  which  CP  is  inclined  to  the  major  axis  at  an  angle  a ; to  find 
the  magnitude  of  CD. 

The  polar  equation  to  the  ellipse,  the  centre  being  the  pole, 
gives  cp^  (^2  ^ ^ 

Hence  CD^  = - CP^ 

_ 2 . .2 

= + 6 — — 2 ; — 5 72 ^ 

a sm  a + 6 cos  a 

_ sin^  OL  + P cos^  a 
d^  sin^  OL  cos^^  a * 


2.  If  CP,  CD,  be  two  semi-diameters  of  an  ellipse  at  right 
angles  to  each  other,  to  prove  that  the  distance  of  the  centre 
from  the  chord  PQ  is  equal  to 

ah 


Let  the  equation  to  the  ellipse  be 


1 


cos^  6 


sin'^  6 


and  that  to  the  chord  PQ 

r cos  (6  — d)  = S. 

At  the  intersection  of  these  two  lines 
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Let  Xj  be  the  angular  coordinates  of  P,  P,  re- 

spectively: then 

/cos'*  X sin^ 


cos^  (X  — a)  = 


1 • 2 /^  \ ^>2  /sin'*  X cos*'*  X\ 

and  sin'*  (X  - a)  = S'*  ( — ^ + ~~F~J  ' 

Adding  these  two  equations,  we  get 

1^ 

P 


8*'*  = 


x^.27  2 

CL  O 


«*'*  + P * 


3.  If  A be  the  elliptic  area  contained  by  two  semi-diameters 
including  an  angle  a,  and  B that  contained  between  two  semi- 
diameters at  right  angles  to  the  former,  to  prove  that 

a h\  ^ , 2 A ^ 2B 

T + - cot  a = cot  + cot  — ^ . 

0 a)  ao  ab 

The  polar  equation  to  the  ellipse,  the  centre  being  the  pole,  is 

..  /cos'*  6 sin'*  6 


+ -^  =1- 


hence  A = J'Jrd^dr  = ^ jr^dO  = i Jj 
. 7 5J  dtamO 

= hV\  ^ 

I — ij  + tan'*  6 

J tan  8'  ® 


dO 


cos*  0 sin^  e 


where  6 — 6'  = a:  or 
A 


1 7 /atan^X  , ./atan^'X) 

= iab  |tan  y- j - tan'*  , 


. , 1+75  tan  0 tan  6' 

2A  _b  V 

ah  a‘  tan  6 — tan  0’  * 


whence 
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205 


Putting  ^ + ^TT  for  and  & ^ir  for  we  have 

Ci^ 

^ 7 72  + tan  6 tan  & 

cot  — ^ ^ 

ah  a ' tan  0 — tan  & 

, ,2^  2B  h d\ 

hence  cot  + cot  — - (1  + ^1  cot  (^  — 6^ ) 

fa  h\  ^ ' 

= + « j '=“*“• 

4.  If  two  semi-diameters  of  an  ellipse  be  drawn  at  right 
angles  to  each  other,  to  prove  that,  r,  r',  denoting  their  lengths. 


Abonne : Gergonne^  Annales  de  MatMmatiques^  tom.  XVIII.  p.  369. 

5.  To  prove  that  of  all  diameters  of  an  ellipse,  the  axis 
major  is  the  greatest  and  the  axis  minor  the  least,  and  that  a 
diameter  nearer  to  the  axis  major  is  greater  than  one  more 
remote. 

Apollonius:  Conicorum^  lib.  V.  prop.  11. 

6.  If  CP  make  an  angle  6 with  the  axis  major  of  an  ellipse, 
C being  its  centre  and  P a point  in  its  circumference,  and  be 
produced  to  meet  a tangent  at  the  extremity  of  the  axis  minor, 
so  that  the  part  produced  is  equal  to  the  semi-axis  minor;  to 

prove  that  6 is  always  less  than  — ; and,  when  ^ = — , that 

8 . TT 

7.  If  (^,  r),  [6\  r ),  be  the  coordinates  of  any  two  points  in 
an  ellipse,  the  centre  being  the  pole  and  the  major  semi-axis 
the  prime  radius  vector,  to  prove  that,  2a,  2&,  being  the  axes, 

^ ^ — P)  (sin^  6 — sin^  6'). 

8.  The  two  axes  of  an  ellipse  are  6 and  4,  and,  from  its 
centre,  two  straight  lines,  including  a right  angle,  are  drawn 
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to  the  curve.  Supposing  these  lines  to  bear  to  each  other  the 
ratio  of  3 to  4,  to  find  their  actual  lengths. 

The  required  lengths  are 


15 

2V13 


and 


10 

V13* 


9.  To  find  the  locus  of  the  extremity  of  a straight  line 
drawn  from  the  centre  of  an  ellipse,  such  that  the  rectangle 
contained  by  it  and  the  diameter  perpendicular  to  it,  may  be 
equal  to  half  the  rectangle  contained  by  the  axes. 

The  equation  to  the  required  locus,  the  centre  of  the  ellipse 
being  the  pole,  will  be 

sin'^  6 cos'*  6 


Section  X. 


Polar  Equation,  Focus  the  Pole. 

1.  In  an  ellipse  HP  is  bisected  in  L\  AL  is  joined,  cutting 
BP  in  Q,  To  find  the  locus  of  Q. 

Since  BG—  HG.^  and  HL  — PL^  it  follows  that  GL  is  parallel 
to  BP,  Hence 

CL~  AG~^ 


Put 

then 


BQ^p,  lABQ^Ox 


p = (1  - e)  CZ  = i (1  - e).BP 


= 4(1-6). 


a (1  — e^) 
1 + e cos  6 


^ (1  — e)^.(l  + e).a  ^ 
1 + e cos  ^ ’ 


which  shews  that  the  locus  of  Q is  an  ellipse,  similar  to  the 
original  one. 

rrn  • • • i (1  “ il  + e)a  , V 

ihe  semi-axis  major  = ~ 2 (1  — 
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2.  The  eccentricity  of  an  ellipse  is  and,  through  the 

Y 2k 


focus,  a straight  line  is  drawn,  inclined  at  an  angle  of  45°  to 
the  axis  major,  meeting  the  ellipse  in  two  points:  to  shew 
that  the  tangents  at  these  points  meet  at  an  angle  the  tangent 
of  which  is  2. 


The  intersection  of  PT,  QT^  the  twoi  tangents,  will  take 


place  in  the  directrix  TH.  Join  8T^  which  will,  by  a known 
theorem,  be  at  right  angles  to  PQ. 

Then 

H8=AH+A8^A8{l  + '^^^a{\-e).^  = -^, 


H8 
cos  45° 

8P  = 

a{l-e^) 

1 — e cos  45° 

— a. 

SQ  = 

a(l- 

= \a. 

1 + e cos  45° 

If  lPTS  = a,  and  Z QT8  = we  shall  therefore  have 


tan  a = 


8T 


= 1, 


tan  y3  = 


1 

8T~ 


and  therefore 


tan  (a  + /3) 


= 2. 


3.  8 and  H are  the  two  foci  of  an  ellipse : from  any  point  P 
in  the  curve  a normal  PG  is  drawn  to  cut  8H  in  G.  To  prove 
that  the  projection  of  PG  upon  HP  or  8P  is  constant. 
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From  G draw  GL  at  right  angles  to  PH^  and  let  L PH 8 = 
e = the  eceentricity,  2a  = the  axis  major,  GG  — 0 being  the 

centre  of  the  ellipse. 

Then  PL  = HP-HL 

= HP  — {ae  + e^x)  cos  6 
HP-  e.HP.cos  6 
— HP  (1—6  cos  6) 

= a (1  - 6*0 

= the  semi-latus-rectum. 


The  same  proposition  is  true  also  in  relation  to  the  hyperbola 
and  parabola. 

Pag^s : Liouville^  Journal  de  Mathematiques^  tom.  II.  p.  437. 

4.  If  Qq^  be  chords  of  an  ellipse  drawn  through  one 
of  the  foci  at  right  angles  to  each  other,  to  prove  that 

JL  1 _ 2 - e" 

Pp  Qq  2a  (1  — d)  * 


5.  If  P be  any  point  in  the  periphery  of  an  ellipse,  8 and  H 
being  the  two  foci,  to  prove  that,  the  angles  P8H^  PH8^  being 
denoted  respectively  by 


tan 


1—6 

r+7* 


6.  If  an  ellipse  and  parabola  have  a common  vertex  and 
common  focus,  to  prove  that,  8p^  /SIP,  being  respectively  focal 
distances  inclined  at  a common  angle  6 to  the  axis. 


Pp  _ 1 — ^ 
8p  1 + e 


7.  A chord  is  drawn  through  the  focus  of  an  ellipse  making 
an  angle  6 with  the  major  axis,  and  tangents  are  drawn  at  the 
extremities  of  this  chord:  to  find  the  angle  contained  between 
these  two  tangents. 


POLAR  EQUATION.  FOCUS  THE  POLE. 
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If  </>  be  the  required  angle,  then 

, 2e  sin  6 
tan  © = r. 


8.  In  an  ellipse,  of  which  is  a focus,  SA  (the  least  dis- 
tance) — D^  lA8P  = 6^  and  the  eccentricity  = e;  to  prove  that, 

1 — e 1 

if  /3  = ^ , and  powers  of  ^ above  the  first  be  neglected, 

ap_ D 

cos^-|-^.(l  + ^ tdiVL^O)  * 

9.  To  find  the  locus  of  the  middle  points  of  all  focal  chords 
of  an  ellipse. 


If  C be  the  centre  and  8 the  focus  of  the  original  ellipse,  the 
required  locus  will  be  a similar  ellipse  having  >9(7  as  its  major 
axis. 


10.  Five  radii  vector es  of  an  ellipse  being  represented  by 
a,  c,  c?,  e,  and  its  parameter  by  y>,  to  prove  that 

sin  a + sin/8  + sin  7 + sin  S + sin  s 


kp 


sin  a siny8  sin  7 sin 

+ -T^+  + 


S sine 

d e 


where  a = z {&,  c)  + Z {d^  e), 

/3  = Z (c,  c?)  + Z (e,  a)j 
7 = L(d,e)+L  (a,  h)^ 

S = Z (e,  a)  + Z (5,  c), 
z — L[a^h)  4-  Z (c,  d). 

This  problem  was  proposed  for  solution  by  Gergonne,  to 
whom  it  had  been  communicated  by  Mr.  Talbot,  in  the  17  th 
volume  of  the  Annales  de  MatMmatiques^  p.  283,  and  solved, 
in  a more  general  form,  by  Lentheric,  p.  366. 


p 
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Section  XI. 


Polar  Equation.  End  of  the  Axis  Major  the  Pole, 

1.  A circle  is  described  upon  AA\  the  major  axis  of  an 
ellipse.  P is  any  point  in  this  circle:  AP,  A'P,  are  joined, 
cutting  the  ellipse  in  points  Q and  Q respectively:  to  shew 
that  AP  A'P  d‘  + P 

AQ'^  A’Q’~  V • 

The  polar  equation  to  the  ellipse,  A being  the  pole,  and  AA 
the  direction  of  the  prime  radius  vector,  is 

2 cos  d 

d‘  p 


hence 


But,  by  the  equation  to  the  circle, 

AP  — 2a  cos  6 
AP 
AQ^ 

Similarly,  — 6 taking  the  place  of 
AP 


/cos®  6 sin®  6 

+ 


V a 


Hence 


AQ 

AP 


^sin®  6 cos®  6 
A'P 


AQ^  A' Q 


d‘  + V 


2.  Through  A,  the  common  vertex  of  two  similar  ellipses 
ABB\  ADD\  the  greater  axes  of  which  are  coincident  in 
direction,  are  drawn  chords  ABD.,  AB'U : P,  P',  and  P,  P', 
are  joined:  to  prove  that  BB'  is  parallel  to  PP'. 

3.  If  CP  be  any  semi-diameter  of  an  ellipse,  and  AQO 
drawn  from  the  extremity  A of  the  major  axis  parallel  to  PP, 
and  meeting  the  curve  in  Q and  the  minor  axis  produced  in  0 : 
to  prove  that 

A0.AQ  = 2CP\ 

Herschel : Leyhourn's  Mathematical  Repository.)  New  Series., 
vol.  IV.  p.  152. 
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Section  XII. 

Polar  Equation.  End  of  the  Axis  Minor  the  Pole. 

1.  To  determine  the  longest  straight  line  which  can  be 
drawn  from  the  extremity  of  the  minor  axis  of  an  ellipse  to 
the  curve.  ' 

The  equation  to  an  ellipse,  an  end  of  the  axis  minor  being 
the  pole,  and  the  axis  minor  the  prime  radius  vector,  is 

2h  cos  6 

= 1 _e“  + e‘‘cos“6>‘ 

Our  object  is  to  find  when  r is  the  greatest,  or,  putting 

_ cos  6 
^ ~ 1 — + 6“^  cos*”^  6 ’ 

when  u is  the  greatest. 

Now  e^u  cos‘^  6 — cos  6 — — (1  — d‘)u.^ 

eu  cos  9 — i — (1  — u^. 

2eJ  4e  ^ 

From  this  it  appears  that  u can  never  be  greater  than 

j , and,  since  cos  9 cannot  be  greater  than  1,  can 

2e  (1  - ey 

be  so  great  only  when 

2iu  — 


or 


or 


2e[\-e^)^ 
e^(l  - 


If  e^  < the  value  of  u will  be  greatest  when 

1 
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is  least,  or,  since  cos  6 is  always  smaller  than 
cos  6 is  greatest,  that  is,  when  ^ = 0. 

Thus,  if  > or  = ^,  we  have,  r being  greatest. 


cos  6 = 


and,  when  < J, 


e = 0, 


T = 25. 


1 


when 


Section  XIII. 

Polar  Equation.  Point  in  the  Axis  the  Pole. 

1.  0 is  a point,  in  the  semi-axis  major  GA  of  an  ellipse, 
at  a distance  from  the  vertex  A equal  to  half  the  latus-rectum. 
P is  any  point  in  the  curve.  PO  is  joined  and  PM  is  drawn 
at  right  angles  to  GA.  To  prove  that  OA  is  less  than  OP, 
and  that 

{opy  - (OAy  oc  (AMj\ 

If  OP  — r.^  L POA  = ^,  e = the  eccentricity,  and  GA  = «, 
the  polar  equation  to  the  ellipse  will  be 

cos*'^  9 — 2ae^  (1  — e^)  r cos  9 = P — (1  — P)[l  — e^)  d\ 

This  equation  may  he  written  in  the  following  form, 

\eT  cos  9 — aeiiy  — P)Y  = P — (1  — P^.a^ ; 
and  therefore,  observing  that 

r cos  9 = OMj  a {1  — P)  — OAj 
we  see  that  e\(AMy  = ( OPJ^  - ( OAJ\ 

This  result  shews  that  OP  is  greater  than  OA. 

Apollonius : Gonicorum.^  lib.  V.  prop.  6. 

2.  In  the  semi-axis  major  GA  of  an  ellipse,  a point  0 is 
taken,  at  a distance  from  the  vertex  A greater  than  the  ratio 
of  {BGy  to  AG.  0 is  joined  to  any  point  P in  the  curve, 
and  PM  is  drawn  perpendicularly  to  GA.  To  determine  the 
least  value  of  OP,  and  the  corresponding  value  of  OM. 


POLAR  EQUATION.  POLE  ANYWHERE. 
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Let  GO  — c',  then,  when  PO  is  the  least  possible, 

PO  = - cy, 

e 

MO  = c.^^. 

Apollonius : Gonicorum^  lib.  V.  prop.  10. 

3.  In  the  semi-axis  minor  BGB'  of  an  ellipse,  a point  0 is 
taken  at  a distance  from  B equal  to  the  ratio  of  [A  GY  io  BG] 
to  prove  that  OB  is  the  greatest  distance  of  the  point  0 from 
the  curve. 

Apollonius : Gomcorum^  lib.  v.  prop.  16,  17,  18. 

4.  A point  0 is  taken  in  the  axis  minor  BGB'  of  an  ellipse, 
at  a distance  from  B greater  than  the  semi-axis  minor  BG^  hut 
less  than  the  ratio  of  [AG)‘^  to  BG.  0 is  joined  to  any  point  P 
in  the  curve : to  determine  the  magnitude  and  position  of  the 
greatest  value  of  OP. 

Let  z POB  = and  OP  = r,  GO  c.  Then  the  required 
magnitude  and  position  are  given  by  the  equations 

V eV’  e(aV  + o^)4 

Apollonius : Gomcorurrij  lib.  v.  prop.  20. 


Section  XIV. 

Polar  Equation.  Pole  anywhere. 

1.  To  prove  that  two  chords  of  an  ellipse,  which  are  not 
diameters,  cannot  bisect  each  other  in  their  point  of  intersection. 

Taking  the  point  of  intersection  of  the  chords  as  the  pole,  we 
may  write  the  equation  to  the  ellipse  in  the  form 

(p  cos  Q + h}j^  {p  sin  0 + 
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Suppose  that,  disregarding  signs,  the  two  values  of  p given 
by  this  equation  are  equal,  for  a certain  value  of  6*  then,  the 
signs  of  the  equal  values  of  p being  opposite,  we  have 


h cos  6 ^ sin  ^ 

+ = 0 


(!)• 


Suppose  the  same  thing  to  be  true  for  some  other  chord 
through  the  pole,  ^ replacing  6:  then 


h cos 

^ ~ 72 


(2). 


From  (1)  and  (2)  we  have 

sin  ^ cos  ^ = sin  ^ cos 
sin  {(j)  — 6)  = 0, 

(f)  = 6. 

This  result  shews  that  the  latter  chord  must  coincide  with 
the  former,  and  therefore  establishes  the  proposition. 

’Edv  iv  ^eWelyfret  rj  kvkXov  irepK^epela  Sdo  evOelai 
TepbvcoaLV  aWijXa'i  p,^  Bta  rov  fcivTpov  odauL'  ov  Tepvov<TLV 
aKkrf\a<i 

’AnOAAQKIOY  nEPPAIOT  Kwvikmv  to  SevTspov.  UpoTaa-i^  8'. 


2.  Through  a given  point  0,  is  drawn  a straight  line  cutting 
an  ellipse  in  two  points  P,  Q:  to  determine  the  position  of  the 
line  in  order  that  the  rectangle  OP.  0 Q may  be  a maximum  or 
minimum. 

Let  6 = the  inclination  of  the  line  to  the  axis  major : then 
the  rectangle  will  be  a maximum  if  ^ = 0,  and  a minimum  if 

^ = ^TT. 

De  la  Hire:  Sectiones  Comcce.,  lib.  vii.  prop.  31. 

3.  If  there  be  two  similar  concentric  ellipses,  similarly 
placed,  the  ratio  between  either  axis  of  the  one  to  the  corre- 
sponding axis  in  the  other  being  V2  to  1 ; to  prove  that,  if  from 
any  point  in  the  periphery  of  the  inner  ellipse,  any  right  line 
be  drawn  to  terminate  in  the  periphery  of  the  outer  ellipse,  the 


REFEREED  TO  CONJUGATE  DIAMETERS. 


215 


rectangle  under  the  segments  of  that  line,  is  equal  to  the  square 
of  that  semi-diameter  of  the  inner  ellipse,  which  is  parallel  to 
the  right  line. 

Ivory:  Leyhourn’s  Mathematical  Re^pository^  New  Series^ 
vol.  II.  p.  169. 


Section  XV. 


Referred  to  Conjugate  Diameters, 

1.  (7P,  CD,,  are  two  conjugate  semi-diameters  of  an  ellipse. 
If  PD  be  joined,  and,  through  any  point  Q of  the  curve,  be 
drawn  a line  parallel  to  PD  cutting  CP,,  CD,,  respectively  in 
P',  P',  to  prove  that 

[QPy  + [QD’Y  = [PD)\ 


Draw  Q V parallel  to  D (7,  to  cut  CP  in  V. 

Let  (7P=  a,  CD  — h,,  and  accordingly^  d 
X being  some  arbitrary  quantity, 

CP  = X«,  CD'  = \h. 

Also  let  (7F=a?,  QV=yfPD—c,  QP'—r. 

Then,  the  triangles  QVP ,,  DCP,,  being  similar. 


^ a h 

x — xa .r,  ij  =. —T\ 

c ‘ ^ c 


but,  by  the  equation  to  the  ellipse. 


hence  (\a  — -r]  + ^ = 1, 

a V c J ’ 

and  therefore  P — \cr  + - 1)  = 0. 

The  two  roots  of  this  equation,  which  is  symmetrically 

related  to  the  axes  of  x and  y,,  represent  the  lines  (gP',  QD' : but 

+ r‘^  = [r^  4-  rj  - 2rp^^  - XV  - (X^  - 1)  : 

the  proposition  is  therefore  established. 
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In  the  case  of  an  hyperbola,  we  might  prove  in  a like  way 


that 


Encontre : Gergonne^  Annales  de  Mathematiques^  tom.  iv.  p.  294. 


2.  If,  in  a given  ellipse,  he  inscribed  any  parallelogram 
HKLM^  the  sides  of  which  are 
parallel  to  conjugate  diameters ; 
and  if  an  ellipse  be  inscribed  in 
this  parallelogram,  so  as  to  touch 
its  sides  in  their  middle  points ; 
to  prove  that  this  new  ellipse 
will  also  touch  the  sides  of  a 
parallelogram  H'K'L'M\  the 
diagonals  H'L\  K'M\  of  which 
are  conjugate  diameters  of  the 
given  ellipse  parallel  to  the  sides  HK^  KL^  of  the  parallelogram 
HKLM, 

Let 

H'L  = 2a!,  K'M'  = 21’ . 

Then,  since  the  ellipse  inscribed  within  HKLM  touches  the 
sides  in  their  middle  points,  it  follows  that  the  lines  joining  their 
middle  points  are  conjugate  diameters:  hence  the  equation  to 
the  inscribed  ellipse,  GH',  GK',  being  taken  as  axes  of  coor- 
dinates, is 


Again,  the  equation  to  H'K'  is 


X 

d 


1 


(2). 


But,  since  H,  the  coordinates  of  which  are  a,  b,  lies  in  the 


The  relation  (3)  expresses  the  condition  of  tangency  between 
the  lines  (1)  and  (2).  Similarly  the  other  sides  of  ITK'L'M' 
may  be  shewn  to  be  tangents  to  tlie  inscribed  ellipse. 

Bochat : Gergonne,  Annales  de  Mathematiques,  tom.  ill.  p.  27. 
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3.  To  find  the  area  of  the  greatest  triangle  which  can  he 
inscribed  in  a given  ellipse. 

Let  PQR  be  the  greatest  triangle  which  can  he  inscribed 
in  the  ellipse.  Then  Q must  be  the 
point  in  which  a tangent  parallel 
to  PR  touches  the  ellipse,  for  Q will 
in  this  case  be  the  point  of  greatest 
perpendicular  distance  from  PR. 

Similar  remarks  hold  good  in  re- 
lation to  the  points  P,  P,  and  the 
sides  QR.,  PQ^  respectively  opposite  to  them. 

Let  G he  the  centre  of  the  ellipse;  join  PC.,  QC^  RCj  and 
produce  these  lines  to  meet  the  sides  of  the  triangle  iny>,  r. 

Then,  from  wLat  has  been  said,  it  is  clear  that  RQ  is  sl 
conjugate  chord  to  the  diameter  PC^.,  PR  to  QCq.,  and  PQ  to 
R Or.  Hence  y>,  q^  r,  are  the  middle  points  of  R RP.^  PQ ; 
and  therefore,  by  a known  property  of  triangles, 

Ct  = IPP,  Cq==\  CQ,  Op  = IPP. 

Hence,  by  the  equation  to  the  ellipse  referred  (7P,  and  its 
conjugate  CDj 

area  of  APQR  = Rr.Pr.sin  L PrR 

fiT) 

= i PP . ^ . ( - i CR^)K  sin  lDCR 
Oil 

= ^^.OB.GD.smLl)GB 

4 

= ^\/3.ab. 

Cor.  The  area  of  the  ellipse  is  equal  to  7rab : hence 
area  of  greatest  triangle  : area  of  ellipse  ::  3\/3  : 47r. 

A different  solution  of  this  problem  will  be  given  subsequently 
in  this  volume. 

4.  If  lines,  drawn  through  any  point  in  an  ellipse  to  the 
extremities  of  any  diameter  PCP\  meet  the  direction  of  its  con- 
jugate diameter  BCD'  in  points  if.  A",  to  prove  that 

CM.CN=  GD\ 


218 


ELLIPSE. 


5.  If  a series  of  parallel  chords  be  drawn 
cutting  two  similar  and  concentric  ellipses ; 
to  prove  that  the  product  of  the  part  QQ\ 
intercepted  between  the  two  curves,  and  the 
remaining  part  Q'q^  will  be  constant. 

6.  If  a parallelogram  be  described  about  an  ellipse,  its  sides 
being  parallel  to  a pair  of  conjugate  diameters,  to  prove  that 
the  portions  of  its  diagonals,  which  are  intercepted  by  the  ellipse, 
form  another  pair  of  conjugate  diameters. 


7.  From  the  ends  of  two  conjugate  diameters  of  an  ellipse 
are  drawn  lines  parallel  to  any  tangent  line : and,  from  the 
centre  (7,  is  drawn  any  line  cutting  these  lines  and  the  tangent 
in  points  r,  respectively  : to  prove  that 

{Cpf  + (CqY  ^ {Gry. 


8.  (7P,  OP,  being  any  two  conjugate  semi-diameters  of  an 
ellipse,  PD  is  joined,  a semi-diameter  CP  is  drawn  parallel 
to  PP,  and  PP  is  joined : to  find  the  area  of  the  trapezium 
GPPD. 

Eequired  area  = (V2  + 1) . • 


9.  If  two  points  be  taken  on  any  semi-diameter  of  an  ellipse, 
so  that  the  rectangle  of  the  segments  between  them  and  the 
centre  may  be  equal  to  the  square  of  the  semi-diameter ; and 
from  these  points  straight  lines  be  drawn  to  any  point  in  the 
periphery  of  the  ellipse,  meeting  it  again  in  two  other  points : 
to  prove  that  the  straight  line  joining  these  two  other  points  will 
be  parallel  to  the  tangent  at  the  vertex  of  the  diameter. 

Leybourn:  Mathematical  Repository^  New  Series^  vol.  ill.  p.31. 

10.  To  prove  that  the  tangent  to  the  interior  of  two  similar 
ellipses,  the  axes  of  which  are  coincident,  cuts  off  from  the 
exterior  curve  a constant  area. 

De  la  Hire:  Sectiones  Goniece^  lib.  vi.  prop.  17. 
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11.  A tangent  to  an  ellipse,  at  a point  P',  intersects  con- 
jugate semi-diameters  CP,  CP,  produced,  in  P,  A,  respectively  : 
CD'  is  conjugate  to  CP'.  To  prove  that 

[GD'Y  ^ HP'.  KF. 

De  la  Hire : Sectiones  Gonicce.^  lib.  V.  prop.  17. 


Section  XVI. 


Referred  to  any  two  Diameters. 

1.  If,  at  the  extremity  of  each  two  diameters  (not  conjugate) 
of  an  ellipse,  a tangent  be  drawn  meeting  the  other  diameter, 
the  line  joining  the  points  of  intersection  will  be  parallel  to  that 
joining  the  extremities  of  the  diameters. 

Let  the  equation  to  the  ellipse  be 


X y y 

T + 2 ^ 

a OL  p 0 


a,  5,  being  the  semi-diameters  taken  as  coordinate  axes. 


The  equation  to  the  tangent  at  any  point  (ic,  y)  will  be 


or 


a/5  ^ P ' ‘ 


Put  a;  = 0,  y — ^1  y = then,  x denoting  the  distance  of 
the  intersection  of  the  axis  of  x from  the  origin. 


hx  _ 


a/S 


Similarly,  y'  denoting  a like  quantity  in  relation  to  the  axis  of  y^ 

, a/3 

3/  = — • 


Hence 


X y 

~a^h^ 


an  equation  which  establishes  our  proposition. 
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2,  To  find  the  magnitude  and  position  of  the  principal 
diameters  of  an  ellipse  defined  by  the  equation 

ax^  + hy^  + 2ca??/  =f  (1), 

the  axes  of  coordinates  being  supposed  to  include  an  angle  a. 

Let  r be  the  distance  of  any  point  of  the  ellipse  from  its 
centre.  Then  ^2  _ ^2  ^xy  cos  a (2). 


At  the  extremities  of  the  principal  diameters,  r is  a maximum  or 
minimum : hence,  differentiating  the  two  equations,  and  putting 
dr  = 0,  we  obtain 

0 = xdx  + ydy  + {xdy  -f  yd’od) . cos  a, 

0 = axdx  + hydy  + {xdy  + . c. 

From  these  equations,  X being  an  arbitrary  multiplier,  we  get 
\{x  y cosa)  — ax-\-  cy^ 
and  \[y  X cosa)  —by-\-  cx. 

Multiplying  the  former  of  these  two  equations  by  a?,  and  the 
latter  by  3/,  and  adding,  we  see  that,  by  virtue  of  (1)  and  (2), 

Xri^  =/. 

Hence  ^ if  ~ = y ~ycosa), 

and  y (/—  hr^')  = x {cr^  —/‘cosa). 

Eliminating  x and  3/,  we  get 

(f—  ar^)  [f—  hr^)  — [cr^  — /cosay^ 

From  this  equation  we  shall  have  two  values  of  r^.  The 

quantities  2r',  2r",  will  be  the  lengths  of  the  principal  diameters. 
The  equations  to  these  diameters  will  be 

~ = y ~~ 

x{f—  ar”^)  = y —/cosa). 

Berard : Gergonne^  Annates  de  Maihematiques^  tom.  ill.  p.  105. 
Bret:  Gergonne^  Annates  de  Mathematiques^  tom.  V.  p.  357. 
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Section  XVII. 

Referred  to  any  Rectangular  Axes  whatever.  Reduction. 

The  equation  to  an  ellipse  referred  to  any  axes  whatever  is 
aod  + hy^  + 2cxy  + 2dx  + 2h’y  + c'  = 0, 
a,  c,  being  subject  to  the  condition 

c^  L ah. 

If  we  substitute  x + a,  y'  + /S,  for  a?,  j/,  respectively,  and,  in  the 
resulting  equation,  put  equal  to  zero  the  coefficients  of  a?',  y\  we 
shall  reduce  the  equation  to  the  form 

a^x^^  + + c/  = 0, 

the  corresponding  values  of  a,  /3,  being  the  coordinates  of  the 
centre  of  the  ellipse. 

Again,  putting,  in  the  last  equation,  the  axes  being  supposed 
to  be  rectangular, 

X — X cos  0 — y”  sin 
y'  — x'  sin 6 + y”  cos 

and  then  equating  to  zero  the  coefficient  of  xy'  in  the  resulting 
equation,  we  shall  reduce  it  to  the  simple  form 

+ Ky"^  + K = 0) 

the  corresponding  values  of  6 determining  the  positions  of  the 
principal  axes. 

1.  To  construct  the  ellipse  of  which  the  equation  is 
bsd  + 2xy  + hy^  — 12x  — 12y  = 0. 

Transform  the  origin  to  a point  a,  /3 : the  equation  will  then 
become 

5(ic'  + a)^+2(a?'  + a)  +^)  + 5 (y +/3y^-  12(a?'  + a)  -12(y+^)  = 0. 

Equating  to  zero  the  coefficients  of  x and  y\  we  have 
10a  + 2y8  — 12  = 0,  or  5a  + yS  — 6 = 0, 
and  2a  + 10/8  — 12  = 0,  or  a + 5/8  — 6 = 0. 


222 


ELLIPSE. 


From  these  two  equations  we  see  that 
a=l,  ^ = 1. 

The  equation  to  the  curve  then  becomes 

+ 2xy  + — 12  = 0. 

Again,  turning  the  axes  through  an  angle  6^  we  shall  have  for 
the  transformed  equation 

5 {x”  cosO—y"  sin^)^  + 2 [x"  cos6—y”  sin^) . (x”  sind+y”  cob 6) 

+ 5 {x"  sin  6 + y"  cos  6f  — 12  = 0. 
Equating  to  zero  the  coefficient  of  x"y'\  we  obtain 

— 10  sin^  cos^  + 2 (cos^^  — sin'^^)  + 10  sin^  cos^  = 0, 
whence  cos  20  = 0,  20  = ^^tt,  0 = Jtt. 


The  equation  to  the  curve  then  becomes 
ex”'^  + 42/""  = 12, 


The  coordinates  of  the  centre  of  the  ellipse,  referred  to  the 
original  axes,  are  therefore  1,  1 ; and  the  semi-axes  are 
the  former  being  inclined  to  the  axis  of  x at  an  angle  J tt. 

The  diagram  will  serve  to  illustrate  the  geometrical  significa- 
tion of  the  transformations 

A(7=V2,  BC=^/S,  OE=l^CE,  LxOx'^lir. 

2.  To  find  the  positions  and  magnitudes  of  the  principal  axes 
of  the  ellipse  denoted  by  the  equation 

+ 5?/"  -1-  2 V3  . £^2/  + + 10  . 3/  4 7 = 0. 
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The  coordinates  of  its  centre  are  (0,  — V3) ; and  its  semi-axes 
are  4,  1,  the  latter  of  which  is  inclined  to  the  axis  of  x at  an 
angle  I^tt. 


3.  To  find  the  positions  and  magnitudes  of  the  principal  axes 
of  the  ellipse  represented  by  the  equation 

+ 2xy  + 32/“  — IQy  + 23  = 0. 

The  coordinates  of  its  centre  are  (—  1,  3) ; and  its  semi-axes 


are 


^ , the  former  of  which  is  inclined  to  the  axis  of  x at 


an  angle  Jtt. 


4.  To  find  what  the  equation 

9^1?“  + 3?/“  — ^xy  — 6cr  — 23/  + I = 0 
becomes,  when  the  curve  is  referred  to  its  principal  axes. 
The  required  equation  is 


5.  The  equation  to  an  ellipse  being 

+ 2/“  + fl?2/  + a;  + 2/  = 1, 

to  find  the  coordinates  of  its  centre,  and  its  equation  referred  to 
its  axes. 

The  coordinates  of  its  centre  are  -h-h  and  the  required 
equation  is  3^2  _j_  ^2  _ 

Gamier:  GSomStrie  Analytique^  p.  117. 

6.  To  find  the  equation  to  the  ellipse 

2cc“  + 2/^  — 2xy  — 2ir  = 0 
when  referred  to  its  axes. 

The  required  equation  is 

(3  - V5)  + (3  + V5)  f = 2. 

Gamier  ; Geometrie  Analytique^  p.  129. 
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Section  XVIII. 

Linear  Equation, 

1.  If  r,  p,  be  the  distances  of  the  two  foci  of  an  ellipse  from 

a point  P in  the  curve  ; and  r\  p\  from  a point  D in  the  curve  ; 
P and  D being  the  extremities  of  conjugate  diameters ; to  prove 
that  rp  + r’p’  = d^  + l\ 

Let  a cos  6 be  the  abscissa  of  P : then  we  know  that  — a sin  0 
will  be  that  of  D ; hence 

r — a[\  — e cos^),  p = a(l  + e cos^), 
whence  rp  = c^{\  — cos‘‘^^). 

Similarly,  — sin^  now  occupying  the  place  of  cos^, 
rp  = a^  {1  — sih'^^). 

Hence  rp  + rp'  = a^  + a^  [I  — e^) 

= + P. 

Brassine : Liouville,^  Journal  de  MatMmatiques,^  Avril,  1842. 

2.  If  in  an  ellipse  there  be  taken  three  abscissse  in  arith- 
metical progression  along  the  major  axis,  the  radii  vectores, 
drawn  from  one  focus  to  the  extremities  of  the  corresponding 
ordinates,  will  also  be  in  arithmetical  progression. 

3.  To  prove  that,  P and  D being  the  extremities  of  any  two 
conjugate  diameters  in  an  ellipse, 

{8P-  ACy  + [8D  - A cy==  8G\ 


Section  XIX. 

Intersections  of  Ellipses. 

1.  If  two  ellipses,  so  placed  in  a plane  that  two  conjugate 
diameters  of  the  one  are  parallel  to  two  conjugate  diameters  of 
the  other,  intersect  each  other  in  four  points ; these  four  points 
will  lie  in  a third  ellipse,  the  equal  conjugate  diameters  of  which 
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shall  be  parallel  respectively  to  the  said  conjugate  diameters  in 
the  two  former  ellipses. 

Let  the  axes  of  coordinates  be  taken  parallel  to  the  parallel 
conjugate  diameters  of  the  two  proposed  ellipses.  Their  equa- 
tions will  be 

ax^  -f  hy^  -!-  2ax  + ^h'y  H-  c = 0, 

Oix^  + + 2a'a?  + 2/3'y  + y = 0. 

Multiplying  these  two  equations  by  r and  p,  and  adding,  we  get 


[ra-\-pOL)x^-{-  {rh-\-p^)  2 {ra-\- pa!)  cr+  2 {rh'-\-p^')  3/  +rc+p7  = 0, 

the  equation  to  an  ellipse  in  which  the  two  proposed  ellipses 
intersect. 

Putting  ra  pa  = rh  + py8, 


we  have 


r _ l3  — a ^ 
p a — h' 


if  therefore  this  value  be  given  to  the  ratio  the  coefficients 


of  ^ and  y^  in  the  equation  to  this  third  ellipse  will  be  equal, 
and  consequently  its  two  equal  conjugate  diameters  will  be 
parallel  to  the  coordinate  axes. 

Par  un  Abonne  : Gergonne^  Annates  de  MatTiematiqueSy 


tom.  V.  p.  88. 


2.  Two  ellipses,  of  equal  eccentricity  and  of  which  the  major 
axes  are  parallel,  can  have  only  two  points  in  common.  To 
prove  this,  and  to  shew  that,  if  three  such  ellipses  intersect  two 
and  two  in  the  points  A and  A\  B and  G and  O',  respec- 
tively, the  lines  AA'^  BB\  00',  intersect  in  one  point. 

The  equations  to  two  such  ellipses,  referred  to  axes  of  co- 
ordinates parallel  to  the  principal  axes,  will  be 


- «)'  , (y  - , 

Vi 

a 0 


(1), 


, (y-^T  _ 1 

<9  ' 7 r2 


(2), 


Q 
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and,  e denoting  the  eccentricity  of  either, 


From  (1),  (2),  (3),  we  have 

(1  _ + (3/  _ = 5^ (4), 

[l-i){x-o:Y+[y-Pr^h'^ (5). 

Subtracting  (5)  from  (4), 

(1_ {2  (a'-a)  ^ -{a"-a‘0}  + 2 (^'-/3)  y- (/3"-/3‘^)  = 

from  which  equation  it  appears  that  all  points  of  intersection  of 
(4)  and  (5)  lie  in  a straight  line ; and,  since  a straight  line  can 
cut  an  ellipse  in  only  two  points,  the  former  part  of  the  proposi- 
tion is  established. 

Let  the  equation  to  the  third  ellipse  be 

(1  _ e^)  + (^  _ = y-  (7). 

The  equations  to  the  lines  AA\  BB\  GC\  will  be  (6),  (8),  (9), 

(1  — e‘^)  {2 (a"  — a!)  X — {a"^  — a^)} 

+ 2(/3"  -^')y-  (r  - n = ...  (8), 

{l-i)  {2(a-aV-(a'-0} 

+ 2(y8  - /3")  y - = h"^  - W ...  (9). 

Adding  together  the  equations  (6),  (8),  (9),  we  obtain  an  identical 
equation.  This  shews  that  the  three  lines  AA ^ BB\  CC\  inter- 
sect each  other  in  a single  point. 

3.  Two  equal  similar  ellipses,  which  have  the  same  centre, 
have  their  axes  inclined  at  a given  angle  : to  find  the  angle 
between  the  curves  where  they  intersect. 

Let  0 be  the  common  centre  of  the  two  ellipses,  E their 
point  of  intersection,  ET  the  tangent  to  one  of  the  ellipses  at  E^ 
meeting  its  major  axis,  produced,  in  T.  Let  GE  be  produced 
indefinitely  to  N. 

Let  a = the  inclination  of  the  axes  of  the  ellipses ; then  it  is 
evident  that  lEGT  = Ja  or  ^(tt  — a).  Let  lETG  = 6.  Then 
the  angle  between  the  curves  at  E^  being  evidently  double  the 
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angle  NET^  is  equal  to 

2(-2  0t‘4"^)  = ot“)~2  tan 


Vtaniay  ’ 


or 


tan'^  (- — ~ I . 
Vcot  fa/  _ 


4.  To  find  the  coordinates  of  the  points  of  intersection  of 
the  two  ellipses 

-I  I 

2 4 72  — -^7  72  "I  2 

a b ^ b a ^ 

and  to  determine  the  tangent  of  their  inclination  to  each  other 
at  these  points. 

If  6 be  the  required  angle,  and  the  coordinates  of  the 
required  points, 

= yi 


X — + 


and 


tan^  = 


(a^  + h^f 
- E 


5.  There  are  any  number  of  ellipses  having  a common  centre 
and  their  major  axes  in  the  same  position.  To  prove  that,  if  all 
the  ellipses  be  twisted  about  their  common  centre  through  the 
same  angle  Q in  the  same  direction,  the  locus  of  the  intersection 
of  each  ellipse  with  its  original  position,  is  two  straight  lines 
defined  by  the  equations 

y = X tan  ^ y = — x cot  ^ 6. 

6.  If  a quadrilateral  be  inscribed  in  two  ellipses,  which  cut 
each  other  in  four  points,  and  of  which  the  major  axes  are 
parallel  or  perpendicular  to  one  another : to  prove  that  any  two 
of  its  opposite  angles  are  together  equal  to  two  right  angles. 

7.  Two  concentric  ellipses,  which  have  their  axes  in  the 
same  directions,  intersect,  and  four  common  tangents  are  drawn 
so  as  to  form  a rhombus,  and  the  points  of  intersection  of  the 
ellipses  are  joined  so  as  to  form  a rectangle : to  prove  that  the 
product  of  the  areas  of  the  rhombus  and  rectangle  is  equal  to 
half  the  continued  product  of  the  four  axes. 

Q 2 
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Section  XX. 

Polar  Equation  to  the  Tangent. 

1.  If  two  straight  lines  be  drawn  at  right  angles  to  one 
another  through  the  focus  of  an  ellipse,  and  tangents  to  the 
ellipse  be  drawn  at  their  extremities;  to  find  the  equation  to 
the  locus  of  the  intersection  of  these  tangents. 

The  equation  to  one  of  the  tangents  being 

a[\  — e^) 
r 


cos  (a  — ^)  + e cos 


or 


cos  (a  — ^)  = — — e cos^ 


(1)^ 


that  to  the  corresponding  tangent  will  be,  a being  written 

for  a, 

— sin  (a  — 6)  = — — e cob  6 (2). 


Squaring  and  then  adding  (1)  and  (2),  we  get,  for  the  equation 
to  the  required  locus. 


1 = 2 


a[\  — e 


2^^  2 


+ 2e^  co^6  — 46 
a[l  — 6^' 


ail  — ^ 


— e cos  6\ , 


ail-^)  1 . 

= ± — + 6 cos^, 

T V2 


^V2(l  - e^) 


± 1 + 6 \/2  cos^. 


cos  6. 


the  equation  to  an  ellipse,  parabola,  or  hyperbola,  as  e^  is  less 
than,  equal  to,  or  greater  than 


2.  If  tangents  be  drawn,  from  any  point  without  an  ellipse, 
to  the  curve : to  prove  that  their  lengths  are  inversely  as  the 


* This  equation,  to  the  tangent  of  an  ellipse  is  given  by  Mr.  Davies, 
in  the  Philosophical  Magazine  for  1842,  p.  192. 
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sines  of  the  angles  which  they  make  with  the  lines  drawn  from 
their  points  of  contact  to  either  focus. 

Let  T be  the  point  of  concourse  of  the  two  tangents,  P,  P\ 
their  points  of  contact.  Then,  8 being  the  focus,  and  C8A  the 
semi-axis  major,  let  — 

PP=p,  P'T=^p\  8T=r, 

/.AST^e,  lP8A  = ol,  LF8A  = a\ 


Then,  the  polar  equations  to  the  tangents  give  us,  at  the 
common  point  P,  the  relation 

6?  fl  6^) 

e cobO  + cos(^  — a)  = — = e cob6  + cos(^  — a). 


whence 
and  therefore 

Hence 


0 — oi  = — 6 + ^ = -|(a  + a ), 

LP8T=i{a-a')  = LP'ST. 


r sin'k 


and  therefore 


sin  'k' 


sin'k' 


p'  sin'k 


3.  To  find  the  locus  of  the  point  P,  in  which  the  radius 
vector  8P  of  an  ellipse  cuts  the  diameter  conjugate  to  the 
semi-diameter  CP. 

The  equation  to  the  ellipse  being 

^ a(l-e^) 

^ I + e cos  6 ’ 

the  equations  to  8P  and  to  the  tangent  at  P will  be  respectively 
of  the  forms  q _ qj 

^ - ^ = cos(^  — a)  + e cos^ (2). 
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The  equation  to  the  diameter  conjugate  to  OP,  which  passes 
through  the  point  (ae,  tt),  and  is  parallel  to  (2),  is 

— (e  + cosa)  . — = cos(^  — a)  + e cos^ (3). 


At  the  intersection  of  (1)  and  (3),  there  is 


or 


— (e  + cos  6)  . — = 1 e cos  6^ 


r a — 


a (1  — e^) 

1 + e cos^  ’ 


the  equation  to  the  required  locus. 


4.  The  tangent,  at  any  point  P of  an  ellipse,  cuts  the  major 
axis,  produced,  in  T:  8 h the  focus.  To  prove  that 

cos  8FT  = e cos  P TP. 


5.  From  a point  0,  two  tangents  OP.,  OP'.,  are  drawn  to  an 
ellipse,  P being  nearer  to  an  end  of  the  axis  major  than  P is : 
to  prove  that  OP  is  greater  than  OP. 

De  la  Hire : Sectiones  Conicce.,  lib.  vii.  prop.  44. 

6.  To  find  the  locus  of  the  intersection  of  two  tangents  at 
points  P,  P',  of  an  ellipse,  such  that,  8 being  one  of  the  foci,  the 
sum  of  the  inclinations  of  PP,  /SP',  to  the  major  axis  may  be 
invariable. 

Take  8A  as  the  prime  radius  vector,  A being  the  extremity 
of  the  major  axis  nearest  to  8 ; then,  putting 

zAPP-f  lA8F  =^2^, 

the  locus  of  the  intersection  will  be  a straight  line  defined  by 
the  equation  0 = (3. 
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Section  XXI. 


Polar  Equation  to  a Chord. 


1.  P8p  is  any  focal  chord  of  an  ellipse,  A the  extremity  of 
the  axis  major  ; meet  the  directrix  in  two  points  q : 

to  prove  that  l.Q8q  is  a right  angle. 

If  a — a + he  the  angular  coordinates  of  the  extremities 
of  any  chord,  the  focus  being  the  pole  and  the  prime  radius 
vector  coinciding  with  the  major  axis,  the  equation  to  the  chord 
will  be 


c 

r 


= sec/3  . cos(^  — a)  + e cos^. 


c denoting  a (1  — d). 

Let  27  be  the  angular  coordinate  of  P,  then,  0 being  that 
of  we  have  a-y8  = 0,  a+/S  = 27, 
and  therefore  a — ^ 

Hence  the  equation  to  AP  is 

- — sec7 . cos(^  — 7)  4-  e cos0 (1). 

Again,  the  angular  coordinates  of  X,  7?,  being 

a — /3  = 0,  a + /3  = — (tt  — 27), 
we  have  a = — (^tt  — 7)  = /3. 

Hence  the  equation  to  Ap  is 
c 

— cosec7  . sin(^  — 7)  + 6 cos^ (2). 


Again,  the  equation  to  the  directrix  is 

a ^ 
r COSC7  = - 

e 


(3). 


At  Q,  the  intersection  of  (1)  and  (3),  we  have 

e cos^  = sec7  cos(^  — 7)  + e cos^, 
and  therefore  cos  (^  — 7)  = 0, 

0 - 7 = - ^TT,  ^ = - (Jw  - 7), 
or  lASQ  = Itt  — 7. 
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Again,  at  the  intersection  of  (2)  and  (3), 

0 = sin  (^  — 7), 

6>  - 7 = 0,  = 7, 

or  Z ASq  — 7. 

Hence  /.QSq  = lASQ  A- LASq^ 

= i-TT. 

2.  P8Q^  PSQ'j  are  any  two  focal  chords  of  an  ellipse:  to 
find  the  locus  of  the  intersection  of  the  chords  PP',  QQ. 

The  required  locus  is  the  directrix  nearest  to  S. 


Section  XXII. 


Polar  Equation  to  the  Normal. 

1.  To  deduce  the  polar  equation  to  the  normal  of  an  ellipse 
from  that  to  the  tangent,  the  focus  being  the  pole. 

Let  the  polar  equation  to  the  normal  be 

r (A  cos  ^ + P sin  0)  + (7  = 0. 

Let  a be  the  angular  coordinate  of  the  point  of  contact  of  the 
corresponding  tangent.  Then,  c denoting  a (1  — e^), 

0 

(A  cosa  + P sina)  + 0—0, 

1 + e cosa  ' ^ 


and  therefore 
A ( r cos  0 — 


c cosa 


1 + e cosa 


+ P ( r sin  ^ — 


c sma 
1 + e cos 


Since  this  line  is  perpendicular  to  the  tangent,  which  is  defined 
by  the  equation 

- = e cos6  + cosf^  — a) 
r 

= (e  + cosa)  cos 6 + sina  sin^, 
we  must  have  the  relation 


A sin  a 
B e + cosa 
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and  therefore  (1)  becomes 


sin  a . [r  cos  6 — 


c cos  a \ 


1+6  COStt; 


6 Sin  a 


= (6  + cosa) . r sin^  — , 

/ ^ ^ V 1 + 6 cos  a/  ’ 


66  Sin  a 


or 


or 


r 1(6  + cosa)  sin ^ — sina  cos — , 

^ •*  l+6cosa.’ 

6 1 + 6 COS  a 


.{e  sin  6 + sin  [6  — a)}, 


r 6 sin  a 
which  is  the  required  equation  to  the  normal. 

2.  If  the  normal  through  any  point  P in  an  ellipse  cuts  the 
major  axis  in  (r,  to  prove  that,  8 being  the  focus, 

80  = e.8P. 


Section  XXIII. 
Poles  and  Polars. 


1.  There  are  two  ellipses  the  axes  of  which  are  in  the  same 
straight  lines.  To  find  the  locus  of  a pole  of  the  exterior  ellipse 
the  corresponding  polar  of  which  is  always  a tangent  to  the 
interior. 


Let  a,  Z>,  be  the  semi-axes  of  the  interior,  and  a,  /9,  of  the 
exterior  ellipse.  Let  the  coordinates  of  the  pole  be  and 

let  a?',  y\  be  those  of  the  point  in  which  its  polar  touches  the 
interior  ellipse. 

Then,  the  axes  of  the  ellipses  being  taken  as  axes  of  coor- 
dinates, the  equation  to  the  polar  will  be 


a^ 


,(1); 


but,  since  it  is  a tangent  to  the  interior  ellipse,  its  equation  will 
also  be 

• if  JmM  / 1 1 t § 

(2). 


^ 3^  _ 

^ W ~ 


Since  the  equations  (1)  and  (2)  must  be  identical,  we  have 


, a 

X = — X, 


and  y ==  -^y^: 


hence,  by  the  equation 


'2  '2 
+ V‘  ' 
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we  have 


ax^  hy^  _ 


for  the  equation  to  the  locus  of  the  pole ; which  is  therefore  a 
similarly  situated  ellipse  with  semi-axes  — , . 


2.  To  find  the  locus  of  a pole  in  relation  to  a given  ellipse, 
the  part  of  the  polar  which  is  intercepted  by  the  ellipse  being 
of  a constant  length. 

If  the  equation  to  the  ellipse  be 


and  2c  be  the  length  of  the  intercepted  portion  of  the  polar,  the 
equation  to  the  required  locus  will  be 


}M\ 
d'‘  ) * 


3.  The  polar  corresponding  to  a pole  P,  relatively  to  a given 
ellipse,  intersects  the  ellipse  in  points  E and  F : to  find  the  locus 
of  P,  supposing  the  area  of  the  triangle  EPF  to  be  constant. 

The  equation  to  the  ellipse  being 


and  denoting  the  constant  area,  the  locus  of  P will  be  an 
ellipse  defined  by  the  equation 


eL  K . ^ _ iV 


Section  XXIV. 

Inscribed  and  Circumscribed  Polygons. 

1.  To  find  the  locus  of  the  foci  of  all  ellipses,  described  with 
their  major  axes  parallel  to  the  base  of  an  isosceles  triangle,  and 
touching  its  three  sides. 
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Let  HKT  be  the  isosceles  triangle.  Let  AC^  BG^  be  semi- 


axes  of  one  of  the  inscribed  ellipses,  S a focus.  Draw  SM  at 
right  angles  to  BH.  From  any  point  in  TH^  draw  QN 
at  right  angles  to  TB. 

Let  /.  HTB  = tan“^  0.  = L KTB ; BM  = cr,  8M  = ON  = x\ 
QN=  y\  CA  = a,  CB=  b,  BT=  c. 

Then,  JS"  being  a tangent  to  the  ellipse, 

y + ax  = [d^W  + 

When  X — — h^  we  see  that  y'  — ac:  hence 
a[c-h)  = [(dW  + a^)K 
But  X — [d^  — y = 

hence  — od  + = x^  + y^ 

and  therefore,  for  the  equation  to  the  required  locus,  we  get 

“ (« - 2/)  = {«y + «' + /)*, 

or  oi^d  — 2o^cy  — x^  + y^^ 

which  is  the  equation  to  a circle. 

2.  To  determine  the  ellipse  of  greatest  area  which  can  be 
inscribed  in  a given  triangle. 

Let  two  of  the  sides  of  the  triangle  be  taken  as  coordinate 
axes.  Then  the  equations  to  the  three  sides  will  be  of  the  forms 
X = 0^  y = 0^  ax  by  = !• 
and  the  equation  to  the  ellipse  will  be 

(ax)^  + {^yf  + {ax  + by  — 1)^  = 0, 
where  a and  /3  are  arbitrary  constants. 
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Clearing  the  equation  to  the  ellipse  of  radical  indices  we 
shall  get 

(a  — a)'^  of  + (/3'  — + 2 {(a  — a)  (/3  — &)  — 2a/3)  xy 

+ 2 (a  — a)  a?  + 2 (/3  — Z>)  3/  + 1 = 0. 


The  coordinates  of  the  centre  of  this  ellipse  will  be 


hoL  — ah 


h = 


(g  — g) 

ha  — ah 


and  the  equation  to  the  ellipse,  referred  to  the  centre  as  origin, 
will  he 

(a-a)“a:'“+  ifi- hfy'^  + 2 {(a - a)0 - J) - 2a^} xy'  = • 

Let  CO  be  the  angle  between  the  coordinate  axes:  then,  A 
denoting  the  area  of  the  ellipse,  we  have,  the  axes  being 
determined  as  in  prob.  2,  Section  xvi., 

[ab-a^-ba)' 

In  order  that  A may  be  a maximum,  we  must  have 
3 log  \ah  — a/3  — ha)  — log  a — log  = minimum : 
hence,  differentiating  with  regard  to  a,  we  get 

3h 


^ + ha  — ah  a 
2ha  — a^  + ah  = 0. 


Similarly,  by  differentiating  with  regard  to 
2a^  — ha  + ah  = 0. 

From  these  two  equations  we  have 

g = — g,  0 ==  — h. 

Hence  the  equation  to  the  ellipse  becomes 

a^x^  + h^y^  + ahxy  — ax  — hy  ^ — Oj 
or  {ax  - ■!)"  4 (hy  - 4 ahxy  = J, 


or 


(ax  - + (by  - if  + (ax  - i)  (by  - J)  = yV 
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Also 


ah  sin"*  m 


TT^  sin^  ft) 
108  ’ 


A- 


TT  Sin  ft) 


Qi\l2i.ah 

Supposing /and  g to  represent  the  intercepts  of  the  line 
ax  + hy=l,  ^ 

on  the  coordinate  axes,  the  equation  to  the  ellipse  is 

* _ iV  + _ 

/ V W 


X y , 


or 


and 


_ 1 
3 


+ 


y 


+ (j.H 

irfg  sin  ft) 
6/3 


y 


3 — m 


Cor.  1.  From  the  two  forms  of  the  equations  to  the  ellipse, 
it  is  evident  that  it  touches  the  sides  of  the  triangle  at  their 
middle  points,  and  that  its  centre  is  coincident  with  the  centre 
of  gravity  of  the  triangle. 

Cor.  2.  Let  B denote  the  area  of  the  triangle.  Then 
B = \fg  sin  to. 

Hence  A \ B \ \ ir  \ 3/3. 

B^rard : Gergonnej  Annales  de  Mathematiques^  tom.  IV.  p.  284. 


3.  Among  all  quadrilaterals  inscribed  in  an  ellipse,  to  de- 
termine that  which  contains  the  greatest  area. 

Let  the  equation  to  the  ellipse  be 


and  let  the  angular  points  of  the  quadrilateral  be  {x^^ 

(^3)  y^i  (^4)  y^*  Then,  u denoting  the  area  of  the  quadrilateral, 


2u  = x^y^  - x^y^  + x^y^^  - x^y^  + x^y^  - x^y^  + x^y^  - x^y^, 
2 2 ^2  ,,  2 _2  ,.2 

V 


a 


4.^-1 

“T  yi  — ^2  7,2  “ ’ 


a 


^4-^-1 

.2  yz  - h 


a 


^4_^_  1 

i-  ^2  - 1- 


a 
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In  order  that  may  be  a maximum,  we  have,  differentiating 
these  last  four  equations,  putting  du  = 0,  and  using  the  method 
of  indeterminate  multipliers, 

-^  + 2/4  - 2/^  = 0)  - ®4  + *2  = 0, 


Hence  we  have 

(a;^  -*,)  = - |i  (2/4  - (1), 

^2  (a;,  -*,)  = - p (y,  - 2/s)  (2), 

- a;.)  = - |M2/2  - 2/4)  (3), 

^2  K - *1)  = - p (^3  - 2/1)  W- 


From  (1)  and  (3),  we  have 

^3  

and  from  (2)  and  (4), 

^4  ^2 

Also,  from  (1)  and  (2), 

^ (a;4a;4  - x^x^)  = - p [y^y^  - y^y^. 


From  the  last  three  equations  we  see  that 

1 , , 1 / X.  ^o\ 

-2  Ka,4-*sa.s)  = -j.  2/42/2(5^--;], 

and  therefore  i (7). 

The  equations  (5)  and  (6)  shew  that  the  diagonals  of  the 
quadrilateral  are  diameters  of  the  ellipse,  and  (7)  shews  that 
they  are  conjugate  diameters. 

Durrande  : Gergonne^  Annales  de  Mathematiques^  tom.  xil.  p.  223. 
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4.  If  any  hexagon  be  circnmscribed  about  an  ellipse,  the 
three  diagonals,  joining  opposite  angles,  will  all  pass  through 
one  point. 


The  equation  to  the  tangent  of  an  ellipse  is 


XX  yy 


= 1 


(1), 


X and  y being  connected  by  the  equation 


-+^  = 1 
2 ' 7 2 

a 0 


(2). 


Equation  (2)  is  equivalent  to  the  following  system  of  equations 


X y , ^ 

- + f V-  1 

a o 


X y 


V-1 


ah  a, 

being  an  arbitrary  quantity : hence 


X 


(^1  + - ) j 


y = 


2V-  1 


1 

a, 


hence,  the  equation  (1)  becomes 

£ y + (“■  “ y = 

Put  a — hsj—  ^ — d \ and  the  equation  to  the  tangent, 
which  we  will  suppose  to  be  one  of  the  sides  of  the  hexagon, 
assumes  the  form 


X 

2a' 


(3). 


The  equation  to  the  next  side  of  the  hexagon  will  be,  in  like 
manner,  of  the  form 


X 

2a' 


= 1 w- 


At  the  intersection  of  (3)  and  (4),  ^7  3/1,27  being  the  coor- 

dinates of  the  corresponding  angle  of  the  hexagon,  we  shall  get. 
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by  the  combination  of  the  equations, 


^1,2  = « 


, 1 + 
a,  + a. 


y.,.  = V 


1 - «!«, 
«,  + «2  ' 


The  equation  to  the  diagonal,  through  the  angular  points 
2/1,2))  K,5)  2/4.5))  l>e 

* (2/4.5  - 2/1,2)  - y (3^4,5  - a'’l.2)  = «'l.2y4,5  - *4,52/1,2  1 

or,  substituting  for  the  coordinates  of  the  angular  points  their 
values 


Vx  {(a,  - aj  (1  + + (a^  - a,)  (1  + a,aj)  - dy  {(a,  - aj  (1  - a,a,) 

+ («2  - “5)  (1  - “A)}  = 2«'6'  (a, a,  - (5). 

By  similarity,  it  is  evident  that  the  equation  to  the  diagonal, 
through  (a:,  3,  y^^^,  will  he 

Vx  {(a^  - a^)  (1  + d^a.^  + (*3  - a^)  (1  + a^a,)}  - dy  {(a^  - a.^  (1  - d^a.^ 

+ («3  - “e)  (1  - “2“5)1  = (a^a^  - a.Ke) (6)- 

At  the  intersection  of  these  two  diagonals,  multiplying  (5) 
by  ag  — ttg,  (6)  by  — a^,  adding  the  latter  of  the  resulting 
equations  to  the  former,  and  dividing  the  final  equation  by 
ttg  — ttg,  we  shall  thus  get 

Vx  {(a, - d^  {1  + a^a,)  + (a^  - aJ  (1  + a3a3))  - dy  {(a,  - d^  (1  - a^) 

+ («4  - “i)  (1  - “s^e)}  = (“s®!  - Vi) (^)- 

But,  by  symmetry,  we  know  that  (7)  is  the  equation  to  the 
third  diagonal:  hence  the  diagonals  (5),  (6),  intersect  in  (7). 

Cambridge  Mathematical  Journal^  vol.  iv.  p.  165. 


5.  To  find  the  axes  of  the  least  ellipse  which  can  be  cir- 
cumscribed about  a given  rectangle. 

If  2/,  2^,  be  the  sides  of  the  rectangle,  and  2a,  25,  the 
axes  of  the  ellipse, 

« =/V2,  h = ^V2. 

Euler:  Acta  Academice  Petropolita^ice^  pro  anno  11^0^  pars 
posterior^  p.  3. 
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6.  To  find  the  ratio  of  the  side  of  an  equilateral  hexagon 
inscribed  in  an  ellipse,  with  two  sides  parallel  to  the  major  axis, 
to  the  side  of  an  equilateral  hexagon  inscribed  in  a circle  of 
which  the  axis  major  is  a diameter. 

If  e be  the  eccentricity  of  the  ellipse,  the  required  ratio  is 
equal  to  4 _ 2e‘‘ 

^ • E 

4 — 6 

7.  To  determine  the  ellipse  of  least  area  which  can  be  cir- 
cumscribed about  a given  triangle. 

If  two  of  the  sides  be  taken  as  axes  of  coordinates,  and  /, 
be  the  intercepts  of  these  axes  made  by  the  third  side,  the 
equation  to  the  ellipse  will  be 


The  centre  of  this  ellipse  coincides  with  the  centre  of  gravity 
of  the  area  of  the  triangle,  and  its  tangents  at  the  three  angles 
are  respectively  parallel  to  the  opposite  sides.  Moreover  the 
area  of  the  ellipse  is  to  that  of  the  triangle  as  Itt  : 3V3. 

Euler : Nova  Acta  PetropoUtana^  tom.  ix.  p.  146. 

Gergonne : Annales  de  MatMmatiques^  tom.  iv.  p.  288. 

Gregory : Examples  in  the  Differential  and  Integral  Calculus^ 
p.  123,  2"^  edition, 

8.  If  one  triangle  be  inscribed  within  another,  so  that  their 
sides  are  parallel  each  to  each,  a single  ellipse  will  be,  at  the 
same  time,  the  greatest  which  can  be  inscribed  in  the  greater 
triangle  and  the  least  which  can  be  circumscribed  about  the 
smaller  triangle. 

Gergonne:  Annales  de  Mathematigues^  tom.  iv.  p.  291. 

9.  To  prove  that,  in  every  parallelogram  circumscribed 
about  an  ellipse,  the  diagonals  intersect  each  other  in  the 
centre  of  the  ellipse  and  are  in  the  directions  of  two  conjugate 
diameters. 

Ferriot : Gergonne,,  Annales  de  Mathematiques,,  tom.  XYI.  p.  373. 

E 
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10.  To  find  the  ellipse  of  least  area  which  can  be  circum- 
scribed about  a given  quadrilateral. 


Let  the  diagonals  be  taken  as  axes  of  coordinates:  then 
(a,  0),  (—  a,  0),  (0,  yS),  (0,  — /9'),  being  the  four  angular  points 
of  the  quadrilateral,  the  equation  to  the  ellipse  will  be 


X 

OLOL 


7 + 2cxy  + + — , (a'  - a)  + ^ (/S'  - ^)  = 1. 


X 


y 


OLOL 


The  equation  to  the  ellipse  will  therefore  be  of  the  form 
ax^  + ^cxy  4-  2dx  + 2h'y  -f  c'  = 0, 

where  c is  the  only  unknown  parameter. 

The  determination  of  c will  depend  upon  the  solution  of  the 
cubic  equation 

cd  — -1-  {^d^h  + — dbd)  c — ^dbdV  — 0. 

Euler:  Nova  Acta  Academim  Petropolitanm^  tom.  IX.  p.  132. 


11.  The  straight  lines  which  bisect  the  angles  of  a triangle, 
meet  the  opposite  sides  in  the  points  P,  R:  to  prove  that 
an  ellipse  may  be  inscribed  in  the  triangle  such  as  to  touch 
the  sides  in  P,  R. 


Section  XXV. 


Elliptic  LocL 

1.  From  P,  a point  in  an  ellipse,  lines  are  drawn  to  A^  A ^ 
the  extremities  of  the  major  axis,  and  from  A^  A,  lines  are 
drawn  perpendicular  to  AR^  AP:  to  find  the  locus  of  the 
intersection  of  these  lines. 


The  equation  to  the  ellipse  being 


X 

^ ^ v 
a o 


Vl  — -^7 


and  x^^  y,^  being  the  coordinates  of  P,  the  equation  to  AP  will 

y,  ! \ 

y = — — — [x  — a), 

^ x.-a^ 
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and  the  equation  to  the  perpendicular  through  A will  accordingly 

a - X , . /.X 

y-  (^-«) (1)' 

i7  / 

Similarly,  — a replacing  a,  the  equation  to  the'^ther  per- 
pendicular will  be 

y — ^ (x  + a)  (2). 

y, 


At  the  intersection  of  (1)  and  (2), 


y = 


y: 


[x^  — d^) 


or 


x^  _ d^ 

^ ^ ~ P ’ 


the  equation  to  the  required  locus,  which  is  therefore  a concen- 
trie  and  similarly  placed  ellipse  of  whidi  the  semi-axes  are  a,  . 


2.  If  all  the  ordinates  of  a circle^  referred  originally  to 
rectangular  coordinates,  be  moved  through  a given  angle,  the 
abscissa  and  magnitude  of  each  ordinate  remaining  the  same ; 
to  find  the  locus  of  the  extremities  of  the  ordinates,  the  origin 
of  coordinates  being  the  centre. 

If  c denote  the  radius  of  the  circle,  the  equation  to  the 
required  locus,  referred  to  the  original  axis  of  x and  to  an  axis 
of  parallel  to  the  new  ordinates,  is  evidently 

cd  4-  y^  = 

which  represents  an  ellipse  referred  to  its  two  equal  conjugate 
diameters  as  axes. 

Let  a,  Z>,  denote  tke  semi-axes  of  the  ellipse,  and  0\  the 
inclinations  of  the  axes  of  a?,  y,  respectively,  to  the  direction 
of  a. 

Then,  co  denoting  the  angle  between  the  two  new  axes, 
ah  = d sin 


R 2 
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which  equations  are  obviously  satisfied  by 

a = c\/2  cos-|-ft),  5 = o\/2  sin^  ft). 

W 

Also  tan  ^.tan  (ft)  + ^)  = — ^ = - tan'^^co, 

and  therefore  ^ = — ^ct),  6'  = co  + 6 = ^co. 

We  have  thus  ascertained  the  magnitudes  and  positions  of 
the  axes  of  the  ellipse. 

3.  A straight  line  of  given  length  2c  is  made  to  move  so  that 
its  ends  lie  always  in  two  other  given  straight  lines  including  an 
angle  a : to  find  the  locus  of  its  middle  point. 

Let  the  two  given  lines  be  taken  as  axes  of  coordinates. 
Let  the  intercepts  of  the  moveable  line  on  these  axes,  in  any 
one  of  its  positions,  be  a,  h.  Then 

4:(f  = — ^ab  cos  2a. 

But,  if  a?,  y,  be  the  coordinates  of  the  middle  point  of  the 
moveable  line, 

^ = 2^)  y = 

hence  — 2xy  cos  2a, 

which  is  the  equation  to  the  locus  required.  The  locus  is  there- 
fore an  ellipse. 

Cor.  It  may  be  shewn  that  the  semi-axes  of  the  ellipse  are 
ccota,  ctana,  the  former  one  bisecting  the  angle  between  the 
positive  directions  of  the  coordinate  axes. 

4.  A,  are  two  given  points:  to  find  the  locus  of  the 


point  P which  is  so  situated  that  perpendiculars  (drawn  through 
it)  to  AP,  PP,  always  cut  off  a given  length  on  AB. 
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Take  0,  the  middle  point  of  AB^  as  origin,  OBx  as  the  axis 
of  and  Oy^  perpendicular  to  it,  as  that  of  y. 

Let  AG  — BD  = 

AB  = 2a,  CD  = 2h.  ^ ^ 

Then,  from  the  right-angled  triangle  (7PJ5,  we  see  that 
= (a  -1-  a + x}.{a  — x)^ 


or 


a — X 


— u a X. 


(1); 


and,  from  the  right-angled  triangle  APDy  we  see  that 
y^  — {y  a — x).{a  + 


or 


y 


a -\-  X 

From  (1)  and  (2),  we  have 

y'  , y 


=.  V a — X. 


(2). 


= a + r + 2a 


but 

hence 

or 


a — a?  a + a? 

w + 'y  -h  2a  = 25 : 

2 2 

y . y 


+ 


= 2^, 


a — X a + a? 
ay^  = b{a^  — a?*^). 


the  equation  to  an  ellipse  the  axes  of  which  coincide  with  the 
axes  of  coordinates. 

5.  The  focus  of  a parabola  lies  always  in  the  circumference  ^ 
of  a circle  represented  by  the  equation 

the  axis  of  the  parabola  being  parallel  to  the  axis  of  Xj  and  its 
arc  passing  through  the  centre  of  the  circle.  To  find  the  locus 
of  the  vertex  of  the  parabola. 

The  equation  to  the  parabola  will  be  of  the  form 

fjLX  + 2r^  + y^  — 0. 
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Change  the  origin  to  a point  k\  its  equation  will  then 
become  ^ q.  2v  [y  + A:)  + {y  + h)^  = 0. 

Assume  the  coefficient  of  y\  and  the  terms  which  involve 
neither  x nor  y\  to  be  zero : then 

fxh  + 2j/^  + P = 0, 

V k = 0^ 

and  therefore  yu-  = ^ . 


The  equation  to  the  curve  becomes 


Let  y^^  be  the  coordinates  of  the  focus : then,  since  A,  Ar, 
are  the  coordinates  of  the  vertex, 

and  therefore,  the  focus  being  a point  in  the  circle, 


6^==xf  + yf^{h- 


+ F 


+ 


I 

}V  + ^ = ± cA, 

the  equation  to  the  locus  of  the  vertex,  which  accordingly  lies 
always  in  the  arc  of  one  of  two  ellipses. 

De  la  Hire : Sectiones  Gonicce^  lib.  vill.  prop.  20. 


6.  A square  GBPQ  moves  in  the  right  angle  xOy^  so  that  the 
point  G is  alw^ays  in  Oy^  and  the  point  B always  in  Ox ; to  find 
the  locus  of  P. 

If  a represent  the  length  of  a side  of  the  square,  then^ 
Ox^  Oy^  being  taken  as  coordinate  axes,  the  locus  of  P wilt 
be  an  ellipse  of  which  the  equation  is 
P — 2xy  4-  'iif  — 
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7.  To  determine  the  locus  of  the  extremity  of  the  straight 
line  formed  by  augmenting  the  ordinate  of  the  circle 

by  a length  equal  to  the  abscissa. 

The  locus  will  be  an  ellipse  defined  by  the  equation 
— 2xy  + 'if  = 

Fuss:  Nova  Acta  Academice  Petropolitance^  tom.  xv.  p.  72. 

8.  To  find  the  locus  of  the  intersection  of  two  tangents  to 
a circle,  such  that  the  product  of  the  portions  (measured  from 
the  centre)  cut  off  by  them  from  a given  diameter,  is  always 
constant. 

If  the  given  diameter  be  taken  as  the  axis  then,  a 
denoting  the  radius  of  the  circle  and  W a constant  quantity, 
the  locus  will  be  an  ellipse  of  which  the  equation  is 

[a^  + W)  x^  + 

9.  In  the  given  right  lines  AP^  AQ,  are  taken  variable 
points  _Pj  such  that 

Ap  : pPw  Qq  : qA- 

to  find  the  locus  of  the  point  of  intersection  of  Pq^  Qjp. 

Let  APx^  A Qy^  be  taken  as  axes  of  x and  y : let  AP  — a, 
AQ^h.  Then  the  required  locus  will  be  an  ellipse  represented 
by  the  equation 

^-x{a  - x)  If)  - y)  = (a  - x)  {b  - y). 

Coe.  If  we  put  a?  = 0,  y = 0,  successively,  we  get  re- 
spectively [y  — Vf  = 0,  [x  — af  = 0.  Hence  the  ellipse  touches 
Ax^  Ay^  at  the  points  P and  Q. 

10.  A straight  line  AB  of  given  length,  moves  with  its 
extremities  A,  always  in  contact  with  two  straight  lines 
Ox^  Oy^  respectively,  inclined  to  each  other  at  a given  angle : 
to  find  the  locus  of  an  assigned  point  P in  AB. 
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Let  PA  = a,  PB  = Z>,  and  LxOy  = on  \ then,  Ox^  Oy^  being 
taken  as  coordinate  axes,  the  required  locus  will  be  an  ellipse 
defined  by  the  equation 

aV  + Pf  _ 

ah 


2 ^ cos  (0  = 1. 


Newton:  Arithmetica  Universalis.^  prob.  21. 

Bret : Gergonne.,  Annates  de  Mathematiques.^  tom.  VI.  p.  15. 


11.  To  find  the  locus  of  the  intersection  of  the  lines  repre- 
sented by  the  equations 

ic  sin  ^ ^ cos  Q = [pd 

1 


and 


cos'^  0 sin*^  Q 
— \ 


+ y^ 


a-  P 

The  required  locus  is  an  ellipse  the  equation  of  which  is 


L ^ = 1 

2 ' 72 

a b 


12.  From  a point  (a,  h)  a normal  is  drawn  to  a parabola 

y^  = lx-, 

to  find  the  locus  of  the  intersection  of  the  parabola  and  normal, 
I being  a variable  parameter. 

The  required  locus  is  an  ellipse  defined  by  the  equation 
y [y  — h)  2x  {x  — a)  = 0. 

L’  Hospital : Traite  Analytique  des  Sections  Coniques.^  p.  259. 

13.  To  find  the  locus  of  the  middle  point  of  a chord  of  an 
ellipse,  the  chord  passing  through  a given  point. 

The  equation  to  the  ellipse  being 

d ^ V ’ 

and  the  coordinates  of  the  given  point  being  (a,  /S),  the  locus 
required  will  be  another  ellipse  defined  by  the  equation 
(2a:  - a)‘^  , (22/  - /3)‘^ 
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14.  A triangle  ABC  moves  in  such  a manner  that  the 
angular  points  A,  are  always  in  two  rectangular  axes  Ox^ 
Oy^  respectively:  to  find  the  locus  of  G. 

Let  BG  — a,  GA  — hj  AB  = c,  and  lAGB  = co.  Then 
the  equation  to  the  required  locus  will  be 

-2  + ^ — 2-  . 7-.smci)  = (cos ft))  . 


15.  From  the  focus  /S'  of  a given  ellipse  is  drawn  8Q  always 
bisecting  the  angle  P/S'O,  G being  the  centre,  and  equal  to  the 
mean  proportional  between  SG  and  SP\  to  find  the  locus  of  Q, 
The  equation  to  the  given  ellipse  being 

Q 2 

y.- 


X 

“2  + 
a 


= 1) 


the  required  locus  will  be  another  ellipse  defined  by  the  equation 


[x  — ae) 

TTT 


+ 


r ^ 

1 - e 


ae. 


16.  A right  angle  BAG.,  the  sides  AP,  A (7,  of  which  are 
given,  moves  in  such  a manner  that  A,  P,  lie  always  in  two 
perpendicular  lines  Ox.,  Oy,  respectively ; to  find  the  locus  of  G. 

Take  Ox.,  Oy.,  as  axes  of  a?,  y, 
respectively.  Let  AP  — a.,AG—'b. 

Then  the  locus  of  G will  be  an 
ellipse  defined  by  the  equation 

5V  + + ¥)  y^  — 2abxy  = P. 

Newton : AritJimetica  Universalis.,  prob.  22. 

17.  The  circumstances  remaining  the  same  as  in  the  pre- 
ceding problem,  except  that  lAOB,  and  lBAG,  instead  of 
being  right  angles,  are  each  of  them  equal  to  a;  to  find  the 
locus  of  G. 

The  locus  is  an  ellipse  defined  by  the  equation 

+ [d^  + U — 2ab  cos  a)  y^  + [h  cos  a — d)  xy  — U. 

Newton : AritJimetica  Universalis,  prob.  22. 
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18.  The  base  and  the  sum  of  two  sides  of  a triangle  being 
constant,  to  find  the  locus  of  the  centre  of  the  escribed  circle 
touching  the  base. 

Let  the  middle  point  of  the  base  be  taken  as  the  origin  of 
rectangular  coordinates,  the  axis  of  y being  perpendicular  to  the 
base.  Let  2<2  represent  the  length  of  the  base,  25  the  sum  of  the 
two  sides.  Then  the  required  locus  will  be  an  ellipse  defined  by 
the  equation 

y 


19.  One  extremity  ^ of  a straight  line  AJBP  and  a given 
point  B in  it,  move  in  straight  lines  intersecting  at  right  angles 
in  (7 : to  prove  that  the  locus  of  any  other  given  point  P in  the 
line  is  an  ellipse,  and  that,  if  the  rectangle  ACBD  be  com- 
pleted, and  PD  joined,  PD  is  a normal  at  P. 

20.  To  find  the  locus  of  the  points  of  quadrisection  of  a 
system  of  parallel  chords  in  a circle. 

The  equation  to  the  circle  being 

iP  4-  z= 

and  that  to  any  one  of  the  parallel  chords 

lx  4-  'rny  = S, 

where  Z=cosa,  ^^sina,  the  equation  to  the  required  locus  will  be 
(3m‘^  + 1)  a?  — ^Imxy  4-  (3Z^  4-  1)  = p, 

21.  Having  given  the  point  where  a parabola  intersects  a 
given  diameter,  and  also  the  parameter  of  that  diameter,  to  find 
the  locus  of  the  vertex  of  the  curve. 

Let  p represent  the  given  parameter ; then,  the  given  diame- 
ter and  a perpendicular  to  it  through  its  vertex  being  chosen  as 
axes  of  X and  y respectively,  the  required  locus  will  be  an  ellipse 
denoted  by  the  equation 

+ y^  4-  px  — 0. 

Lardner:  Algebraic  Geometry 131. 
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22.  Two  semicircles  are  described  on  the  segments  of  the 
base  of  a semicircle  of  which  the  radius  is  r : to  find  the  locus 
of  the  centre  of  a circle  touching  these  three  semicircles. 

If  the  middle  point  of  the  base  of  the  large  semicircle  be 
taken  as  the  origin  of  rectangular  coordinates,  the  l^se  being 
the  axis  of  a?,  the  locus  required  will  be  the  arc  of  an  ellipse 
of  which  the  equation  is 


X 

4^ 


(y  + ^ , 

16  ^‘-2 


23.  OP,  GD^  are  conjugate  semi-diameters  of  an  ellipse  : on 
the  chord  PD  an  equilateral  triangle  PDR  is 
described : to  find  the  equation  to  the  locus 
of  R. 

The  equation  to  the  proposed  ellipse  being 

iP  'if 

1-  — = 1 

^ R ’ 

the  required  locus  will  also  be  an  ellipse  of 
which  the  equation  is 

y 


+ 


[o,  h \/3)^  {h  -p  d \/ 2)) 


= i. 


Section  XXVI. 

Elliptic  Envelops. 

1.  CP.,  CD.,  are  any  two  conjugate  semi-diameters  in  an 
ellipse,  of  which  the  semi-axes  are  a and  h : to  find  the  locus 
of  the  consecutive  intersections  of  all  such  chords  as  PD. 

If  a?',  y',  be  the  coordinates  of  P,  we  may  put 
x'  — a cos^,  y'  — h sin^: 

we  shall  then  have  also,  x!\  y \ being  the  coordinates  of  P, 

n , . /)  n l>  , T n 

X = — 7:  ?/  = — a sm  P,  If  — - X — b cos  v. 
h • a 
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Hence  the  equation  to  PD  is,  by  the  formula 

(n  f\  / ff  f\  ff  f f 

X -x)y-{%j  -y)x=^xy  -xy  ^ 
y [—  a — a cos S)  — x {h  cos ^ - Z)  sin 6) 

= — a sin  ^ . 5 sin  ^ — a cos  0 . 5 cos  6^ 


or  {ay  - hx)  sin^  + {ay  + hx)  cos^  = ab (1). 

Differentiating  with  respect  to  6^  we  have 

{ay  — hx)  cos^  — {ay  + hx)  sin^  = 0 (2). 


Squaring  and  adding  (1)  and  (2),  we  get,  for  the  equation  to  the 
required  locus, 

2ay  4-  25V  = 


2.  If,  from  every  point  in  the  axis  major  of  an  ellipse,  as 
centre,  a circle  be  described,  with  radius  equal  to  the  ordinate  at 
that  point : to  find  the  envelop  of  the  circles. 

The  equation  to  the  ellipse  being 
2 2 

+ P 

that  to  the  envelop  will  be  an  arc  of  another  ellipse  represented 
by  the  equation 

x^ 

^ = 1 

^ }f  -"• 


3.  Two  straight  lines  are  drawn  from  one  extremity  of  the 
major  axis  of  an  ellipse,  making  with  it  angles  the  tangents  of 
which  are  in  a given  ratio ; to  find  the  locus  of  the  ultimate 
intersections  of  chords,  each  of  which  joins  the  two  points  where 
two  corresponding  lines  cut  the  ellipse. 

The  equation  to  the  ellipse  being 

/ = (2o®  - x^), 


the  envelop  required  will  be  another  ellipse,  the  equation  of 
which  referred  to  the  same  axes  will  be,  a denoting  the  given 


ratio. 


2 4a//  , .. 

y = /I  . 


(1  4-  d)\  d^ 
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4.  AEC^  BFCj  EF^  are  three  straight  lines  given  in  position : 
from  the  given  points  straight  lines  are  drawn,  through 

any  point  in  EF^  meeting  BG  in  AG  in  P:  PQ  is  joined. 
To  prove  that  the  curve,  to  which  PQ  always  a tangent, 
is  an  ellipse  inscribed  in  the  quadrilateral  APQB^  and  touching 
the  lines  AG^  BG^  at  the  points  P,  F. 

Leyboum;  Mathematical  Bejpository^  New  Series^  vol.ili.  p.l43. 


Section  XXVII. 

Miscellaneous  Problems. 

1.  Of  all  systems  of  conjugate  diameters  in  an  ellipse,  the 
principal  diameters  are  those  of  which  the  sum  is  a minimum ; 
and  the  equal  conjugate  diameters  are  those  of  which  the  sum  is 
a maximum. 

Let  «,  Z>,  be  the  principal  semi-diameters  of  an  ellipse,  and 
a,  any  two  conjugate  semi-diameters,  including  an  angle  7. 
Then  we  know  that 

>2  I ‘2  , 72 

a +0  = a + 0 , 


and  ah'  sin 7 = ah. 

From  these  two  equations  we  have 


^ + 

V sm7/ 

(1), 

and 

a — h = a + 6 ; — 

V sm7/ 

(2). 

The  equation  (2)  shews  that  sin7  cannot  be  less  than 

2ah 

Thus  sin 7 is  necessarily  included  between  the  limits 

1 and  -5 75 . 

a"  + P 

Now  a'  + y is  greatest  when  sin 7 is  least : in  this  case,  from  (1) 
(2),  a'  + 6'  = {2  {a^  + V)]\ 
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and 

0 

II 

1 

whence 

+ 

II 

II 

Also  d + y is  least  when  sin 7 is  greatest:  in  this  case,  from  (1) 

^“<1  (2),  «'  + J'  = a + 5, 

and  d — y — a — 

whence  d = a,  h'  = h. 

Durrande : Gergonne^  Annates  de  MatMmatiques^  tom.  xii.  p.  168. 


2.  If  a straight  line  be  drawn  from  the  focus  of  an  ellipse, 
the  eccentricity  of  which  is  e,  so  as  to  make  a given  angle 
with  the  tangent ; to  shew  that  the  locus  of  its  intersection  with 
the  tangent  will  be  a circle,  which  touches  or  lies  entirely  with- 
out the  ellipse  as  cos/3  is  < or  > e. 

Let  8Y  he  the  perpendicular  from  the  focus  8 upon  the 


tangent  FT  at  P,  which  cuts  the  semi-axis  major  (7A,  produced, 
in  P.  Let  ^ be  a point  in  PP,  such  that  L 8 QP  — jS. 

Let  LPT8=<i>,  8Q  = r,  LQ8T=e. 

Then  r sinyS  = 8Y=  [d^  siTY(f>  + P cos*"^^)^  — ae  sin^. 

Squaring  and  putting  for  </>  its  value  13  — 6^  we  have,  for  the 
equation  to  the  locus  of 

P sin'^yS  + 2(zer  sin/3  sin  — 6)  = [1  — e‘^), 

which  is  the  polar  equation  to  a circle. 

K any  point  of  this  circle  lie  in  the  periphery  of  the  ellipse, 
(when,  intersection  being  impossible,  contact  must  take  place), 
we  have,  equating  the  values  of  8Y  in  the  circle  and  the  ellipse. 


d (1  - P)  r 


= / sih-^yS, 


[1  — d)  — (2ar  — d)  sin^yS, 


(a  — ry  sid/3  = P (e'^  — cos^/3) . 


2a  — r 
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Hence,  in  order  that  contact  may  be  possible,  cosyS  must  not  be 
greater  than  e.  If  cos/S  be  greater  than  e,  the  circle  lies  entirely 
without  the  ellipse. 

Bobillier : Gergonne^  Annates  de  Mathematiques^  tom.  XVIII.  p.  191. 


3.  A circle  is  described  about  an  extremity  of  the  minor  axis 
of  an  ellipse  as  centre,  with  a radius  equal  to  the  distance  of 
either  directrix  from  the  centre  of  the  ellipse  ; to  prove  that  this 
circle  will  touch  the  ellipse  in  two  points,  one  point,  or  not  at  all, 
accordingly  as  the  eccentricity  is  greater  than,  equal  to,  or  less 

than  . 

V2 


Let  the  equation  to  the  ellipse  be 


^ = 1 
V 


or,  e being  the  eccentricity, 

(1  - i)  y 

The  equation  to  the  circle  will  be 

or  ' + = ^ 


(1), 

(2). 


(3). 


Eliminating  between  (2)  and  (3),  we  have,  for  all  points  where 
the  circle  and  ellipse  meet,  the  equation 

eY  + 2 (1  - e^)  hyA-A'^-  eT  = 0, 

e 

which,  being  a perfect  square  of  the  equation 

^ (1  - «')  = ^ 

shews  that  the  curves  touch  wherever  they  meet. 

From  (1)  and  (4),  there  is 


{i), 
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This  result  shews  that  1 — must  not  be  greater  than  e"*,  or  that 

e must  not  be  less  than  ^ . If  e = ^ , a?  = 0,  and  there  is 

V2  \/2 

contact  at  the  opposite  end  of  the  minor  axis ; if  e > ^ , x has 


two  possible  values,  and  accordingly  there  are  two  points  of 
contact. 


4.  To  find  the  equations  to  the  circles  which  touch  the  latera 
recta  of  an  ellipse  represented  by  the  equation 


X 


1 


in  the  major  axis,  and  of  which  the  radii  are  equal  to  the  minor 
axis. 

The  required  equations  are 

{x-ae±  hf  + f = h\ 
and  {x  ae  ± hy  + 


5.  To  find  the  equations  of  the  circles  the  diameters  of  which 
are  the  distances  between  the  extremities  of  the  axes  of  an 
ellipse  defined  by  the  equation 


The  four  circles  are  defined  by  the  equation 


x^  ±2x  -\-  ± 3^  = 3. 


6.  If  one  of  the  foci  of  an  ellipse  be  the  common  focus  of 
two  parabolas  the  vertices  of  which  are  at  the  extremities  of  the 
major  axis,  to  prove  that  these  parabolas  will  intersect  at  right 
angles,  at  points  the  distance  between  which  is  equal  to  twice 
the  axis  minor. 

7.  If  CD  be  the  semi-diameter  of  an  ellipse  drawn  parallel 
to  a focal  chord  PSp^  to  prove  that 

= AG.Pp. 
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8.  If  a circle  be  described,  touching  the  axis  major  of  an 
ellipse  in  one  of  the  foci,  and  passing  through  one  extremity 
of  the  axis  minor,  to  prove  that  the  semi-axis  major  will  be 
a mean  proportional  between  the  diameter  of  the  circle  and  the 
semi-axis  minor. 

9.  To  find  the  relation  between  the  central  distance  of  any 
point  of  an  ellipse  and  the  perpendicular  from  the  centre  on  the 
tangent  at  that  point. 

If  r = the  central  distance,  and  = the  perpendicular, 

P - + 


10.  If  two  tangents  be  drawn  at  the  extremities  of  the  axis 
major  of  an  ellipse,  so  as  to  intersect  a tangent  at  any  point  in 
two  points  T,  T\  and  a circle  be  described  upon  TT  as  a 
diameter;  to  prove  that  this  circle  will  pass  through  both  foci 
of  the  ellipse. 


11.  A parallelogram  circumscribes  an  ellipse,  its  sides  being 
parallel  to  conjugate  diameters.  If  26  be  one  of  the  smaller 
angles  of  the  parallelogram,  when  it  is  equilateral,  to  prove  that 
its  perimeter  is  equal  to  4,  \/2  .a  sec^. 


12.  A square  is  described  touching  an  ellipse  at  the  extremi- 
ties of  its  minor  axis : an  ellipse  upon  the  same  axis  major  cir- 
cumscribes the  square.  The  same  process  is  repeated  in  relation 
to  the  new  ellipse,  and  the  operation  is  continued  until  there 
are  n ellipses : to  prove  that,  if  the  eccentricity  of  the  original 


ellipse  be 


the  last  ellipse  will  become  a circle. 


13.  If,  from  the  focus  8 of  an  ellipse,  8Q  he  drawn,  bisect- 
ing the  angle  FSC^  {C  being  the  centre  of  the  ellipse  and  8P 
any  focal  distance),  to  find  the  locus  of  supposing  >80  to  be 
a mean  proportional  between  8C  and  8P, 
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The  equation  to  the  ellipse  being 


X 


{1  — d)  ’ 

the  required  loeus  will  be  an  ellipse  defined  by  the  equation 


{x-eaf  f 


1 + e 


\-e 


ea  . 


14.  If  P be  any  point  in  an  ellipse,  the  vertex  of  which  is  A 
and  nearer  focus  8^  to  prove  that,  if  lPA8=  lA8P=  <^,  and 
e = the  eccentricity, 

tan  tan  = 1 + e. 

15.  If  7,  be  the  angles  which  any  diameter  of  an  ellipse 
makes  with  its  conjugate,  and  with  the  axis  major,  to  shew  that 

— P)  tan  7 ± ((P  tan^  + cot^)  = 0. 

16.  To  determine  the  least  distance  between  the  centre  C of 
an  ellipse  and  a point  P in  its  periphery,  and,  PM  being  a per- 
pendicular on  the  axis  major,  to  obtain  an  expression  for  the 
difference  between  the  squares  of  CP  and  of  the  least  distance 
in  terms  of  CM, 

The  distance  is  least  when  P coincides  with  an  extremity  B 
of  the  semi-axis  minor,  and 

[GPy  - {GBf  = {GM)\ 

Apollonius;  Gonicorum^  lib.  v.  prop.  11. 

17.  If  P8Q^  PHR^  be  chords  drawn  from  any  point  P of 
an  ellipse  through  the  foci  8 and  <f>  and  6 the  acute  angles 
which  the  axis  major  makes  respectively  with  the  line  QR 
produced  and  with  the  tangent  drawn  to  the  ellipse  at  the 
point  P,  to  prove  that 

tan  <6  = % . tan  6. 

^ 1 + d 


18.  In  two  eonfocal  ellipses  are  taken  two  points  P,  such 
that,  the  ellipses  being  referred  to  the  major  and  minor  axes  as 
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axes  of  X and  their  absciss80  are  as  the  major  axes  of  the 
ellipses  : P\  Q\  are  two  other  such  points.  To  prove  that 

PQ  = P'Q^ 


19.  To  shew  that  the  equation 


0*  ^ _ 


+ ^-l 


c?  ^ V 


represents  two  straight  lines,  passing  through  the  point  (a, 
and  touching  the  ellipse 


P 


1. 


20.  Having  given  the  directions  of  two  systems  of  conjugate 
diameters  of  an  ellipse,  to  determine  the  directions  and  relative 
magnitudes  of  the  two  principal  axes. 

Let  6 represent  the  angle  between  a principal  axis  and  a 
given  line  drawn  through  the  centre  of  the  ellipse : let  2a7 
denote  the  length  of  this  axis,  and  2y  that  of  the  other.  Let 
a,  be  the  angles  which  the  two  conjugate  diameters  of  one 
system  make  with  the  given  line,  and  a',  /8',  the  angles  formed 
with  it  by  the  other  system. 

Then  the  solution  of  the  problem  will  be  expressed  by  the 
following  equations, 

- _ cos  (a  + ^') . cos  {a  — P)  — cos  (a  + /3) . cos  (a  — ^') 

~ sin  (a  + ^')  . cos  (a  — /3)  — sin  (a  + /3)  . cos  (a'  — ^')  ’ 

{—  tan  (6  + a)  tan  (^  + = - = {—  tan  {6  + a')  tan  [6  + yS')}i 

Gergonne : Annates  de  MatTiematiques^  tom.  xii.  p.  374. 

21.  From  any  point  without  a given  ellipse,  of  which  the 
centre  is  is  drawn  a straight  line  cutting  the  curve  in  P^,  P. 
If  a point  P be  taken  in  C^P^  so  that  GJP  is  a mean  proportional 
between  CgPj,  G^P^^  to  find  the  locus  of  P. 

The  equation  to  the  given  ellipse  being 


S2 
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the  locus  of  P will  be  an  ellipse,  of  which  is  the  centre, 
represented  by  the  equation 

{x  - af  [y  - 

c?  V ^ V ’ 

where  a,  are  the  coordinates  of  G^. 


22.  If,  in  the  preceding  problem,  be  drawn  through  (7^,  a 
straight  line  meeting  the  given  ellipse  in  and  the  locus  of  P 
Qg-)  prove  that  G^Q  will  be  a mean  proportional 
between  G^Q^. 


23.  If,  under  the  circumstances  of  the  two  preceding  pro- 
blems, the  given  ellipse  and  the  elliptic  locus  of  P intersect  in  F 
and  and  if,  about  FG^GC^  be  described  a third  ellipse  with 
axes  parallel  to  those  of  the  given  ellipse,  and  if 
be  the  semi-axes  of  the  locus  of  P and  of  this  third  ellipse 
respectively,  to  prove  that 


ah  + a, 6,  = 4a„5„ ; 

and  that  the  centres  of  the  three  ellipses  lie  in  a straight  line. 


24.  If  SY^  HZ^  be  perpendiculars  from  the  foci  of  an  ellipse 
upon  the  tangent  at  any  point  P,  to  prove  that  HY^  SZ^  being 
joined,  will  intersect  in  the  normal  at  the  point  P,  and  to  find 
the  locus  of  their  intersection. 


The  equation  to  the  ellipse  being 

^ V ’ 


and  e denoting  its  eccentricity,  the  equation  to  the  required  locus 
will  be  , 

which  is  therefore  a concentric  and  similarly  placed  ellipse,  with 
axes  (1  + G)  a and  h. 
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25.  P is  a point  in  the  circumference  of  an  ellipse,  8 and 
its  two  foci,  and  A the  extremity  of  the  axis  major  nearest  to 
Supposing  PH  to  he  increased  in  length  by  a small  quantity 
the  position  of  P,  the  direction  of  PP,  the  magnitude  and  position 
of  /SP,  remaining  unchanged:  to  determine  approximately  the 
change  in  the  eccentricity  of  the  ellipse. 

If  the  axis  major  = 2a,  /SP=  r,  HP— r\  L A8P=  6^  and  the 
eccentricity  = e ; then,  approximately, 

8e  = (e  + cos^). 

2ar  ^ ^ 


26.  To  find  the  envelop  of  the  perpendiculars  drawn  through 
the  extremities  of  all  the  diameters  of  a given  ellipse. 

If  the  equation  to  the  ellipse  be 

2 2 
X y 

? 

the  equation  to  the  required  envelop  will  result  from  the  elimi- 
nation of  t between  the  two  equations 

+ Vy  {f  -a^)  , _ {{2P  ■-d^)f-]-  d\a^  - 

^ y - y^- 

Roche:  Gergonne^  Annates  de  Mathematiques^  tom.  xiv.  p.  207. 


( 262  ) 


HYPERBOLA. 

Section  I. 

Referred  to  its  Axes,  Ordinates. 

1.  A parabola  and  an  hyperbola  have  a common  axis,  the 
vertex  of  the  former  coinciding  with  one  of  the  foci  of  the  latter: 
to  shew  that  the  product  of  the  distances  of  the  points  of  inter- 
section from  the  axis  is  equal  to  I being  the  latus-rectum 
of  the  parabola  and  h the  minor  axis  of  the  hyperbola. 

The  equation  to  the  hyperbola  being 

f - <^)i 

that  to  the  parabola  will  be 

f = l{x  — ae)\ 

at  the  intersections 


/+ +&T  = 0: 


whence  the  required  product,  by  the  theory  of  equations,  is  equal 
to  Rf. 

2.  In  two  concentric  and  similarly  placed  hyperbolae,  are 
taken  two  points,  the  abscissae  of  which  are  as  the  real  axes  of 
the  curves.  To  find  the  locus  of  the  middle  point  of  the  straight 
line  joining  the  two  points. 

The  equations  to  the  two  hyperbolae  being 
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the  required  locus  will  he  an  hyperbola  represented  by  the 
equation 


[a  + df  {h  + by 


= i. 


Section  II. 

Referred  to  its  Axes.  Tangents. 

1.  The  semi-axis  GA  of  an  equilateral  hyperbola  is  inter- 
sected in  T by  a tangent  to  the  curve  at  P:  PM  is  a perpen- 
dicular from  P upon  CA  produced:  PC  is  joined.  To  prove 
that  PC.PM=PT.OM. 

Let  GA^  produced  indefinitely,  be  taken  as  the  axis  of  a?, 
and  Gy.,  at  right  angles  to  it,  as  that  of  y. 

Then,  putting  GA^a,  GM=x,  PM=y.,  and  observing  that 

(7P  is  equal  to  — , we  have 


X 


{PTY 


2xa 


y 

{pd  - 


X 


or 


3/  + 


- W ,r,p.. 

PG.PM^  PT.GM. 


De  la  Hire : Bectiones  Gonicce,  lib.  V.  prop.  1 5. 
2.  If  3 be  the  perpendicular  distance  of  the  centre  of  the 


hyperbola 

^ ^ " 

from  the  tangent  at  any  point,  and  if  a,  be  the  angles  which  h 
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makes  with  the  positive  directions  of  the  coordinate  axes,  to 
prove  that,  X being  an  arbitrary  quantity, 

1 


a cos  a 


X ) = J cosi 


and 


4 1/1  1 A -vV 


3.  From  the  centre  G of  an  hyperbola  a perpendicular  CY 
is  drawn  upon  the  tangent  at  the  point  P:  to  find  the  coordi- 
nates of  P,  when  PY  = C8. 

The  coordinates  required  are 


y={e^-l). 


Section  III. 


Referred  to  its  Axes.  Magical  Equation  to  the  Tangent. 

1.  To  find  the  locus  of  the  intersection  of  a tangent  to  an 
hyperbola  with  a perpendicular  upon  the  tangent  from  the 
centre. 

The  magical  equation  to  the  tangent  of  the  hyperbola 
a^ 


IS 


y = ax+  (aV  - Pf (1)^ 

The  equation  to  a perpendicular  upon  this  tangent  from  the 


centre  is 


y = X 

^ OL 


(2). 


At  the  intersection  of  (1)  and  (2)  we  have,  a being  eliminated 
between  these  equations, 

{x"  + yy  = aV  - Py\ 

which  is  the  equation  to  the  required  locus. 
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Cor.  If  the  hyperbola  be  equilateral,  the  equation  becomes 

'{a?  = d‘ {3?  - f), 

the  equation  to  the  lemniscata. 

James  Bernoulli : 0]pera^  tom.  i^p.  609. 

2.  To  find  the  locus  of  the  intersection  of  a tangent  to  an 
hyperbola  with  a perpendicular  upon  the  tangent  from  a given 
point. 

The  equation  to  the  hyperbola  being 


and  the  coordinates  of  the  given  point  being  a,  yS,  the  required 
locus  will  be  defined  by  the  equation 

{x{x-a)+y{y- /S)}"  = d‘{x-  af  - V{y  - Pf. 

3.  An  ellipse  and  hyperbola  having  common  axes,  a pair  of 
tangents  is  drawn  to  them,  such  that  the  sum  of  their  inclina- 
tions to  the  transverse  axis  is  equal  to  two  right  angles : to 
find  the  locus  of  their  intersection. 

The  equations  to  the  ellipse  and  hpperbola  being 

If  ~ ’ d‘  If  ~ ’ 

that  to  the  required  locus  will  be 

= If.  [(f  — x^). 


Section  IV. 

Referred  to  its  Axes.  Focal  Froj^erties^ 

1.  If,  about  the  exterior  focus  of  an  hyperbola,  a circle  be 
described  with  radius  equal  to  the  conjugate  semi-axis,  and 
tangents  be  drawn  to  it  from  any  point  in  the  hyperbola  * to 
prove  that  the  line,  joining  the  points  of  contact,  will  touch  the 
circle  of  which  the  transverse  axis  is  a diameter. 
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The  equation  to  the  circle,  described  about  the  exterior 


focus,  is 


^ + 2<2ea?  + d — 0. 


Let  (A,  be  any  point  in  the  hyperbola : then,  tangents  being 
drawn  from  this  point  to  the  circle,  the  equation  to  the  chord 
of  contact  will  be 


[h  + ae)  X + hy  + a {eh  + a)  =0 (1). 

The  equation  to  the  hyperbola  gives  the  equation 

= (e^-1)  (2). 


The  distance  of  the  centre  of  the  hyperbola  from  (1)  is  equal 


to 


a [eh  + a) 


{{h  + aef  + 

a {eh  + a) 


{(4  + aef  + {^  - 1)  {K^  - a^)y 


, from  (2), 


= a. 


This  result  establishes  the  proposition. 


2.  To  find  the  locus  of  the  centre  of  a circle  inscribed  in  the 
triangle  8FHj  8 and  H being  the  foci  and  P any  point  of  an 
hyperbola. 

The  equation  to  the  hyperbola  being 
2 2 

-1 

the  required  locus  is  a straight  line 

X — 

which  is  therefore  a tangent  at  the  vertex. 

Lardner : Algebraic  Geometry^  p.  128. 

3.  To  find  the  locus  of  the  centre  of  a circle,  which,  the 
diagram  remaining  the  same  as  in  the  preceding  problem, 
touches  /ST*,  HP  produced,  and  H8  produced. 


CONJUGATE  DIAMETERS.  CONJUGATE  HYPERBOLA.  267 


The  required  locus  is  an  hyperbola  defined  by  the  equation 

(a  + = - JV, 

2c  being  equal  to  8H. 

Lardner : Algebraic  Geometry^  p.  128. 

4.  To  find  the  locus  of  the  centre  of  a circle  which,  the 
diagram  remaining  the  same  as  in  the  two  preceding  problems, 
touches  8H^  P8  produced,  and  PH  produced. 

The  equation  to  the  required  locus  is  a?  + a = 0,  which  is 
therefore  a tangent  at  the  vertex  of  the  opposite  branch  of  the 
hyperbola. 

Lardner : Algebraic  Geometry^  p.  129. 


Section  V. 

Referred  to  its  Axes,  Conjugate  Diameters.  Conjugate 
Hyperbola. 

1.  At  any  point  P of  an  hyperbola,  a tangent  is  drawn, 
cutting  the  semi-axis  CA  in  T,  and  the  semi-axis  BC^  produced, 
in  t'.  CD  is  drawn,  parallel  to  to  meet  the  conjugate 

hyperbola  in  P.  To  prove  that 

PT.Pt  = [CDf. 

Let  (7A,  (7P,  produced  indefinitely,  be  the  axes  of  coor- 
dinates. 

Let  a?,  ?/,  be  the  coordinates  of  P,  [x\  y)  those  of  D.  The 
equation  to  the  hyperbola  being 


that  to  PTt  will  be  ^ = 1. 

a b 

Putting  x^  = 0,  we  have 

P 

P 

y * 


or 
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Hence,  a being  the  inclination  of  PTt  ov  DC  to  GA^ 

PT.sina  = y, 

P 

T^.sina  = Gt  = — . 

y 

n • V' 

Pif.sina  = y -j — , 

y 

and  therefore  PT.PtAm^a.  = ^ x\ 

a 

Again,  (CJ^y.sm^a  = 

Hence  PT.Pt  = {CD)\ 

De  la  Hire : Sectiones  Gonicce^  lib.  IV.  prop.  41. 

2.  An  ellipse  and  a pair  of  conjugate  hyperbolas  are  de- 
scribed upon  the  same  axes,  and,  at  the  points  where  any  line 
through  the  centre  meets  the  ellipse  and  one  of  the  hyperbolas, 
tangents  are  drawn : to  find  the  locus  of  their  intersection. 


Let  A,  be  the  coordinates  of  the  intersection  of  the  two 
tangents:  then,  (a?,  y),  [x^  y')^  being  the  coordinates  of  the 
points  of  contact  with  the  ellipse  and  the  hyperbola  respectively, 


QC  %!  • • 

But  — = — , 5 by  the  condition  of  the  problem : hence,  from 


(2),  we  have 

U‘^  p)  ~ p 


From  (1)  and  (3),  by  addition  and  subtraction,  we  have 

AV  x^ 


(3). 
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Hence,  eliminating  x and  j/,  we  have 


the  equation  to  the  required  locus. 

The  equation  to  the  locus  resulting  from  the  intersection 
of  the  tangent  of  the  ellipse  with  the  corresponding  tangent 
of  the  conjugate  hyperbola  is  evidently 


being  derived  at  once  from  (4)  by  interchanging  (a,  h)  and  (4,  h), 

3.  To  prove  that,  in  a rectangular  hyperbola,  every  diameter 
is  equal  to  its  conjugate  diameter. 

4.  If  (7P,  (7P,  be  conjugate  semi-diameters  of  an  hyperbola, 
to  shew  that,  K being  the  point  of  intersection  of  normals  at 
P,  P,  KG  is  perpendicular  to  PP. 

5.  To  find  the  area  included  by  the  normals  to  an  hyperbola, 
which  pass  through  the  foci  of  the  conjugate  hyperbola. 

The  equation  to  the  h3q)erbola  being 


^-1 


the  required  area  is  equal  to 


- (d  + V).(d‘  + Wf. 


Section  VI. 

Referred  to  its  Axes.  Asymptotes. 

1.  In  the  semi-axis  CA  of  an  hyperbola  is  taken  a point  M 
such  that,  8 being  the  focus. 


GM\  CA  ::  CA  : C8-, 


from  P,  any  point  in  the  curve,  is  drawn  PP,  parallel  to  one 
of  the  asymptotes,  to  meet  a perpendicular  to  CA  through  M 
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in  the  point  R : to  prove  that,  8P  being  joined, 

PR  = PS. 

Let  the  hyperbola  be  referred  to 
(7^,  produced  indefinitely,  as  the 
axis  of  a?,  that  of  y being  at  right 
angles  to  GA  through  G.  Let 
GM  = c.  Then  the  equation  to  Pi^, 

£c,  ?/,  being  the  coordinates  of  P,  will  be 

y - y = - A- 

Hence,  putting  c for  cc',  and  for  y\  putting  — RM.^  we  have 
y,-y  = x), 


and  consequently  [PRY  = [x  — c)'^  + (3/  — y)^ 

= (.-cr.^ 

= 6^  [x  — c)‘\ 

PR  = e[x  — c). 

But,  by  hypothesis, 

= c.{a^  + = cae,  a = ce: 

hence  PR  = ex  — a — SP. 

De  la  Hire : Sectiones  Gonicce.^  lib.  Vlil.  prop.  18. 


2.  If,  from  a point  in  an  asjrmptote  to  two  conjugate  hyper- 
bolas, a tangent  be  drawn  to  each  hyperbola,  to  prove  that  the 
points  of  contact  will  be  in  conjugate  diameters. 

Let  (a?',  y\  (a?",  ?/"),  be  the  points  of  contact  in  the  hyper- 
bolas represented  by  the  equations 

(A  P"  ’ P ' (A  ~ 

The  equations  to  the  tangents  will  be 

yy'  - 1 

P " ’ P ~ 
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At  their  intersection 


XX 


yy__yy_ 


XX 


But,  at  their  intersection, 

X \ y \ \ a \ h 


h h a 


hence 

( 

Now,  by  the  equations  to  the  curves. 


ff2 

y _y  ^ 


X y 

^ T 

a 0 


a 

x' 


zT 
0 a 


y — - x 
^ a 


,(i). 


hence,  by  (1), 

From  (1)  and  (2)  we  see  that 

a , 

* 

These  equations  prove  the  truth  of  the  proposition. 


(2). 


3.  If,  from  a focus  of  an  hyperbola,  as  centre,  a circle  be 
described  with  diameter  equal  to  the  imaginary  axis ; to  prove 
that  it  will  touch  the  asymptotes  in  points  where  the  nearer 
directrix  meets  them. 


4.  A tangent  EPOF  to  an  hyperbola,  at  a point  P,  cuts  the 
asymptotes  in  the  points  P,  P,  and  the  transverse  semi-axis  CA 
in  0\  from  P is  drawn  the  straight  line  FKG^  cutting  A (7  at 
right  angles  in  P,  and  the  other  asymptote  OF  in  G]  from 
0,  A,  are  drawn,  at  right  angles  to  (7A,  OP,  A/,  cutting 
CF  in  P,  from  P,  P,  are  drawn  FH^  cutting  OA,  pro- 
duced, at  right  angles  in  Af,  H\  MP  is  produced  to  meet  OF 
in  Q.  To  prove  that  the  three  lines  GKy  AJ,  PP,  are  in 
continued  proportion:  and  that  the  three  lines  OP,  A/,  MQ^ 
are  also  in  continued  proportion. 

De  la  Hire : Sectiones  Gonicce^  lib.  IV.  prop.  12. 
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Section  VII. 


Referred  to  its  Transverse  Axis  and  the  Tangent  at  its  Vertex. 

1.  If  any  chord  through  the  vertex  of  an  hyperbola, 
be  divided  in  Q so  that 

AQ:  QP::AC^:BG% 

and  QMhe  drawn  to  the  foot  of  the  ordinate  MP]  to  shew  that 
QOj  at  right  angles  to  cuts  the  transverse  axis  in  the  same 
ratio. 


Draw  QN  at  right  angles  to  the  transverse  axis,  to  cut 
it  in  N. 

p. 


Let  AN=x^^  QN=y^^  AM=x\  PM—y\  OA=x,  LQOM—(f>. 
Then,  from  the  figure,  we  see  that 

y,  = i33x^{x,  + x) (1). 

Now,  evidently,  by  the  hypothesis. 


X.  = 


a , 


y>  d"-  + p y ’ 


and  therefore 


tan<^  = o^eAQMN 
Hence  also,  from  (1), 


_ X — X^  _ (P  + P)  X — Px'  _ Px 


y, 


ay 


ay 


5V 


PP  [x^  + 2aic')  = Px  {aV  + {P  + P)  a?}, 
2P  = {P  + P)  X, 

and  therefore  x = 2a  -n tt,  . 

a"  + P 

This  result  establishes  the  proposition. 
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2.  The  straight  line 

lx  + my  = h 

is  a tangent  to  the  hyperbola 

y = ^ (2o»  + x^) : 

to  find  the  value  of  h in  terms  of  a,  Z,  m. 

The  required  value  is  given  by  the  equation 

(3  4-  lay  = - Wm\ 


Section  VIII. 

Referred  to  Conjugate  Diameters.  Asymptotes. 

I.  CP  is  any  semi-diameter  of  an  hyperbola,  of  which  C 
is  the  centre:  a straight  line  QHK.^  parallel  to  P(7,  cuts  the 
curve  in  Q and  the  asymptotes  in  P,  K.  To  prove  that 

QH.QK=  [CPy. 

Let  (7P,  produced  indefinitely,  be  taken  as  the  axis  of  a?, 
and  OP,  its  conjugate,  as  that  of  y.  Let  CP  = a,  CD  = h : 
then  the  equation  to  the  curve  will  be 

a^  P ~ 

Let  h represent  the  constant  ordinate  of  the  line  QIIK: 
then,  0 being  the  intersection  of  this  line  with  OP,  we  see, 
from  the  equation  to  the  curve,  that 

(oor  = «^(i  + J) (1). 

Again,  at  the  intersection  of  the  line  y — Ic  with  the  asymptotes, 
the  equations  of  which  are 


y = ±-^^ 

we  have 

+1 

II 

and  therefore 

nl- 

OH:=  ^ = OK 
0 

T 
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Hence  QH.QK=(OQ-  OH).{OQ  + OK) 

^[OQf-{OHY 

= a (^1  + 

= = (CPf. 

De  la  Hire : Sectwnes  Conicce^  lib.  IV.  prop.  4. 


2.  QQ\  qq^  are  any  two  parallel  chords  of  an  hyperbola: 
a straight  line  FRf^  parallel  to  the  asymptote  (7/,  cuts  these 
chords,  produced  if  necessary,  in  respectively,  and  the 

curve  in  R.  To  prove  that 

FQ  .FQ  : fq.fq  v.  RF Rf. 

Let  CP  be  a semi-diameter,  conjugate  to  the  two  parallel 

I 


chords:  CD  the  semi-conjugate  of  CP.  Let  (7P,  OP,  pro- 
duced indefinitely,  be  chosen  as  axes  of  cc,  y,  respectively. 

If  CP  = a\  CD  = h\  the  equation  to  the  hyperbola  is 


'2  X'2  ^ 

a 0 


(!)• 


Let  A,  A,  be  the  coordinates  of  F : then,  writing  h for  a?,  and 
h — y for  ?/,  we  shall  have  a quadratic  in  y\  viz. 

K ~ ’ 

the  two  roots  of  which  are  FQ  : thus 
FQ.FQ 


F + h'^  - ~ F 


(2). 
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Since  Ffh  parallel  to  CI^  the  equation  to  which  is 


y 


— x^ 
a ’ 


the  equation  to  Ff  must  be  of  the  form 


y = --ix  + c 

Uj 


But  (A,  A)  is  a point  in  Ff\  hence 


7 ^7. 

k = A + c. 

a 

Consequently,  from  (2), 

FQ.FQ  = + ^ -2  ch 

At  i?,  the  intersection  of  (1)  and  (3), 


V 


(3). 


,(4). 


and  therefore  x — h — 


2l)c 


y 


y^  + & — 2 — ch 


Let  this  value  of  cr  — A be  denoted  by  L : then,  by  (4), 

FQ.Fq  = ^.L. 

a 

Similarly,  it  is  evident  that,  the  difference  of  the  abscissae 
of  /,  being  denoted  by  Z, 

. _p,  ^yc  , 


Hence 


FQ.FQ  L 
I 


fy-M 


RF 

Rf 


De  la  Hire : Sectiones  ComccE^  lib.  iv.  prop.  26. 


3.  From  the  extremity  P of  a diameter  P' CP  of  an  hyper- 
bola, of  which  C is  the  centre,  a tangent  PE  is  drawn  to  meet 
one  of  the  asymptotes  in  E\  from  E is  drawn  a straight 
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line  EQ^  parallel  to  P'(7P,  to  meet  the  curve  in  Q\  from  Q 
a line  QN  is  drawn,  parallel  to  EP^  to  meet  P'  CP^  produced, 
in  N,  To  prove  that 

[CPy  = PN.FK 

De  la  Hire : Sectiones  Conicce^  lib.  lY.  prop.  8. 

4.  From  the  extremity  P of  any  diameter  P' CP  of  an 
hyperbola,  of  which  G is  the  centre,  a tangent  PE  is  drawn 
meeting  one  of  its  asymptotes  in  E:  through  E is  drawn  EQ^ 
parallel  to  (7P,  and  meeting  the  curve  in  Q\  QE  is  produced 
to  meet  the  other  asymptote  in  P;  through  Q is  drawn  IQJ^ 
parallel  to  PP,  and  cutting  the  asymptotes  in  J.  To  prove 
that 

QE.  QF ; QI.  QJ : : PP  : the  parameter  of  the  diameter  PP'.* 
De  la  Hire : Sectiones  Conicce.^  lib.  iv.  prop.  9. 

5.  CP  is  a semi-diameter  of  an  hyperbola,  CD  its  semi- 
conjugate : through  P is  drawn,  parallel  to  GD.^  a tangent  PP, 
cutting  one  of  the  asymptotes  in  P:  QQ'  is  Si  chord  of  the 
hyperbola,  parallel  to  PP:  from  any  point  T in  CP  is  drawn 
TO.^  parallel  to  GE.^  and  cutting  Q Q.,  produced  if  necessary, 
in  0 : from  Q is  drawn  §P,  parallel  to  P(7,  cutting  GP  in  P. 
To  prove  that 

OQ.OQ'  : quadrilateral  QBTO  ::  {PEf  : triangle  PEC. 

De  la  Hire  : Sectiones  Gonicce.^  lib.  IV.  prop.  24. 


Section  IX. 

Referred  to  Conjugate  Diameters.  Conjugate  Hyjperhola. 

1.  From  any  points  in  the  conjugate  hyperbola,  parallel 
straight  lines  QRR\  qrr\  are  drawn  to  intersect  the  hyperbola 
in  the  points  P,  P',  and  r,  /,  respectively. 

* TRe  name  parameter  was  given  by  De  la  Hire  to  a third  proportional  to 
any  diameter  2a'  and  its  conjugate  26' ; the  parameter  being  thus  equal  to 

25'2 

— - . Apollonius  had  called  such  a line  the  lotus  rectum  of  the  diameter. 
a 
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To  prove  that  QR.QR'  — qr,qr'. 

Let  the  hyperbola  be  referred  to  (7P,  (7Z),  produced  in- 
definitely, as  axes  of  coordinates,  CP  being  a semi-diameter 
conjugate  to  RR’^  or  rr\  and  CD  being  a semi-diameter  con- 
jugate to  CP. 

Then  the  equation  to  the  hyperbola  is 


a‘  b'^ 


and  to  the  conjugate  hyperbola  is 


t.  _ 1 


(1), 


(2). 


Let  hj  be  the  coordinates  of  Q:  then,  putting  in  (1), 
h for  ir,  and  h — y for  we  shall  have 

[k-y'Y  , 

a'‘  b'‘‘  ~ ’ 


the  two  values  of  y’  in  this  equation  being  QR’.  Hence 
QR.QE^h’^  l). 


But  being  a point  in  (2), 

a'^~  ' 

hence  QR.QR'  = 

Similarly  ' qr.qr  = 

De  la  Hire : Bectiones  ConiccB.^  lib.  iv.  prop.  34. 


2.  To  find  the  locus  of  the  middle  points  of  a system  of 
parallel  chords  drawn  between  an  hyperbola  and  the  conjugate 
hyperbola. 

Let  two  conjugate  diameters  be  taken  as  axes  of  coordinates, 
the  axis  of  y being  parallel  to  the  chords. 

Let  3/2?  ordinates  of  the  two  ends  of  a chord  of 

which  X is  the  abscissa.  Then,  «,  representing  the  mag- 
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nitudes  of  the  conjugate  semi-diameters, 

- - ^ - 1 (1) 



2 2 



Let  y be  the  ordinate  of  the  middle  point  of  the  chord : then 

yy  + y^  = ^y (3)- 

Adding  (1)  and  (2),  and  paying  attention  to  (3),  we  get 

^2  - 3/l  = - W- 

Squaring  (3)  and  (4),  and  then  adding,  we  have 

2/.'  + = 2/  + ^ (5). 

But,  subtracting  (1)  from  (2),  we  see  that 

Vx  + 

F 

From  (5)  and  (6),  there  is 

2y^  F _ 2x^ 

f F 

F ~ ’ 

which  is  the  equation  to  the  required  locus. 


3.  CP^  CP\  are  two  semi-diameters  of  an  hyperbola;  CD^ 
CD\  are  two  semi-diameters  of  the  conjugate  hyperbola,  re- 
spectively conjugate  to  CP^  CP' : from  P are  drawn  PE^  PF^ 
parallel  respectively  to  P'(7,  CD'^  and  cutting  GD^  or  CD 
produced,  in  E^  F.  To  prove  that 

GE.CF=  {CPy, 

De  la  Hire : Sectiones  Conicce^  lib.  IV.  prop.  38. 
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4.  CP^  GP\  are  two  semi-diameters  of  an  hyperbola;  GD^ 
GD\  are  two  semi-diameters  of  the  conjugate  hyperbola,  re- 
spectively conjugate  to  GP^  GF : from  P is  drawn  PT,  parallel 
to  DG^  and  cutting  GF  in  P;  and  from  D is  drawn  DK^ 
parallel  to  P'(7,  and  cutting  GF  in  K,  To  prove  that 

triangle  GFT  = triangle  GDK, 

De  la  Hire : Sectiones  Gonicce^  lib.  IV.  prop.  39. 


Section  X. 

Referred  to  any  tv^o  Diameters.  Gonjugate  Hyperbola. 

1.  The  equation  to  an  hyperbola  being 

P / ‘^xy^ 

(p  mn  ’ 

to  find  the  equation  to  the  conjugate  hyperbola  ? 

The  equations  to  the  two  curves  referred  to  their  principal 

axes  are  <> 

^ ^ _ 1 
a^  P “ ’ 

and  1 ^ — 1* 

a 0 


If  we  change  the  directions  of  their  axes  of  coordinates,  by 
substituting  Xx  + fiy.^  X'x  + /a  y,  for  a?,  y,  respectively,  it  is  plain 
that  the  left-hand  member  of  either  of  the  equations  will  still 
remain  the  same  as  that  of  the  other. 

Hence  the  equation  to  one  being 

x^  y^  . 2xy 
(P  mn  ’ 

that  to  the  other  will  be 


mn 
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2.  (7P,  CP',  are  two  semi-diameters  not  conjugate,  the 
former  of  an  hyperbola,  the  latter  of  its  conjugate  hyperbola. 
A tangent  at  P intersects  CP',  produced  if  necessary,  in  P, 
and  a tangent  at  P'  intersects  CP,  produced  if  necessary,  in  T', 
To  prove  that  the  triangle  PCPis  equal  to  the  triangle  P'CT. 

De  la  Hire : Sectioms  Gonicce^  lib.  IV.  prop.  36. 


Section  XI. 


Referred  to  its  Asymptotes, 

1.  A straight  line  touches  an  hyperbola  in  P and  cuts  its 
asymptotes  in  P,  to  prove  that  HK  is  the  least  possible 
when  P coincides  with  the  extremity  of  the  transverse  axis. 

The  equation  to  the  hyperbola,  referred  to  its  asymptotes 

as  axes,  is  2 

^ xy  = c . 

Let  a?,  2/,  be  the  coordinates  of  the  point  P:  the  equation 
to  the  tangent  HK  will  be 

XX  + yy  — 2e^. 

Hence,  C being  the  centre  of  the  hyperbola, 
a?  ’ y ^ 


and  therefore,  « denoting  the  angle  between  the  asymptotes. 


2 cos  ft)' 

xy  , 


= -TV  + 2/^  — 2a72/  cos  ft)) 

X y 

= 4p  {pd  + y^  — 2c^  cos  ft)). 

Let  K\  be  the  positions  of  P,  when  P is  at  the 
extremity  A of  the  transverse  axis : then,  since  CA  bisects  the 
angle  between  the  asymptotes,  the  coordinates  of  A are  c,  c; 
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hence  [H'K'Y  = (2(f  — 2(f  cos  co)j 

[HKf  - {H'K'Y  = 4c^  (x^  + f - 2c‘^) 

= ^ + ccy  — 2c^x^ 


4c" 


X 


[X  — c 


This  result  shews  that  H'K'  is  less  than  HK ; which  establishes 
the  proposition. 

De  la  Hire : Sectiones  Gonicce^  lib.  Vii.  prop.  33. 

2.  A straight  line  HPQK  cuts  the  asymptotes  Gx^  Gy^  of 
an  hyperbola  in  the  points  and  the  curve  m Q:  to 

prove  that  pjj  ^ 

The  equation  to  the  hyperbola  is 

xy  = 6‘.. (1): 

let  that  to  the  straight  line  be 


X y 

- + f = !■ 

a b 

At  the  intersections  of  (1)  and  (2), 


(2). 


X 


ac 

ax  -\-  -y  =0. 


Hence,  being  the  coordinates  of  P,  and  y^  those 

+ = (3). 

and  y^  + y^=h] 

Consequently,  « being  the  angle  between  the  asymptotes, 

[PHY  = {a  - x;}‘  + y'Y  - 2 (a  - a:J  cos  a> 

= (^  - yj  + < - 2 (J  - y,)  a:^  cos®,  by  (3), 

= m)\ 

or  PH=  QK. 

*Edv  vTrep^oXfj  evOela  avyijirliTTy  Kara  Bvo  a-yfiela*  iK- 
^aWofjuivy  i(l)  ixarepa  G-ypuTrea-elraL  aavybiTTonTOL^j  koX  ai 
aTToXafi^avopbevai  air  avTrj<i  viro  ropurff;  7rpo<s  raif} 

do’u/x.TTTfOTOi?  laai,  caovrai. 

’AITOAAQNIOY  nEPPAIOY  Kwvikwi/  to  SevTEpov  Uporatn^  tj. 
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3.  A tangent  to  the  curve  xy  = is  intersected  by  a per- 
pendicular upon  it  from  the  origin:  prove  that,  if  o)  be  the 
angle  between  the  coordinate  axes,  the  equation  to  the  locus 
of  the  intersection  will  be 

y [x  co?>(t)  y)  -\-  X [y  cos o)  + x)  = 2c  {[x  cos (o  -\-y)  [y  cos (o  -}-  x)]^. 
Let  the  equation  to  the  tangent  be 
y = ax 

then  the  roots  of  the  equation 

ax^  + px  — = 0 

must  be  equal : hence  = — 4.ac\ 

and  the  equation  to  the  tangent  will  become 


y = ax  2g[—  a)^ (1). 

Let  the  equation  to  the  perpendicular  upon  it  be 

y = (2). 

Then,  by  the  condition  of  perpendicularity, 

1 + aa  + (a  + a!)  coso)  = 0 (3). 

From  (2)  and  (3)  there  is 

X ay  + [ax  + y)  coso)  = 0, 


X -\-  y COSO)  = — a[y  + X cosw), 
and  therefore,  from  (1),  we  get  for  the  equation  to  the  locus, 
y[y-\-x  cos  ft))  -\-x[x-{-y  cosco)  = 2c  [[x  + y cosft)).(?/  -f  x cosct))}^. 

4.  In  every  triangle  inscribed  in  an  equilateral  hyperbola, 
the  point  of  concourse  of  the  perpendiculars,  drawn  from  the 
angles  to  the  opposite  sides,  lies  in  the  curve. 

Let  the  coordinates  of  the  three  angular  points  of  any  in- 
scribed triangle  be  [x^y)^  [x\  y')^  [x'^y").  Then  the  equation 
to  the  side  joining  (a?,  y)^  [x\  ?/'),  will  be 

•y.  - y = ~ 


(!)• 
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But,  by  the  equation  to  the  hyperbola,  supposing  the  asymptotes 
to  be  the  axes  of  coordinates, 

xy  = xy  = 


y - y 

X — X 


and  therefore 
The  equation  (1)  therefore  becomes 


c 

XX 


The  equation  to  the  perpendicular  to  this  line  through  y”) 
will  be 

y-y"^^  K-*") (2). 

Similarly,  the  equation  to  the  perpendicular  through  the  angular 
point  {x^  y)  will  be 

xx!'  . , . 

y.  - (»i  - (3)- 

At  the  intersection  of  (2)  and  (3),  we  have,  multiplying  (2)  by 
x\  (3)  by  a?,  subtracting,  and  observing  that  xy  \ xy^  are  both 
equal  to  xxx 

Similarly,  we  must  have 

^ _ yyy 

By  symmetry  it  is  plain  that  these  are  the  coordinates  of  a point 
through  which  the  three  perpendiculars  pass.  Moreover 

xy  xy  xy” 

= c^ 

hence  y^  are  the  coordinates  of  a point  in  the  curve. 

Brianchon,  Poncelet : Gergonne^  Annates  de  MatMmatiques^ 
tom.  XI.  p.  205. 


5.  To  prove  that  the  straight  lines  drawn  from  any  point  in 
an  equilateral  hyperbola  to  the  extremities  of  any  diameter,  are 
inclined  at  equal  angles  to  the  asymptotes. 
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The  equation  to  the  hyperbola,  referred  to  its  asymptotes 
Cx^  Cy^  (which  constitute  a system  of  rectangular  axes)  will- be 

xy  = 


Let  PCp  be  any  diameter ; [x^  y)  being  the  coordinates  of  P, 
(—  x^  — y)  of  and  [x^  y)  of  any  point  P in  the  curve. 

Let  lFEx  = and  lFFx  = Then 


1 1 


tan(^  = 


y - y ^ 


c 

XX 


Putting  — X for  a?,  and  6 for  </>,  we  have  also 

(.2 

tan^  = — : . 

XX 


From  these  results  it  appears  that 

6 = TT  — (f>j 

and  therefore  lFEF  = lFFE. 


Cor.  It  may  hence  be  easily  inferred  that,  if  from  another 
point  P",  lines  be  drawn  to  P and^,  lFPP”  — LFpF\ 

Newton : Arithmetica  Universalis^  prob.  35. 

Gergonne ; Annales  de  Mathematiques^  tom.  II.  pp.  32,  126. 


6.  If  any  hexagon  be  circumscribed  about  an  hyperbola,  the 
three  diagonals,  joining  opposite  angles,  will  all  pass  through 
one  point. 

The  equation  to  the  hyperbola  being 
^xy  = 
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let  the  equation  to  a tangent  be 


X y 
- +|-  = 1: 
a. 


then  the  roots  of  the  equation 


2 *2 
X C ^ 

— — =0, 


03, 

which  belong  to  the  common  point  of  the  tangent  and  curve, 
must  be  equal : hence  a /3  = c\ 

Thus  the  equation  to  the  tangent  is 


1. 


At  the  intersection  of  this  tangent  and  another,  represented  by 
the  equation  ^ ^ y 

+ 2cy 
2 

we  shall  have 


1. 


a, + 


3/1.2  = 


ai  + «2 


These  will  he  the  coordinates  of  one  of  the  angles  of  the  circum- 
scribed hexagon,  the  two  tangents  being  two  of  the  sides.  We 
shall  have  analogous  expressions  for  the  coordinates  of  the  other 
angles. 

The  equation  to  the  diagonal  through  the  angles  3/1,2)? 

2/4.5).  ^*11  fee 

(2/4,5  - y.,2)  - y (*4,5  - *1,2)  = *.,22/4,5  - *4.52/4,2; 

or,  if  we  substitute  for  the  coordinates  of  the  angular  points, 
their  values, 

c'*  !(«,  - a.)  - (“2  - “5))  + 2/  {«4“.(®5  - “2)  + “5“2(“4  - «.)) 

= C'(«4“5  - “.“2) (!)• 

Similarly,  the  equation  to  the  diagonal,  through  the  angular 
points  will  be 

c”*  {(«5  - “2)  - («3  - “e)}  + y (V.  («6  - “s)  + «e«3  (“5  - “2)} 


= c''‘(a,o,  - a,a,) (2). 
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At  the  intersection  of  these  two  diagonals,  multiplying  the 
equation  (1)  by  — a^,  and  the  equation  (2)  by  — adding 
the  latter  of  the  resulting  equations  to  the  former,  and  dividing 
the  final  equation  by  — a^,  we  shall  get 

&x  {(a„  - 0.^  - (a^  -«,)}+«/  {%a.^  (a,  - aj  + (a^  - a3)} 

= c‘'(ae“i-«3“4) (3)- 

But,  as  is  evident  from  symmetry,  the  equation  (3)  belongs  to 
the  third  diagonal,  namely,  that  which  passes  through  the  points 
(^3.47^3,4)5  (^6,1?  3^6,1)*  Thus  we  see  that  the  two  diagonals  (1) 
and  (2)  intersect  in  the  third ; which  establishes  the  theorem. 

Cor.  Subtracting  the  sum  of  (1)  and  (3)  from  (2),  we  get 
for  the  value  of  at  the  point  through  which  the  three  diagonals 
pass, 

y + “5)  - “2“3(“5  + “s)  + “3“4(“6  + “.)  “ “l“5  (“.  + “2) 

+ «3“6(“2  + “3)  - («3  + “4)} 

= (“ia2  - «2«3  + “3“4  - “4«5  + “ Vl)' 

The  values  of  x wdll,  as  symmetry  points  out,  be  obtained  by 
writing,  in  this  equation,  x for  3/,  and  /3  for  a,  throughout. 

Cambridge  MatJiemafdcal  Journal^  vol.  lY.  p.  164. 

7.  To  determine  the  hyperbola  which  has  two  given  lines  as 
asymptotes  and  which  passes  through  a given  point. 

Let  A,  A,  be  the  coordinates  of  the  given  point,  referred  to 
the  two  given  lines  as  axes  of  coordinates. 

The  equation  to  the  hyperbola  is 
xy  = hk. 

Avo  SoOeia&v  evOeuMV  ^mviav  TrepLe'^ovcrcov,  /cal  arjfietov 
evT09  ri}?  jcoviaf;*  ^pd'y^at,  Bed  rov  arjpbelov  kcovov  Topurjv 
Tr]v  KoXovpbevTjv  'v'Trep^oXrjv,  Mcrre  davpbTTTcoTOVf;  elvat  rd? 
BoOeLaa<i  evdeia^. 

’AHOAAQNIOY  nEPPAlOY  'K.wvlkwv  to  dtvTspov’  IlpoTaai's  S'. 

Pappus : Mathematicce  GoUectiones  a Commandino^  lib.  Vll. 
prob.  15,  prop.  CCIY.,  p.  277. 
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8.  To  find  the  locus  of  the  intersection  of  a pair  of  tangents 
to  a rectangular  hyperbola  xy  = which  are  such  that  the 
product  of  the  tangents  of  their  inclinations  to  the  axis  of  x is 
constant. 

If  h denote  the  constant  product,  the  required  locus  will  be 
a straight  line  the  equation  of  which  is  ?/  = hx. 

9.  A straight  line  moves  in  the  plane  of  a given  angle,  so  as 
to  form  with  the  sides  of  the  angle  a triangle  of  given  area  : to 
find  the  equation  to  the  locus  of  the  centre  of  gravity  of  the 
triangle. 

The  two  sides  of  the  angle  being  taken  as  the  axes  of  co- 
ordinates, the  equation  to  the  curve  will  be 

9 sina  ’ 

where  h denotes  the  given  area,  and  a the  given  angle. 

Francoeur : Gergonne^  Annates  de  MatMmatiques^  tom.  x.  p.  79. 

Gergonne  : Annates  de  Mathematiques^  tom.  x.  p.  87. 

10.  If  a concentric  circle  cut  a rectangular  hyperbola,  re- 

ferred to  its  asymptotes  as  axes,  and  PT,  FT\  be  tangents  to 
the  circle  and  hyperbola  respectively,  meeting  the  axis  of  x in 
P,  P,  PM  being  the  ordinate  at  the  point  of  intersection : to 
prove  that  MT.MT  — MF\ 

11.  To  find  the  general  form  of  the  polar  equation  to  the 
tangent  of  an  equilateral  hyperbola,  an  asymptote  being  the 
prime  radius  vector. 

The  equation  to  the  hyperbola  being  xy  = c^,  the  polar 
equation  to  the  tangent  will  be 


where  a is  an  arbitrary  constant. 

12.  To  prove  that  the  secants,  drawn  from  any  one  of  the 
points  of  an  hyperbola  to  two  fixed  points  in  the  curve,  always 
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intercept,  on  either  asymptote,  a constant  length  equal  to  the 
length  intercepted  on  the  same  asymptote  between  the  secant 
through  the  two  fixed  points  and  the  tangent  at  either  of  them. 

Sturm,  Vecten,  Querret : Gergonne^  Annates  de  Mathematiques^ 
tom.  XV.  p.  100. 

Quetelet : Corr,  Math,  et  Fhys..^  tom.  il.  p.  323. 

13.  To  prove  that  every  chord  of  an  hyperbola  divides  into 
two  equal  parts  the  portion  of  either  asymptote  which  is  included 
between  the  tangents  at  its  extremities. 

Sturm,  Vecten,  Querret : Oergonne.^  Annates  de  Mathematiques^ 
tom.  XV.  p.  102. 

14.  If  any  two  tangents  be  drawn  to  an  hyperbola,  and  lines 
be  drawn  joining  the  points  in  which  they  intersect  the  asymp- 
totes, to  prove  that  these  lines  will  be  parallel  to  one  another. 

15.  To  find  the  equation  to  the  conjugate  diameter  of  any 
system  of  parallel  chords  in  an  hyperbola. 

If  the  equation  to  any  one  of  the  chords  be 

X y ^ 

— i — =1? 
m n 

the  equation  to  their  conjugate  diameter  will  be 

m n ’ 

16.  From  any  fixed  point  P in  an  hyperbola,  are  drawn 

PH,  PH,  parallel  to  the  asymptotes ; and,  from  another  fixed 
point  Q in  the  hyperbola,  is  drawn  any  straight  line  cutting 
PH,  PH,  in  ilf,  H,  respectively,  and  the  curve  in  P : to  prove 
that  RN. 

17.  If  a pair  of  conjugate  diameters  of  an  ellipse  be,  when 
produced,  asymptotes  to  an  hyperbola,  to  prove  that  the  points 
of  the  hyperbola  at  which  tangents  to  the  hyperbola  will  also  be 
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tangents  to  the  ellipse,  lie  in  an  ellipse  concentric  and  similar  in 
form  to  the  given  one. 

18.  A tangent  at  a point  E of  an  hyperbola  intersects  one 
of  the  asymptotes  in  : an  indefinite  line  EN  is  drawn  through 
E parallel  to  this  asymptote  : from  F any  line  FGHI  is  drawn, 
cutting  the  curve  in  (x,  /,  and  the  line  EN  m H\  to  prove  that 
the  line  FI  is  harmonically  divided  in  the  points  (r,  H. 

De  la  Hire : Sectiones  Gonicce^  lib.  IL  prop.  22. 

19.  Cb,  Cy^  are  the  asymptotes  of  an  hyperbola : HK  is  any 
chord : GP  is  a semi-diameter,  conjugate  to  HK : from  A,  P,  P, 
are  drawn,  parallel  to  yG^  the  three  lines  AA,  P/,  AM,  inter- 
secting Gx  in  A,  /,  M.  To  prove  that  these  three  lines  are 
continued  proportionals. 

De  la  Hire : Sectiones  Gonicce^  lib.  IV.  prop.  15. 

20.  If  the  abscissas  of  any  number  of  points  in  an  hyperbola, 
referred  to  its  asymptotes,  are  in  arithmetical,  to  shew  that  the 
ordinates  are  in  harmonical  progression. 

De  la  Hire : Sectiones  Gonicce^  lib.  iv.  prop.  16. 

21.  From  any  two  points  P,  P',  in  an  hyperbola  are  drawn 
two  straight  lines,  PM,  P'M',  parallel  to  the  asymptote  yG^ 
and  meeting  the  asymptote  Gx  in  M,  M' : from  the  same  two 
points  are  drawn  also  PA,  PA',  parallel  to  xG^  and  cutting  Gy 
in  A,  A.  To  prove  that  the  mixtilineal  area  PNNP  is  equal 
to  the  mixtilineal  area  PMM'P'. 

De  la  Hire:  Sectiones  GoniccB.^  lib.  iv.  prop.  17. 

22.  A tangent  is  drawn  at  a point  P of  an  hyperbola,  cutting 
the  asymptote  Gy  in  A:  from  E is  drawn  any  straight  line 
EKH  cutting  one  branch  of  the  hyperbola  in  the  points  A,  H : 
Kk^  PM^  Hh^  are  drawn,  parallel  to  y (7,  to  cut  the  other  asymp- 
tote Gx  in  the  points  M,  h.  To  prove  that 

Hh^Kk=^  2PM. 

De  la  Hire : Sectiones  Gonicce^  lib.  iv.  prop.  19. 

IT 
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23.  At  a point  P of  an  hyperbola  is  drawn  a tangent  PM, 
cutting  one  of  the  asymptotes  in  M.  From  a point  Q in  the 
curve  is  drawn  a line  QN^  parallel  to  PM,  cutting  the  same 
asymptote  in  N\  from  Q is  drawn  also  QE^  parallel  to  M(7, 
cutting  the  semi-diameter  CP  in  the  point  E.  To  prove  that 
the  triangle  PCM  is  equal  to  the  quadrilateral  CEQN. 

De  la  Hire : Sectiones  Gonicm^  lib.  IV.  prop.  20. 

24.  CP  is  any  semi-diameter  of  an  hyperbola,  CD  is  its  semi- 
conjugate. At  P is  drawm,  parallel  to  DC^  a tangent  PP, 
cutting  one  of  the  asymptotes  in  P : in  CP,  produced,  is  taken 
any  point  P,  and  from  H is  drawn,  parallel  to  CP,  a straight 
line  HQ^  Q being  its  first  intersection  with  the  curve : from  Q 
is  drawn  the  straight  line  QI^  parallel  to  PC  and  meeting  CP, 
produced  if  necessary,  in  /;  from  Q is  drawn  also  QF^  parallel 
to  EC^  and  meeting  CD  in  P.  To  prove  that  the  quadrilateral 
CIQFi^  equal  to  the  triangle  CEP. 

I)e  la  Hire  : Sectiones  Conicce^  lib.  IV.  prop.  21. 

25.  If  any  right-angled  triangle  be  inscribed  in  an  equi- 
lateral hyperbola,  the  perpendicular  let  fall  from  the  summit 
of  the  right  angle  upon  the  hypotenuse  is  a tangent  to  the 
curve. 

Brianchon,  Poncelet : Gergonne.^  Annales  de  Mathematiques.^ 
tom.  XI.  p.  206. 

26.  If,  on  a chord  of  an  hyperbola,  considered  as  a diagonal, 
be  constructed  a parallelogram  the  sides  of  which  are  respectively 
parallel  to  the  asymptotes  of  the  curve,  to  prove  that  the  other 
diagonal  of  this  parallelogram,  produced  if  necessary,  will  pass 
through  the  centre  of  the  curve. 

Sturm,  Yecten,  Querret : Gergonne^  Annales  de  Mathematiques^ 
tom.  XV.  p.  102. 

27.  If,  on  the  three  sides  of  a triangle,  taken  in  turn  as 
diagonals,  be  constructed  parallelograms,  the  sides  of  which  are 
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respectively  parallel  to  two  given  straight  lines,  to  prove  that 
the  three  other  diagonals  of  these  parallelograms  will  pass 
through  the  centre  of  an  hyperbola  which,  being  circumscribed 
about  the  triangle,  has  its  asymptotes  parallel  to  the  two  given 
straight  lines. 

Sturm,  Vecten,  Querret : Gergonne^  Annales  de  Mathematigues^ 
tom.  XV.  p.  103. 

28.  An  hyperbola,  denoted  by  the  equation  xy  — c\  is  inter- 
sected by  a parabola,  the  equation  of  which  is 

— a.x 

to  prove  that,  y^>^y^i  being  the  lengths  of  the  ordinates  of  the 
intersections  of  one  branch,  and  y^  the  length  of  the  ordinate  of 
the  intersection  of  the  other  branch, 

3/3  = + ^2* 

De  la  Hire : Sectiones  Conicce^  lib.  v.  prop.  32. 

29.  From  a point  P,  in  one  of  the  branches  of  a rectangular 
hyperbola,  xy  = c‘^,  a perpendicular  FM  is  drawn  to  one  of  the 
asymptotes : FM  is  bisected  in  and  through  Q is  drawn,  per- 
pendicular to  the  other  asymptote,  an  indefinite  straight  line : in 
this  indefinite  line  is  taken  any  point  0 ; OF  is  joined.  A circle 
is  described,  of  which  0 is  the  centre  and  OF  the  radius.  To 
prove  that,  if  the  circle  cut  the  locus  of  xy  = d'  in  four  points, 
the  same  branch  will  be  intersected  in  another  point  P^,  and  the 
other  branch  in  two  points  Pg,  Pg,  and  that,  y^^y^^y^^  denoting 
the  magnitudes  of  the  ordinates  of  P^,  P^,  Pg, 

^2  + 2/3  = 

De  la  Hire : Sectiones  Gomcce^  lib.  v.  prop.  33. 

30.  From  any  point  P in  one  branch  of  any  hyperbola,  is 
drawn  PM,  parallel  to  the  asymptote  yCy\  and  cutting  the 
asymptote  x Gx  in  M.  FM  is  bisected  in  and,  in  an  indefinite 
straight  line  through  Q,  parallel  to  Ob?,  is  taken  some  point  0. 
An  ellipse  is  described,  passing  through  P and  M^  of  which  0 is 

U2 
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the  centre,  and  OA',  OB\  two  conjugate  diameters  parallel  to 
Cx^  Cy^  respectively,  such  that  OA' : OB'  \ \ PM\  PE^  PE  being 
at  right  angles  to  Cx. 


-P.)  -Pa)  then,  being  parallel  to  Gy, 

P,il/,  = P,iW;  + PA. 

De  la  Hire : Sectiones  Conicce^  lib.  V.  prop.  34. 


Section  XII. 

Referred  to  any  Rectangular  Axes. 

1.  To  prove  that,  in  the  equation  to  a rectangular  h5rperbola, 
referred  to  any  rectangular  axes  whatever,  the  coefficients  of  od 
and  f are  equal  with  opposite  signs. 

The  equation  to  a rectangular  hyperbola  referred  to  its 
principal  axes  is 

Turning  the  axes  through  an  angle  we  shall  change  this 
equation  into 

[x  cos 6 — y mi 6)^  — {x  miO  + y cos 6)^  — 
or  {a?  — y"^)  cos 2^  — 2xy  sin2^  = a*. 

If  we  transfer  the  origin  to  any  new  place,  the  coefficients 
of  x^  and  f will  not  be  affected.  The  proposition  is  therefore 
established. 
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2.  If  two  points  be  taken  in  each  of  two  rectangular  axes  so 
as  to  satisfy  the  condition  that  a rectangular  hyperbola  may  pass 
through  all  the  four,  shew  that  the  position  of  the  hyperbola  is 
indeterminate,  and  that  its  centre  describes  a circle  which  passes 
through  the  origin  and  bisects  all  the  lines  which  join  the  points 
two  and  two. 


Let  Aj  A'j  be  two  points  taken  in  the  axis  of  a?,  and  -B,  5', 
two  points  in  that  of  y.  Let  OA=(x,  OA'=ot'j  OB—^j  OB' 

The  equation  to  any  conic  section  passing  through  these  four 
points  will  be 


^ -L  X 


[a  + a!)  — (^  + /3')  + 1 = 0 . . . (1). 


The  hyperbola  being  rectangular,  we  must  have 

aoL  + /3^'  = 0 (2). 

Since  h is  independent  of  a,  a',  /8,  /3',  the  position  of  the  hyper- 
bola is  indeterminate. 

Suppose  that  the  origin  is  changed  to  a point  X,  T,  the 
directions  of  the  axes  not  being  altered.  Then  (1)  will  become 

If  X,  Y,  be  the  coordinates  of  the  centre  of  the  hyperbola. 


?^_5F-?L±^'=0, 

aOL  OLOL 


m “ m 

and  therefore,  eliminating  b,  and  paying  attention  to  equation  (2), 

2 (X^+  F')  - (a  + a')  X-  (/8  + /S')  F=  0, 


or  (X-^']  + ( Y-  + (^) 


4 ; 


\ 4 y 


..(3), 


the  equation  to  a circle  passing  through  0. 

The  coordinates  of  the  middle  points  of  the  lines  ABj  A'B^ 
AB',  A'B',  are  (^a,  (Ja,  (Ja,  i/3'),  (Ja',  iB')  : these 
coordinates,  by  virtue  of  (2),  satisfy  the  equation  (3).  This 
shews  that  these  lines  are  all  bisected  by  the  circle. 
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3.  If  uv  = c‘^  be  the  equation  to  an  hyperbola,  where 
u = X cosa  + y sina  — A, 

V — X cosjS  H-  y sin)8  — 
and  c is  constant,  to  prove  that 

uv  = 0,  = mV, 

are  the  respective  equations  to  the  asymptotes,  axes,  and  a pair 
of  conjugate  diameters,  m being  an  arbitrary  constant. 


Section  XIII. 

Referred  to  any  Rectangular  Axes.  Reduction. 

The  equation  to  an  hyperbola  referred  to  any  axes  whatever  is 
ax^  + hf  + 2cxy  + 2a!x  + 2h'y  + c = 0, 
a,  &,  c,  being  subject  to  the  condition 

c^  > ah. 

The  process  to  be  adopted  for  the  purpose  of  finding  the  centre 
as  well  as  the  magnitudes  and  positions  of  the  axes  is  the  same 
as  in  the  reduction  of  the  general  equation  to  the  ellipse. 

1.  To  determine  the  positions  of  the  axes  of  the  curve 
xy  — x^  tana  = cot  a, 

and  the  ratio  between  them. 

Putting,  in  the  equation, 

X = x'  cos  6 — y’  sin  y = x sin  Q y cos 

we  have 

(ic'cos^— y sin^)  (oj'sin^+ycos^)  — (a;'cos^— ysin^)^  tana= J^^cota. 
Equating  to  zero  the  coefficient  of  xiy\  we  get 
cos2^  4-  tana  sin2^  = 0, 
tan2^  = — cota  = tan(+|-7r4-  a), 

2^  = ± Jtt  + a, 

which  shews  that  the  axes  are  inclined  at  angles  |(7r  + 2a), 
J 77-  4-  2a),  to  the  axis  of  x. 
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Taking  the  former  axis  as  that  of  x\  the  equation  becomes 

— sin 2^  — tana  +cos2^)  +y^(l  — cos 2^)}  = J5‘‘^cota, 

£c'^(cosa— tana+sina  tana)  — ?/'^(cosa+tana+sinatana)  = cota, 

nr»C!*^  n 

(1  — sina)  — y''\l  + sina)  = 


X 


y 


X 


1 + sma  1— sma 

f 


sma 
\lf  cosec  a, 


= cosec  a. 


(cos  Ja  + sin  Ja)^  (cos  — sin  -Ja)’ 

The  ratio  between  the  axes  is  therefore  equal  to 
1 — tan  ^ tt  — 2a 

l + tania“tan— j— • 

2.  To  prove  that  the  equation 

4:xy  — Baf  d 

will  be  changed  into  the  equation 

^ — 4.y^  = d\ 

if  the  axes  of  coordinates  be  turned  through  an  angle  the  tangent 
of  which  is  2. 


3.  The  equation  to  an  hyperbola  being 

y 


a 

X + - , 
X ^ 


to  find  its  equation  when  it  is  referred  to  its  axes. 
The  required  equation  is 

.V2  ” 2. 


x‘ 


^ + 2 


4.  The  equation  to  an  hyperbola  being 

— 2/^  + ’^xy  — aj  + ^--l=0, 
to  find  its  equation  when  referred  to  its  axes. 
The  required  equation  is 

2 2 d 

^ - y = 


4 V2  * 

Gamier  : Geometrie  Analytique^  p.  131. 
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Section  XIV. 

Polar  Equation.  Centre  the  Pole. 

1.  To  prove  that  of  all  diameters  of  an  hyperbola  the  trans- 
verse axis  is  the  least. 

The  polar  equation  to  the  hyperbola,  the  centre  being  the  pole 
and  the  transverse  semi-axis  being  the  prime  radius  vector,  is 
1 cos'^^  sin'*^ 


whence 


3“  “2  = IJ  + IS  • 


? 


1 1 


The  expression  for  \ — \ being  essentially  positive,  it  is  evident 
a r 

that  4 is  less  than  i,  or  less  than  r\  or  a than  r,  a con- 
r a 

elusion  which  establishes  the  proposition. 

De  la  Hire ; Sectiones  ConiccBj  lib.  il.  prop.  36, 

2.  An  hyperbola,  of  which  C is  the  centre,  is  cut  in  two 
points  P,  P',  by  a given  straight  line : to  find  the  tangent  of 
the  sum  of  the  inclinations  of  (7P,  CP',  to  the  transverse  axis. 
The  equations  to  the  hyperbola  and  to  the  straight  line  being 
fcos^d  sin^e^ 

¥ 


r 


= 1, 


and  B — r cos  [0  — X), 

we  have,  at  their  intersections. 


¥ 


¥ 


(^  — X), 


and  therefore 


¥\  ¥ 

sin^X  + -p]  tan'^^  + sin2X.tan^  + cos^X  — ^ = 0, 

and  consequently,  being  the  inclinations  of  CP,  CP', 

to  the  transverse  axis, 

. //I  /I  x sin2X 

tan(^^  + 0^^)  = — — 


cos2X  — 
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Cor.  Suppose  that  - = c,  e denoting  the  eccentricity  of 
the  hyperbola:  then  we  shall  have 

1 i -1 

, 

and  therefore  tan(0,  + ^ . 

cos2\ T. 

c" 

This  result  shews  that  the  angle  6^  + 6^^  remains  invariable 
for  all  hyperbolas  with  axes  coincident  in  direction,  provided 
that  their  minor  directors^  are  coincident. 

Booth:  Application  of  a New  Analytic  Method  to  the  Theory 
of  Curves  and  Curved  Surfaces^  p.  7. 

3.  To  prove  that  diameters  of  an  hyperbola  which  are 
nearer  the  transverse  axis  are  smaller  than  those  which  are 
more  remote. 

De  la  Hire : Sectiones  Conicce^  lib.  vii.  prop.  1. 

4.  The  distances  5,  of  two  points  in  an  hyperbola  and 
its  conjugate  respectively  from  the  common  centre  are  at  right 
angles  to  each  other:  to  prove  that,  a,  being  the  semi-axes 
of  the  hyperbola, 

1111 

? a^ 

Section  XV. 

Polar  Equation.  Focus  the  Pole. 

1.  If  a straight  line  be  drawn  from  the  focus  of  an  hyperbola, 
to  prove  that  the  part  intercepted  between  the  curve  and  the 
asymptote  is  equal  to 

a sin  a 

sina  + sin^  ’ 


* A line  drawn  parallel  to  the  transverse  axis  at  a distance  - from  the 
centre  has  been  called  the  minor  director. 
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where  6 and  a are  the  angles  made  by  the  straight  line  and 
asymptote  respectively  with  the  axis  of  the  curve. 

Let  P,  be  the  points  in  which  the 
straight  line,  through  the  focus  cuts 
the  asymptote  and  curve  respectively. 

P 

Then  tan'^a  = — — 1, 

a ' 


e"  = sec  a,  e = sec  a. 


Hence  ^ = 


B:p  = 

/SP= 

ae  sin  a 
sin(^  — a) 


ae 


sma 


sin(^  - a)  ’ 

a {i'  — 1) 

1 — e cos  6 ' 

a — 1) 

1 — ecos^ 


= a tan  a 


= a tana 


I. 


sma 


(sin(^  — a)  cos  a — cos^ 


1 


sin  a (cos  a + cos^) 


(sin(^  — a)  sin(^  + a)  sin(^ 
a tana  sin  ^ cosa  — sin  a cosa 


-«)l 


sin  {Q  - 
= 2a  sin  a 

= a sina 


■ a)  * sin(^  + a) 

sin^  — sina 
cos  2a  — cos  2^ 

sin^  — sina 


a sma 


sin'^^  — sin^a  sina  + sin^ 


3^  6 

2.  To  prove  that  r cos  — ^ a cos  - is  a focal  polar  equation 
2 2 

to  an  hyperbola,  the  eccentricity  of  which  is  2 and  the  axes 
2a  2a 
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Section  XVI. 


Polar  Equation,  Point  in  the  Axis  the  Pole. 

1.  In  the  semi-axis  major  GA  of  an  hyperbola,  produced 
indefinitely,  a point  0 is  taken  at  a distance  from  ^ greater 
than  half  the  latus-rectum.  P is  a point  in  the  curve,  OP  is 
joined.  To  determine  the  least  value  of  OP. 

Let  OP  = r,  lPOA  — 0^  GO  — c.  Then  the  polar  equation 
to  the  curve  will  he 

= {e'^  — l).{(c  — rcos^)^  — 

or  dP  6 — 2 — 1)  or  cos  0 = p — (e^  — 1)  (c^  — a^). 

This  equation  may  be  put  under  the  form 

^er  cos  0 — - ^ ^ ^ — . (c^  — eW) (1). 


Now,  since  AO  is  greater  than  a(e^  — 1),  c is  greater  than 

and^therefore  a fortiori  than  ea : hence, 

e^  — 1 , , , , , , 

— 2 — “■  essentially  positive  quantity. 


Hence  it  follows  that 


6^  - 1 


eV) 


is  the  least  value  of  P. 

From  (1)  we  have,  for  the  determination  of  the  corre- 
sponding value  of 


cos^  = 


1 


which,  c being  greater  than  e%j  gives  possible  values  for 

Apollonius : Gonicorum.^  lib.  V.  prop.  9. 


2.  A point  0 is  taken  in  the  semi-axis  major  (produced) 
of  an  hyperbola,  at  a distance  from  its  vertex  A equal  to  half 
the  latus-rectum.  A point  P is  taken  in  the  curve,  PO  is 
joined,  and  PM  is  drawn  at  right  angles  to  AO.  To  prove 
that  OA  is  the  least  value  of  OP.,  and  that,  e denoting  the 
eccentricity,  ( QPf  - { OAf  = e’’  {AM)\ 

Apollonius : Conicorum,  lib.  v.  prop.  5. 
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Section  XVII. 


Polar  Equation.  Poh  Anywhere. 

1.  Through  any  given  point  0 to  draw  a straight  line 
cutting  an  hyperbola  in  two  points  g',  such  that  the  rectangle 
contained  by  0 Oq.^  shall  be  equal  to  a given  square. 

The  equation  to  the  hyperbola,  referred  to  its  principal  axes, 
is  ^ ^ _ 1 

Let  (^,  A;),  be  the  coordinates  of  0.  Then  the  polar  equation 
to  the  hyperbola,  0 being  the  pole,  and  the  prime  radius  vector 
being  parallel  to  the  axis  of  ic,  will  be 

{r  0,0^6 h)'^  (r  sin^ -H 

P ” • 

Let  r^,  be  the  two  values  of  r in  this  quadratic : then 

^ 

P ^ 


“ cos‘‘^6> 


sin' 


P 


Let  P denote  the  area  of  the  given  square : then  r^.r^  — ± 
the  — or  + sign  being  taken  accordingly  as  0 is  supposed  to 
lie  between  q^  or  not:  hence 

cos^^  sin*^^  _ 1 fP  P 

¥~  ~ ? V “ F “ V • 

From  this  equation  may  be  found  generally  two  values  of  9, 
and  therefore  the  problem  will  generally  admit  of  two  solutions 
on  each  hypothesis  respecting  the  position  of  0.  The  possibility 
of  the  problem  depends  upon  the  possibility  of  the  value  of  9. 

De  la  Hire ; Sectiones  Conicce^  lib.  v.  prop.  43. 


2.  Through  a given  point  0 is  drawn  a straight  line  cutting 
in  the  points  P,  the  opposite  branches  of  an  hyperbola:  to 
find  the  inclination  of  PQ  to  the  transverse  axis  in  order  that 
the  rectangle  between  OP,  0 Qj  may  be  the  greatest  possible. 

PQ  must  be  parallel  to  the  transverse  axis. 

De  la  Hire : Sectiones  Conicoi^  lib.  vil.  prop.  32. 
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3.  Through  a given  point  0 is  drawn  a straight  line  cutting 
in  the  points  P,  one  branch  of  an  hyperbola : to  prove  that 
the  rectangle  between  OP,  OQ^  will  be  the  least  possible  when 
PQ  is  parallel  to  the  conjugate  axis. 

De  la  Hire : Sectioms  Conicce^  lib.  vii.  prop.  34. 


Section  XYIIL 
Poles  and  Polars. 


1.  With  the  asymptotes  of  an  hyperbola,  as  conjugate  di- 
ameters, ellipses  are  described,  touching  the  hyperbola : to 
prove  that,  if  a common  polar  of  any  two  of  the  series  of 
ellipses  has  its  pole,  relatively  to  one  of  the  two  ellipses,  in  the 
hyperbola,  its  pole,  relatively  to  the  other,  will  also  be  in  the 
hyperbola. 

Let  the  equations  to  any  pair  of  the  ellipses  be 


- + ^=1 
d^  ^ P 

u ^ = 1 


(1), 

(2). 


Let  the  pole,  relatively  to  (1), 
will  be  -ky 


P 


be  (A,  k) : then  the  polar 

1 (3). 


Let  (A',  k!)  be  the  pole,  relatively  to  (2),  of  the  polar  (3). 
Then  the  equation  to  the  polar  must  be 

r 

Since  (3)  and  (4)  represent  the  same  line, 
h K k k! 


w. 


and  therefore 


7^ 

PP 


P ’ 
AT 


^'27  ^2 

a o 


(5). 


Since  (1)  and  (2)  touch  the  hyperbola,  the  equation  of  which 


is  of  the  form 
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it  may  easily  be  shewn  that  a^})^  = 40“*,  = 4c^.  Hence, 

by  (5),  }ik  = h'V. 

But  hk  — c^,  because  (A,  k)  is  a point  in  the  curve : con- 
sequently hUc  = and  {h\  k')  is  also  a point  in  the  curve. 


2.  If  P be  the  pole,  relatively  to  any  polar  of  an  equilateral 
hyperbola,  of  which  G is  the  centre,  to  prove  that  <^,  0',  being 
the  inclinations  of  CP,  and  of  the  polar,  to  the  real  axis, 
tan  0.  tan  = 1. 


Let  the  equation  to  the  hyperbola  be 

= d\ 

Then,  (A,  k)  being  the  pole,  the  equation  to  the  polar  will  be 

hx  — ky  = (1). 

Also  the  equation  to  CP  will  be 


X y 

h^k 


(2). 


From  (1)  and  (2)  it  appears  that 

h 

k'^ 

and  therefore  tan  0. tan  = 1. 


tan^  = 


tan^'  = 


3.  If  a circle  pass  through  the  centre  of  an  equilateral 
hyperbola  and  through  any  two  points,  A,  P,  to  prove  that 
it  will  also  pass  through  the  intersection  of  two  lines,  one  drawn 
through  A,  parallel  to  the  polar  of  P,  and  the  other  through  P, 
parallel  to  the  polar  of  A. 

The  equation  to  the  hyperbola,  referred  to  its  asymptotes 
as  axes,  will  be  of  the  form 

xy  = d. 

Let  A,  k^  be  the  coordinates  of  A,  and  A',  k\  those  of  P. 
Then  the  equation  to  the  polar  of  A will  be 


kx  + hy  — 2c^ (1), 

and  that  to  the  polar  of  P will  be 

Tex  + Tiy  — 2d (2). 
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The  equation  to  the  line  through  Aj  parallel  to  the  line  (2), 


will  be  k'(x--A)  + /i'(y-k)  = 0 (3) ; 

and  that  to  the  line  through  parallel  to  (1),  will  he 

'k[x  — Ji)  Ji{y  — Ic)  = 0 (4). 


The  equation  to  any  circle  passing  through  the  centre  of  the 

hyperbola  will  be  x{x  + a)  + y (y  + ^)  = 0 (5). 

If  this  circle  passes  through  the  two  points  k)^  (4',  Tc)^ 

we  shall  have  JiQi  + a)  + h{lc  + ^)  = 0 (6), 

and  h!  ill  + a)  k'  {Ic  + yS)  = 0 (7). 

From  (4)  and  (6),  we  have 

{x  — Ji)  [h  + a)  — [y  — k!)  [k  + P)  — 0, 
and,  from  (3)  and  (7), 

{x  — h)  [h!  + a)  — [y  — k)  [k'  + yS)  = 0. 

From  the  last  two  equations,  we  get,  hy  subtraction. 


(a?  + a)  [h-h!)  — [y  [k-k')  -Q (8). 

But,  from  (3)  and  (4),  by  subtraction, 

{k  — Tc)  X + [h  — h!)  y = 0 (9). 

From  (8)  and  (9),  there  is 

* (a:  + a)  + ?/  (y  + ^)  = 0, 


an  equation  identical  with  (5).  Thus  the  intersection  of  (3)  and 
(4)  must  lie  in  (5). 

Brianchon,  Poncelet : Gergonne^  Annates  de  Mathematigues^ 
tom.  XI.  p.  208. 

4.  When  three  points,  situated  in  the  plane  of  an  equilateral 
hyperbola,  are  such  that  each  of  them  is  the  pole  of  the  line 
joining  the  other  two,  the  circle  which  passes  through  these 
three  points  will  pass  also  through  the  centre  of  the  hyperbola. 

Let  the  three  points  be  (A,  k)^  (A',  ^'),  (A",  k!').  The  equation 
to  the  polar  of  the  first  point  will  be 

kx  + hy  — 2c\ 

Since  this  line  contains  the  two  other  points,  we  have 
kJi  + htc  = 2c^,  kJi'  + M"  = 2c^, 
and  therefore  k [Ji'  — h!)  h — k')  ~ ^ (1). 
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Similarly  k'  {h  — h")  + h'  [k  — k")  =0 (2), 

and  k^'[h'  -k)^0 (3). 

Let  the  equation  to  the  circle  be 

+ OLX  + Py  -[■  y — 0. 

Then,  a,  7,  will  be  subject  to  the  relations 

k^  + aA  + /3A  + 7 = 0 (4), 

r + + ah'  + ySA'  + 7 = 0 (5), 

+ ah!'  + + 7 = 0 (6). 

Subtracting  (5)  from  (6),  we  get,  by  the  aid  of  (1), 

_ h {h"  + h')  + k {k"  + k')  - aA  + /3A  = 0 (7). 


Similarly,  from  (6),  (4),  and  (2),  there  is 

-h'{h  + h")  + A'  (A  + F)  - ah!  + /3A'  = 0 (8). 

Subtracting  (8)  from  (7),  we  have 

4"  (A'  _ _ y'  ijc'  - k)  ^ a[h'  - h)  - ^ (k'  - A)  = 0, 

and  therefore,  by  (3), 

+ k"‘^  + ah"  + 13k"  = 0 (9). 

From  (6)  and  (9)  we  see  that  7 = 0.  Hence  the  circle 
passes  through  the  centre  of  the  hyperbola. 

Brianchon,  Poncelet : Gergonne^  Annales  de  Mathematiques^ 
tom.  XI.  p.  210. 

5.  To  prove  that  the  diameter  terminating  at  the  point 
of  contact  of  a tangent  to  an  equilateral  hyperbola,  bisects 
two  of  the  four  angles,  formed  by  the  two  diameters  which 
pass  through  the  points  of  intersection  of  this  tangent  with 
the  polars  of  the  two  foci. 

Bobillier : Gergonne^  Annales  de  Mathematiques^  tom.  XIX.  p.  351. 

6.  To  prove  that  the  diameters  terminating  at  the  two 
extremities  of  a chord  of  an  equilateral  hyperbola,  form  re- 
spectively equal  angles  with  those  which  pass  through  the 
intersections  of  this  chord  with  the  polars  of  the  two  foci. 

Bobillier : Gergonne^  Annales  de  MatMmatiques^  tom.  XIX.  p.  351. 
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Section  XIX. 

Hyperbolic  Loci, 

1.  Each  of  a series  of  parabolas  is  described  so  ^ to  pass 
through  two  given  points,  and  have  its  axis  parallel  to  a given 
fixed  line : to  find  the  locus  of  their  foci. 

Let  r,  r',  be  the  distances  of  the  two  given  points  from  the 
focus  or  directrix  of  any  one  of  the  parabolas,  and  A',  their 

distances  from  a fixed  line  drawn  at  right  angles  to  their  axes. 
Then,  the  directrix  of  each  parabola,  under  the  condition  of  the 
problem,  being  parallel  to  this  fixed  line,  it  is  plain  that 
T — r — h!  — h = c^ 

where  c denotes  some  constant  quantity. 

The  locus  of  the  focus  is  therefore  an  hyperbola  of  which  the 
two  fixed  points  are  the  foci. 

2.  From  a given  point  (a,  h)  is  drawn  a normal  to  the 
hyperbola  xy  = c%  of  which  the  asymptotes  are  perpendicular 
to  each  other.  To  find  the  locus  of  the  intersection  of  the 
normal  with  the  curve,  when  the  parameter  c is  regarded  as 
variable. 

The  equation  to  a normal  at  a point  (x^  y)  of  the  curve  is 
x{x  -x)=y{y'  - y). 

Let  this  normal  contain  the  point  (a,  b) : then 
x{a-  x)  =y{h  - y), 

the  equation  to  the  required  locus,  which  is  therefore  another 
rectangular  hyperbola. 

Cor.  If  the  origin  be  removed  to  a point  ^b)^  the 
equation  becomes 

x^-y‘  = i{a^-n 

L’ Hospital:  Traite  Analytique  des  Sections  Coniques^  p.  263. 

3.  If  tangents  are  drawn  making  given  angles  with  the  axes 
of  all  ellipses  having  the  same  given  foci:  to  find  the  curve 
which  is  the  locus  of  the  points  of  contact. 


X 


:m 
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Let  the  equation  to  one  of  the  ellipses  be 


— I 

2 ” 7 2 

a 0 


(1). 


The  tangent  at  any  point  (a?,  y)  will  be 


^2  "T"  72  — 


and,  8 being  the  distance  of  the  origin  from  this  tangent  and 
a the  inclination  to  the  axis  of  a?,  we  have 


whence 


cos  a 

T"  ’ 

a?  sin  a 


I 

y cos  a 


sin  a 

"T"  ’ 


But,  c being  a constant  quantity. 


(2). 


(3). 


x"  / .>  ,os  . y' 


From  (1)  and  (3), 

and  therefore,  from  (2), 

(x  cos  a + y sin  a)  {x  sin  a — y cos  a)  = d sin  a cos  a, 
or  (a?^  — y^)  sin 2a  — 2xy  cos  2a  = d sin 2a, 

which  is  the  equation  to  an  hyperbola  concentric  with  the  series 
of  ellipses. 

4.  PQ  is  a chord  of  an  ellipse 
at  right  angles  to  the  axis  major 
AB.  The  two  lines  AP^  BQ^ 
produced  indefinitely,  intersect  in 
R.  To  find  the  locus  of  R, 

The  axes  of  the  ellipse  being  taken  as  axes  of  coordinates, 
the  equation  to  PR  will  be 

y 


x 


being  the  coordinates  of  P. 
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The  equation  to  BR  will  be 

y = — [x  ->r  a). 


y 


a X 


At  the  intersection  of  these  two  lines,  we  shall  have 


f = {x^  - 


y 


a — X 

V 

or,  by  virtue  of  the  equation  to  the  ellipse. 

The  required  locus  is  therefore  an  hyperbola  the  axes  of 
which  coincide  with  those  of  the  ellipse. 


5.  In  two  hyperbolas,  concentric  and  similarly  situated,  are 
taken  any  two  points  the  abscissae  of  which  are  as  the  real  axes 
of  the  curves : to  find  the  locus  of  the  middle  point  of  the  line 
joining  the  two  points. 

Let  be  the  point  in  one  hyperbola,  and  [x^^  y^  that 

in  the  other.  Then,  (a,  h)  and  (a,  y8)  being  the  semi-axes  in 


the  two  curves. 

y'  _ 1 

W 

(1), 

< yi  _ 

(2). 

Also,  by  the  hypothesis. 

a a 

(3)- 

From  (1),  (2),  (3),  we  see 

that 

h 

(4). 

Let  a?,  y^  be  the  coordinates  of  the  middle  point  between 
K)  2/,)  and  («„  : then 

2a?  = a?j  + a?2, 

% = y,  + Vi, 

and  therefore,  by  (3)  and  (4), 

a?^  _ 2a? 

a a + a ’ 

Vx  _ ‘^y 
i J ±/3' 

X 2 
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Substituting  these  expressions  for  and  y in  (1),  we  get 
(a  + ar“  (S  ± 

the  equation  to  the  required  locus,  being  therefore  an  hyperbola 
concentric  with  the  original  ones  and  similarly  situated. 

6.  To  find  the  locus  of  T,  the  intersection  of  the  tangents 
at  two  points  P,  of  a parabola,  such  that,  S being  the  focus, 
PP,  include  a given  angle  e. 

Let  A be  the  vertex  of  the  parabola,  and  AB  = m.  Then, 
if  lABP  — a,  the  equation  to  PT  will  be 

= cos^  + cos(^  — a) (1). 

Similarly,  if  = yS,  the  equation  to  QT  will  be 

= cos^  + cos(^  — p) (2). 

At  the  intersection  of  (1)  and  (2), 

cos(^  — a)  = cos(^  — y8), 

^ - a = - - yS), 


+ a ==  26 (3). 

But,  by  the  hypothesis,  /3  — a = £ (4). 


From  (3)  and  (4),  ^ — a = 

and  therefore,  from  (1),  we  get  for  the  equation  to  the  locus  of  P, 
2m  ^ . 

= COS^  + COSAS, 

r 

2m  sec  is 

— - fL 

1 + secjs.cos^  ’ 

the  equation  to  an  hyperbola  of  which  sec^s  is  the  eccentricity. 

7.  To  find  the  locus  of  the  vertex  of  a plane  triangle,  having 
given  the  radius  of  the  inscribed  circle,  and  the  difference  be- 
tween the  angles  at  the  base;  the  middle  point  of  the  base 
being  a fixed  point,  and  the  base  itself  lying  along  a fixed  line. 
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y 

c 

/ E 

II  MA 


(1), 

(2), 

(3). 


Let  the  middle  point  of  the  base  AB^  be  taken  as  the 
origin  of  coordinates,  OA^  pro- 
duced indefinitely,  as  the  axis 
of  cc,  and  Oy^  at  right  angles 
to  Ox^  as  the  axis  of  y.  Let  E 
be  the  centre  of  the  inscribed 
circle.  Draw  CM^  EH^  perpen-  ^ 
dicularly  to  AB. 

Let  z GAB  = 2a,  z CBA  — 2/5,  AB  = 2c,  EH  = r,  OM  = 
CM  = y,  a — ^ — e. 

Then  it  is  clear  from  the  geometry  that 

y = (c  — x)  tan  2a 

y = (^c  + x)  tan  2/3 

2c  = r (cota  + cotyS) 

Eliminating  c and  x between  (1),  (2),  (3),  we  have 

y (tan 2a  + tan 2/3)  = r (cota  + coty3)  tan2a.tan2/3, 

^ sin  (2a  + 2/3)  = r(cota  + cot/3).sin2a.sin2y3 
= 4r.sin(a  + y3).cosa.cosy3, 

^cos(a  4-  /3)  = 2rcosa  cosyS 

= r (cos  (a  + /3)  + cos  (a  — y3)}, 

{y  — r)  cos  (a  + yS)  = r cos  (a  — y3) 

= rcose 

Again,  eliminating  c between  (1)  and  (2),  we  get 
y (tan  2a  — tan  2/3)  = 2a7tan2a.tan2y6, 
y sin  (2a  — 2/3)  = 2a?  sin  2a  sin2y8 

= X (cos  (2a  — 2y3)  — cos  (2a  + 2^)}, 
y sin2£  = x {cos2£  — 2 cos^(a  + y3)  + 1} 

= 2x  (cos^e  — cos^(a  + yS)}. 


W- 


Hence,  by  (4),  y sin2E  = 2a; 


T COS  e 


(y  - »•) 

y tan£.(y  — r)^  = a;  {(i/  — r)^  — r 
= xy{y-  2r), 

[y  — r)^.tan£  — x[y  — 2r), 
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the  equation  to  the  required  locus,  which  is  therefore  an  hy- 
perbola. 

Leybourn : Mathematical  Repository^  New  Series^  vol.  II.  p.  218. 

8.  From  a given  point  E in  the  semi-axis  major  AC  of  an 
ellipse  is  drawn  a straight  line  cutting  the  curve  in  any  point  P: 
PM  is  drawn  to  cut  GA  at  right  angles  in  M\  MP  is  produced 
to  a point  P’  such  that  MP'  — EP.  To  find  the  locus  of  P'. 

Let  GE  — c : then,  the  equation  to  the  ellipse  being 

the  locus  of  P'  will  be  an  hyperbola  represented  by  the  equation 

e'y  = [<^x  — + (1  — e'^)  — (P). 

P.  Gregorius  a Sancto  Yincentio : Opus  Qeometricum 
Quadratures  Girculi  et  Sectionum  Goni^  p.  659. 


9.  Two  straight  lines,  of  given  lengths,  coincide  with  and 
move  along  two  fixed  axes,  in  such  a manner  that  a circle  may 
always  be  drawn  through  their  extremities : to  find  the  locus 
of  the  centre  of  the  circle. 


Let  a,  5,  be  the  lengths  of  the  moveable  lines  on  the  axes 
of  respectively,  and  let  od  be  the  angle  between  the  axes. 
Then  the  required  locus  will  be  an  hyperbola  denoted  by  the 
equation 


^ -y 


a 


-P 


4 sm  G) 


10.  Two  given  straight  lines  OAj  OB^  intersecting  in  0, 
are  touched  by  a parabola  in  points  respectively:  the 

parallelogram  OHPK  is  completed.  Supposing  the  parabola 
to  touch  also  a third  given  line,  to  find  the  locus  of  P. 

If  the  lines  OA^  OB^  be  taken  as  axes  of  coordinates,  and 
the  equation  to  the  third  given  line  be 


- + ^=1 

the  equation  to  the  required  locus  will  be 

- + - = i, 

X y ' 
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which  is  therefore  an  hyperbola,  the  asymptotes  of  which  are 
represented  by  the  equations 

x = 

11.  Ox^  Ox\  are  two  indefinite  straight  lines,  given  in 

position ; from  a given  point  A 
is  drawn  a straight  line  AEF^ 
cutting  Ox^  0x\  in  re- 

spectively: EE  is  divided  into 
two  parts  EP^  FP^  which  bear 
to  each  other  always  a constant 
ratio.  To  find  the  locus  of  the 
point  P. 

Join  AO  and  produee  it  in- 
definitely to  y\  let  Ox^  Oy^  be 
chosen  as  axes  of  coordinates.  Draw  EG  parallel  to  y 0.  Let 
OA  = a ; and  let 

EF : EP  \\  n \ 

and  OG:FGr,l:n. 

Then  the  required  locus  will  be  an  hyperbola  represented 
by  the  equation 

[ny  + ma)  x — ly  [y  + a). 

Newton : AritJimetica  Universalis^  prob.  25. 

12.  The  base  OA  of  a triangle  OAP  is  given : to  find  the 
locus  of  the  vertex,  the  angle  PAO  being  always  double  the 
angle  POA. 

Let  OA  produced  indefinitely  be  taken  as  the  axis  of  £c,  and 
a perpendicular  to  OA  through  0 as  that  of  y.  Let  OA  = c. 
The  required  locus  will  therefore  be  an  hyperbola,  the  asymp- 
totes of  which  include  an  angle  of  120°,  and  which  is  represented 
by  the  equation  ^ 3^2  _ 

Pappus : Mathematicce  Gollectiones  a Commandino^  lib.  iv. 
prop.  34. 

Newton:  AritJimetica  Universalis^  prob.  36. 
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13.  To  find  the  locus  of  the  vertex  of  a triangle,  the  base 
of  which  is  given,  the  two  adjacent  angles  differing  by  a given 
quantity. 

Let  c — the  base  AB  of  the  triangle,  the  angle  at  B ex- 
ceeding that  at  ^ by  a quantity  a:  let  AB^  produced  inde- 
finitely, be  the  axis  of  a?,  a perpendicular  to  it  through  A being 
that  of  y.  Then  the  locus  required  will  be  an  hyperbola 
defined  by  the  equation 

{x^  — y^)  sina  + 2a??/ cos  a = c (a?sina  + yco^a). 

Puissant:  Recueil  de  diver ses  Propositions  de  Geomitrie^ 
p.  204,  troisieme  edition. 

14.  If  normals  be  drawn  to  an  ellipse 


from  a given  point  (a,  /3)  in  its  area,  to  prove  that  the  points 
where  they  cut  the  curve  will  all  lie  in  a rectangular  hyperbola 
of  which  the  equation  is 

{a^  — P)  xy  = Pay  — P^x. 


15.  A circle  always  passes  through  the  origin  of  coordinates 
and  through  the  points  in  which  the  axes  are  intersected  by 

a line  a,  „ 

1 = Ij 

m n 

which  always  passes  through  a given  point:  to  find  the  locus 
of  the  centre  of  the  circle,  m and  n being  variable,  and  the  angle 
between  the  axes  being  given. 

If  ft)  denote  the  angle  between  the  axes,  and  (a,  y8)  be  the 
given  point,  the  locus  will  be  an  hyperbola  represented  by  the 
equation 

2 cos  ft)  (cc‘^ + ?/‘^) + 2 ( 1 + cos^^  ft))  a??/  — (a  cos  ft) + yS)  a?  — (/3  cos  ft)  + a)  ?/  = 0. 

Leybourn’s  Mathematical  Repository^  No.  xxiii.  p.  74. 

16.  Two  tangents  to  a parabola  include  a constant  angle: 
to  find  the  locus  of  their  point  of  intersection. 
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The  equation  to  the  parabola  being 

= 4.mx^ 

and  s denoting  the  constant  angle,  the  required  locus  will  be 
an  h3rperbola  defined  by  the  equation 

= 4mx  + tan'^s.(a?  + mY. 

De  la  Hire : Sectiones  Conicce^  lib.  viii.  prop.  29. 

L’ Hospital : Traite  Analytique  des  Sections  Goniques^  p.  266. 
Puissant:  Recueil  de  diverses  propositions  de  Geometric^ 
p.  210,  troisilme  edition. 


17.  If  any  straight  line,  parallel  to  a given  straight  line,  be 
drawn  cutting  an  ellipse,  and  from  the  points  of  intersection 
normals  be  drawn,  to  find  the  locus  of  the  intersection  of  these 
normals. 


The  equation  to  the  ellipse  being 


3 d"  Ta  — 1, 


and  the  direction-cosines  of  the  given  line  being  proportional  to 
a,  /?,  the  required  locus  will  be  an  arc  of  the  hyperbola  defined 
by  the  equation 

^x  y\  d^ax  + Id^y  _ 

U w ■ K - vf  ~ \MTW) ' 

Goodwin  : Cambridge  Mathematical  Journal,,  vol.  iv.  p.  190. 


18.  A series  of  circles  pass  through  a given  point  0,  have 
their  centres  in  a line  OA,  and  meet  another  line  AB,  From 
the  point,  in  which  one  of  the  circles  again  meets  the  line  OAj 
is  drawn  a straight  line,  parallel  to  AB,,  to  intersect,  in  points  P 
and  straight  lines  drawn  parallel  to  OA  through  the  points 
in  which  the  circle  is  cut  by  AB.  To  find  the  loci  of  the  inter- 
sections P and  Q, 

The  line  OA  being  taken  as  the  axis  of  a?,  and  0 being  the 
origin,  let  the  equation  to  AB  be 

X =■  ay 
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Then  the  points  P and  Q lie  generally  in  an  hyperbola,  of 
which  the  equation  is 

(1  + 2d^)  'if  — oLX'y  + 3a/9^  — + /3^  = 0. 

If  the  lines  OA^  AB^  be  at  right  angles  to  each  other,  a = 0, 
and  the  locus  becomes  a parabola. 


19.  A straight  line  DGE^  passing  through  two  given  points 
P,  0,  cuts  a given  straight  line  PA, 
produced  if  necessary,  in  E.  In  AB 
are  taken  any  two  points  P,  P, 
such  that 

AE  _ n 

BG  n ’ IC  AEG  B 

71  and  n being  constants.  The  straight  lines  P(7,  GD^  are 
produced  to  meet  in  P.  To  find  the  locus  of  P. 

Let  EB^  ED^  produced  indefinitely,  be  taken  as  axes  of  x^  y, 
respectively  : let  PC'  = ED  = EA  = «,  EB  — d.  Then 
the  required  locus  will  be  an  hyperbola  defined  by  the  equation 

nk  nk!  \ , , 

— = na  + 'na . 

k - y) 


y 


+ 


Barrow : Geometrical  Lectures^  Lect.  Vi. 

Leyboum:  Mathematical  Bejpository^  Ne'w  Series^  vol.  i.  p.  45. 


20.  Let  AB  be  a given  straight  line,  and  Q a given  point 
without  it : let  PQR  be  drawn, 
from  a point  P,  to  meet  AB  in 
such  a point  P,  that 
BQ  ^ AE 
PQ~  BR' 

To  find  the  locus  of  P. 


p 

1^ 

1h 

A li  B 


Draw  through  Q the  line  QO  dX  right  angles  to  the  direction 
of  AP,  and  cutting  it  in  0 : let  CP,  0 Q,  produced  indefinitely, 
be  taken  as  axes  of  x^  y^  respectively.  Let  CA  = «,  OB  = a\ 
OQ  = c.  Then  the  locus  of  P will  be  an  hyperbola  defined  by 
the  equation  ^ — c)}  =0. 
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Coe.  It  may  be  easily  shewn  that  the  line  tangent  to 

the  hyperbola  at  the  point  Q, 

Leyboum:  Mathematical  Rejpository^  New  Series^  vol.I.  p.  146. 

21.  To  find  the  locus  of  the  centre  of  a circle  which  touches 
externally  two  given  unequal  circles. 

The  locus  will  be  an  hyperbola  the  two  foci  of  which  are  the 
centres  of  the  two  given  circles. 

Puissant : Recueil  de  diverses  Propositions  de  Geometrie^ 
p.  207,  troisieme  edition, 

22.  To  find  the  locus  of  a point,  within  a given  angle,  such 
that,  perpendiculars  being  drawn  from  it  upon  the  sides  of  the 
angle,  the  quadrilateral  so  formed  may  be  of  a given  area. 

Let  d'  be  the  given  area ; o)  the  given  angle,  its  sides  being 
taken  as  axes  of  coordinates.  Then  the  required  locus  will  be 
an  hyperbola  the  equation  of  which  is 

[pd  + y ) cos  o)  + ^xy  — 2c‘'^  cosec  w. 

Puissant : Recueil  de  diverses  Propositions  de  Geometries 
p.  217,  troisieme  edition. 

23.  Having  given  one  side  of  a triangle,  and  the  difference  ' 
between  the  tangents  of  the  adjacent  angles,  to  find  the  locus  of 
the  vertex. 

Take  the  middle  point  of  the  given  side  as  the  origin  of 
rectangular  coordinates,  the  side  coinciding  with  the  axis  of  x ; 
then,  m denoting  the  given  difference,  and  2a  the  given  side,  the 
required  locus  will  be  an  hyperbola  defined  by  the  equation 
2xy  — m {a^  — a?). 

Lardner:  Algebraic  Geometry^  117. 

24.  Having  given  in  position  a right  line  AB^  and  a point  0 
outside  of  it,  a right  line  OP  is  drawn  cutting  AB  in  i^,  and 
from  P is  drawn  a perpendicular  PE  upon  AB : the  magnitude 
of  being  invariable,  to  find  the  locus  of  P. 
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Take  Ox^  parallel  to  AB^  as  the  axis  of  and  Oy^  at  right 
angles  to  AB^  as  that  of  y.  Let  EF  = a, 

OH  = h.  Then  the  locus  of  P is  a rect- 
angular hyperbola  represented  by  the 
equation  xy  = ay  + bx. 

Lardner:  Algebraic  Oeormtry^  p.  134. 


A i-i 


B 


25.  Through  a given  point  0 a right  line  HKO  is  drawn, 
intersecting  two  right  lines  EG^FG^ 
in  P,  jfiT:  a part  OP  of  OH  being 
supposed  to  be  always  equal  to  HK^ 
to  find  the  locus  of  P. 

Let  Ox^  at  right  angles  to  the 
line  GEj  be  the  axis  of  x,  and 
parallel  to  (7P,  that  of  y.  Let  /5 
denote  the  angle  EGF.  Then  the 
required  locus  will  he  an  hyperbola 
defined  by  the  equation 

xy  + P cotyS  — (22/  + = 0, 

where  a,  b^  are  the  coordinates  of  G. 

Lardner:  Algebraic  Geometry^  p.  135. 

26.  From  the  point  of  intersection  of  two  given  straight 
lines,  is  drawn  a straight  line  of  given  length,  bisecting  the 
angle  between  them  : to  determine  the  locus  of  the  middle  point 
of  a straight  line,  drawn  through  the  extremity  of  this  line, 
and  terminating  in  the  other  two. 

Let  the  two  given  lines  he  taken  as  axes  of  coordinates, 
2 a)  denoting  the  angle  between  them : let  c represent  the  given 
length  of  the  bisecting  line.  Then  the  required  locus  will  be  an 
hyperbola,  defined  by  the  equation 

1 1 _ dCOSO) 

X y c * 

27.  Two  fixed  axes  Ox^  Oy^  intersect  a variable  circle  in 
points  {A^  A'),  (P,  P'),  respectively.  To  find  the  locus  of  P,  the 
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intersection  of  the  chords  AB\  A supposing  the  two  points 
B^  B\  to  be  fixed. 

If  OB  = OB'  = h'^  the  equation  to  the  required  locus  is 
_ f j^{h  + h')y^  W, 

28.  A straight  line  BC  moves  between  two  fixed  straight 
lines  AB^  AG^  so  as  to  make  the  area  ABC  constant:  to  find 
the  locus  of  the  centre  of  a circle  described  about  the  triangle 
ABC. 

Let  AB^  A (7,  produced  indefinitely,  be  taken  as  axes  of  y, 
respectively ; let  to  be  the  angle  between  the  axes.  Then,  the 
area  ABC  being  constant,  the  rectangle  between  AB^  ACj  will 
be  constant ; denoting  this  latter  area  by  we  shall  have  for 
the  equation  to  the  required  locus 

{x  + y cos  co) , (y  X cos  ©)  = m\ 

29.  A and  B are  two  given  points.  Ax  an  indefinite  fixed 
line : through  B is  drawn  a straight  line  cutting  Ax  in  T,  and 
through  A is  drawn  a straight  line  AP  cutting  BT  in  P.  To 
find  the  locus  of  P,  having  given  that  AP  is  equal  to  PT. 

Let  Ax  be  taken  as  the  axis  of  a?,  and  a line  through  A,  at 
right  angles  to  it,  as  that  of  y.  Let  2a,  2&,  be  the  coordinates 
of  B.  Then  the  required  locus  will  be  an  hyperbola  represented 
by  the  equation  [x-a)y  = lx. 

L"*  Hospital : TraiU  Analytique  des  Sections  Coniques^  p.271. 


Section  XX, 

Miscellaneous  Problems, 

1.  From  a given  point  /S',  in  the  plane  of  a given  circle, 
a straight  line  is  drawn  to  intersect  the  circumference  in  P: 
from  the  point  P an  indefinite  straight  line  PQ  is  drawn  per- 
pendicularly to  8P : to  prove  that  PQ  is  always  a tangent  to  an 
ellipse  or  hyperbola  the  centre  of  which  coincides  with  the 
centre  G of  the  circle  and  of  which  /S  is  a focus. 


318 


HYPERBOLA. 


Let  G be  taken  as  the  origin  of  coordinates ; C 8^  produced 
indefinitely,  as  the  axis  of  x.  Let  8P  — w,  08  = ae,  a being 
the  radius  of  the  circle,  and  lP8x  — 6. 

Then,  a?,  being  the  coordinates  of  P, 

m cos  6 + ae  = x^  m sin  0 = y^ 


and  therefore  + 2aem  cos  6 — (1  — d) (1). 

Also,  the  equation  to  PQ  will  be 

X CO&6  + y sind  = ae  cob 6 + m (2). 

By  virtue  of  (1),  (2)  becomes 


(x  cobO  + y sin^)*'^  = d^  cob^O  + d\l  — d)  sin^^. 

This  equation  shews  that  PQ  is  the  tangent  to  an  ellipse  or 
h3rperbola  of  which  G is  the  centre  and  8 a focus. 

This  proposition  affords  a convenient  method  of  drawing 
a tangent  to  an  ellipse  or  hyperbola,  which  shall  be  parallel 
to  a given  line.  From  either  focus  8 draw  a line  >SP,  at  right 
angles  to  the  given  line,  to  intersect  in  P the  circle  described 
on  the  axis  major.  From  P draw  PQ  perpendicularly  to  8P. 
Then  PQ  will  be  the  required  tangent. 

Maclaurin ; Geometria  Organica^  sect.  III.  p.  102. 

Prony:  Journal  de  V Ecole  Polytechnigue^  cahier  x.  p.  49. 

Gergonne : Annales  de  MatMmatiques^  tom.  V.  p.  49. 

2.  In  every  line  of  the  second  order,  which  has  a centre, 
if  we  draw  two  tangents  parallel  to  any  single  fixed  line,  and 
a third  variable  tangent ; the  product  of  the  segments  of  the 
first  two  tangents  comprised  between  their  points  of  contact  and 
the  third  tangent,  will  be  a constant  quantity. 

The  points  of  contact  of  the  two  parallel  tangents  being  the 
extremities  of  a diameter,  we  will  take  this  diameter,  which  we 
will  call  2a,  for  the  axis  of  a?,  and  its  conjugate  2J  for  the  axis 
ofy. 

If  x^  y\  be  the  coordinates  of  the  point  of  contact  of  the 
third  tangent,  we  shall  have 
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and  the  equation  to  this  tangent  will  be 


-w~ 


(2). 


Let  be  the  values  of  y,  given  by  (2),  when  x is  succes- 

sively equated  to  a and  — a.  The  quantities  y^^  y^  are  the 
segments  of  the  two  parallel  tangents.  Then  we  have 


h . „ hia  + x) 

y=± — -,{a  — x).  y.=  + — ^ ^ — -X 

and  therefore  y;y^^  = [c^  — x^) 

ay 


= ± h\  by  (1). 

Berard  : Gergonne^  Annales  de  MatMmatiques^  tom.  V.  p.  52. 
Brianchon : Ihid.  p.  53. 


3.  A straight  line,  remaining  always  parallel  to  itself,  moves 
in  the  plane  of  two  fixed  straight  lines.  Li  every  position  of 
the  moveable  line,  a point  is  taken  in  it  such  that  the  sum  or  the 
difference  of  the  squares  of  its  distances  from  the  intersections  of 
the  line  with  the  two  fixed  lines  is  equal  to  a given  square  ] to 
determine  the  locus  of  the  point. 

Let  the  two  fixed  straight  lines  be  chosen  as  the  axes  of 
coordinates. 

Let  a?,  y,  be  the  coordinates  of  the  particular  point  in  the 
moveable  line,  and  (a?',  y')  of  any  other  point  in  the  line.  Then, 
r being  the  distance  between  these  two  points,  the  equations  to 
the  line  will  be  _l_ 

y = rar  + y, 

I and  m being  constants. 

Let  be  the  values  of  r at  the  intersections  of  the  move- 
able  line  with  the  axes  of  a?,  y^  respectively : then 


0 = + a?,  0 = mr^  + y, 


and  therefore 
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But  r'^  + is  equal  to  some  constant  (? : hence  the  equation 
to  the  required  locus  is 

t ^ I- 
r - 


m 


which  belongs  to  an  ellipse  or  an  hyperbola. 

Bret : Gergonne^  Annates  de  Mathematiques^  tom.  VI.  p,  12. 


4.  The  equation  to  an  hyperbola,  referred  to  rectangular 
axes,  being  ^ 


to  find  the  position  of  its  asymptotes,  and  the  equation  to  the 
hyperbola  referred  to  them  as  axes. 

But  X = r cos  ?/  = r sin  ^ : then 

[a  cos''^^  + h sin^^  + 2c  cos^ . sin^)  = c. 

Now  y = Qc,  provided  that 

a 0,0^^ 6 + h + 2c  cos  ^ . sin  ^ = 0, 
and  thus  the  equation  to  the  two  asymptotes  is 
aa?  + hy^  + ^cxy  — 0. 


Again,  a,. 


, representing  the  transverse  and  conjugate 


axes  respectively,  the  equation  to  the  hyperbola  referred  to  its 
asymptotes  is  xy  = I {a^  - . 

Differentiating  = x^  + 3/^, 

we  have,  for  maximum  values  of  r, 

xdx  + ydy  = 0, 


and,  from  the  equation  to  the  curve, 

axdx  + hydy  + c {xdy  + ydx)  — 0 ; 


and  therefore,  \ being  arbitrary, 

\x  = ax  + cy (1), 

\y  — hy  + ca? (2). 


Multiplying  (1)  by  a?,  (2)  by  3/,  adding,  and  attending  to  the 
equation  to  the  curve,  we  have 

\r^  z=  c , 
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But,  from  (1)  and  (2), 

— a)  X — cy^  — h)  y — cx^ 
and  therefore  {\  — a)  — h)  = ; 

hence  (c  — ar^)  {c  — 5/)  = cV^,  - 

[6^  - ah)  / + c (a  + h)  - c'^  = 0. 

Consequently,  h^^  being  the  roots  of  this  equation, 

„ 7 „ , a -{-h  2 7 „ 

and  therefore  fa  “ — h^Y  = • 

Thus  the  equation  to  the  hyperbola  referred  to  its  asymptotes  is 
^ , {(a  - hf  + 4c^}^ 
c — ab 


5.  CP  is  any  semi-diameter  of  an  hyperbola,  (7il  being  its 
conjugate  semi-diameter  : PK  is  a tangent  at  P,  equal  to  CD : 
from  any  point  V in  CP  produced  is  drawn  a straight  line  VEF^ 
parallel  to  (7P,  cutting  the  curve  in  E and  the  straight  line 
through  G and  KmF:  to  prove  that 

[VEf-  {VEf^[CD)\ 

Pascal:  Essais jyour  les  Contques:  (Euvres^  tom.  iv.  p.  5. 

6.  To  prove  that  the  radius  of  a circle,  which  touches  an 
hyperbola  and  its  asymptotes,  is  equal  to  that  part  of  the  latus- 
rectum  produced  which  is  intercepted  between  the  curve  and  an 
asymptote. 


7.  If  an  ellipse  and  hyperbola  have  the  same  foci,  to  find  the 
equation  to  the  locus  of  the  intersection  of  two  tangents  to  them 
at  right  angles  to  one  another. 

The  equations  to  the  ellipse  and  hyperbola  being 


2 2 
X y 

+ 15  = 1, 


2 2 
1 ^ y 

and  — - 
a.  hr 


the  required  locus  will  be  a circle  defined  by  the  equation 
p + + h\ 


Y 
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8.  P and  Q being  two  points  in  an  ellipse,  if  an  hyperbola, 
the  foci  of  which  are  P and  pass  through  one  focus  of  the 
ellipse,  to  prove  that  it  will  pass  also  through  the  other  focus. 

9.  To  find  the  equations  to  the  asymptotes  of  the  hyperbola 
represented  by  the  equation 

xy  ax  hy  -\-  — 0. 

The  required  equations  are 

ic  + & = 0,  ?/  + a = 0. 

10.  The  equation  to  an  hyperbola  being 

a'P  + hy^  + 2cxy  + 2a'a?  + ^Hy  -f  c = 0, 
to  shew  that  ax^  + hy^  + "Icxy  = 0 

is  the  equation  to  two  straight  lines  through  the  origin  parallel 
to  its  asymptotes. 

11.  Three  hyperbolas  have  parallel  asymptotes:  to  shew 
that  the  three  straight  lines  joining  the  points  of  intersection 
of  the  hyperbolas,  taken  two  and  two,  all  meet  in  one  point. 

12.  To  prove  that  an  ellipse  and  hyperbola,  which  have  the 
same  centre  and  foci,  will  cut  each  other  at  right  angles;  and 
that,  if  from  any  point  in  the  circumference  of  the  circle,  which 
passes  through  their  points  of  intersection,  tangents  be  drawn  to 
the  two  curves,  they  will  be  at  right  angles  to  each  other. 

13.  CPLD  is  a parallelogram,  the  sides  (7P,  GD^  of  which 
are  conjugate  semi-diameters  of  a rectangular  hyperbola,  inclined 
to  one  another  at  an  angle  of  60°:  to  find  the  equation  to  the 
ellipse  which  passes  through  the  points  (7,  P,  P,  P,  and  cuts  the 
conjugate  hyperbola  at  D at  an  angle  of  15°. 

The  equation  to  the  rectangular  hyperbola  being  iP  — y^  — a'*, 
that  to  the  required  ellipse  will  be 

+ / + 2 (2  - V3)  xy  = ^ . 
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14.  Any  number  of  ellipses  (or  hyperbolas)  concentric,  simi- 
lar, and  similarly  situated,  are  intersected  by  a line  parallel  to 

a directrix  in  P,  P',  P", : to  prove  that  the  extremities  of 

the  diameters  respectively  conjugate  to  the  diameters  through 
P,  P',  P", are  in  a line  perpendicular  to  the  directrix. 

15.  If,  in  the  preceding  question,  the  curves  be  cut  by  any 
concentric  hyperbola,  the  asymptotes  of  which  have  the  same 

direction  as  their  axes,  in  Q\  Q" ; to  prove  that  the 

extremities  of  the  diameters  respectively  conjugate  to  the  diame- 
ters through  Q\  §"...,  are  situated  in  another  branch  of  the 
hyperbola. 


16.  A chord  PP'  is  drawn  in  an  ellipse,  so  that,  A G being 
the  semi-axis  major, 

tanPPA  + tanPPA  = 2 tana; 


to  find  the  envelop  of  the  chord. 

The  required  envelop  is  an  hyperbola  the  equation  of  which 
is,  the  axes  of  coordinates  coinciding  with  the  axes  of  the  ellipse. 


xy  — a?  tana  = 


P 

4 tana  ’ 


17.  To  prove  that  the  tangent  to  the  interior  of  two  similar 
hyperbolas  with  coincident  axes,  cuts  off  from  the  exterior  curve 
a constant  area. 

De  la  Hire : Sectiones  Conicce^  lib.  VI.  prop.  17. 

18.  Supposing  that,  y'\  being  any  two  values  of  y in  the 
hyperbola  xy  — P,  such  that  y'  = \y\  where  X is  constant,  to 
prove  that  the  area  included  between  y\  y \ the  axis  of  x^  and 
the  curve,  is  invariable  in  magnitude. 

Gregorius  h Sancto  Yincentio  : Opus  Geometricum  Post- 
humum  ad  MesolaMum^  p.  252. 
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LINES  OF  THE  SECOND  ORDER. 

Section  I. 

Referred  to  a Principal  Diameter  and  its  Tangent.  Normals. 

1.  From  a point  P of  a conic  section  a normal  is  drawn  to 
cut  a principal  axis  (the  major  axis  in  the  ellipse,  the  transverse 
axis  in  the  hyperbola)  in  a point  G : to  prove  that,  of  all 
straight  lines  drawn  from  G to  the  curve,  GP  is  the  least. 

The  equation  to  the  conic  section  is 

= (1  + e)  [2emx  — (1  — e) 

The  equation  to  the  normal,  at  any  point  (A,  /c:),  is 

(1  + e)  \em  — (1  — e)  A} .(?/'  — A;)  = — ^ {x  — Ji). 

At  the  point  (r,  y = 0,  and  therefore 

X = [l  + e)  em  + e^li. 

Let  r represent  the  distance  of  G from  any  point  (a?,  y)  in 
the  curve : then 

P = {-c  — (1  + e)  em  — e%Y  + y^ 

= x^  — 2ex  {(1  -\- e)  m eh]  + {(1  + e)  w + eh^ 

+ (1  + e)  {2emx  — (1  — e)  iP] 

= P[x-  hf  + P {I  + ef  m^  + (1  + e)  mh  - P (1  - e")  h\ 

L = (a?  — A)^  + (1  + ej  if}P  4-  (1  + e)  {2ewA  — (1  — e)  P] 
e 

= (a5-A)‘^+  (l  + e)^m^  + 

Hence  it  appears  that  r is  least  when  a?  = A,  or  when  (a?,  y] 
coincides  with  (A,  A). 

De  la  Hire  : Sectiones  Conicce.^  lib.  vil.  prop.  13. 
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2.  AP  is  the  arc  of  a conic  section,  of  which  the  vertex  is  A ; 
PG  the  normal,  and  PK  a perpendicular  to  the  chord  AP^  meet 
the  axis  in  G and  K.  To  shew  that  GK  is  equal  to  half  the 
latus-rectum. 

3.  To  find  the  locus  of  the  middle  point  of  the  portion  of  the 
normal  to  a conic  section  which  is  included  between  the  curve 
and  the  axis. 

The  equation  to  the  conic  section  being 
= mx  4- 

that  to  the  required  locus  will  be 

{n  + 2)'^  — nP  — mx  + (w  + 1)  = 0. 

Lardner:  Algebraic  Geometry^  p.  149. 

Section  II. 

Referred  to  a Princijpal  Diameter  and  its  Tangent.  Chords. 

1.  From  one  extremity  ^ of  a principal  axis  of  a conic 
section,  a given  straight  line  AP  is  drawn  to  cut  the  curve  in  P; 
to  find  the  equation  to  the  line  joining  P to  the  other  extremity 
B of  the  axis. 

Let  the  axis  AB  and  the  tangent  at  A be  taken  as  axes  of  x 
and  y respectively.  Then  the  equation  to  AP  will  be  of  the 
form  

and  the  equation  to  the  conic  section  of  the  form 


y^  — mx  + nP (2). 

The  equation  to  AB  is  y = ^ (3). 

The  two  lines  (1)  and  (3)  may  be  represented  simultaneously  by 
the  equation  y (y  - a^c)  = 0, 

or  = cfjxy (4). 


Hence,  at  H,  P,  P,  the  intersections  of  HP,  HP,  with  the  curve, 
ojxy  = mx  + nx^^ 

whence  dividing  by  a?,  we  obtain  for  the  equation  to  PP,  which 
passes  through  P,  P, 

ay  = m + nx. 
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2.  If  A and  B be  the  extremities  of  the  axis  major  of  a 
conic  section,  T the  point  where  a tangent  at  a point  P in  the 
curve,  meets  AB^  QTR  a line  perpendicular  to  AB  and  meeting 
AP^  BP^  in  Qj  i?,  respectively ; to  prove  that 

QT=RT. 


3.  To  find  the  length  of  the  chord  of  a conic  section,  denoted 
by  the  equation 

= 27nx  + nx\ 

the  equation  to  the  chord  being 


If  2 c denote  the  length  of  the  chord, 

2 _ a (a‘‘^  + + na^^) 

® “ . K-/37 


Section  III. 

Referred  to  a Principal  Diameter  and  its  Tangent.  Focal 
Properties. 

1.  From  the  extremity  L of  the  semi-latus-rectum  SL  of  a 
conic  section,  a chord  LA  is  drawn  to  the  vertex  A of  the 
diameter  through  8.  A tangent  is  drawn  at  L.  A straight 
line  MRP  is  drawn,  through  any  point  M m A 8^  or  A 8 pro- 
duced, at  right  angles  to  A8j  meeting  the  chord  AL  in  R^  and 
the  tangent  at  L in  P.  To  prove  that  PR  is  equal  to  M8. 

Taking  A 8^  produced  indefinitely,  as  the  axis  of  cc,  and  the 
tangent  at  A as  that  of  y,  the  equation  to  the  curve  will  be, 
= (1  + e)[2emx  — (1  — c)  cd]. 

The  equation  to  the  tangent  at  any  point  (cc,  g)  is 

^ = \em  — 1 — e)  x\  X + emx. 

1 4-  e ^ ^ ^ 
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Now  the  coordinates  of  L are  em,  m (1  + e) : hence  the 
equation  to  PL  is 

y = e [x  + m) (1). 

Again,  the  equation  to  AL  is 

y = (1  + e)x ,...'...(2). 

Hence  PB^  which  is  the  difference  between  the  ordinates 
in  (1)  and  (2),  is  equal  to  em  — x\  that  is,=^to  M8. 

De  la  Hire : Sectiones  Conicce^  lib.  viii.  prop.  14. 

2.  From  the  extremity  L of  the  semi-latus-rectum  SL  of 
a conic  section,  a tangent  LP  is  drawn.  At  right  angles  to  the 
diameter  through  N,  from  any  point  M in  it,  a straight  line  is 
drawn  to  meet  the  tangent  LP  in  P and  the  curve  in  Q,  The 
points  N,  are  joined.  To  prove  that  SQ  = PM. 

De  la  Hire : Sectiones  Gonicoe.^  lib.  Vlil.  prop.  15. 


3.  Having  given  the  position  of  the  focus  /S^  of  a conic 
section,  the  position  and  magnitude  of  the  semi-latus-rectum  /SX, 
and  the  position  of  P,  the  intersection  of  the  tangent  LT  with 
SA  produced,  A being  one  end  of  the  diameter  through  the 
foci:  to  determine  the  position  of  A,  and  of  the  other  extremity 
A of  the  axis  AA'. 


Let  ST—h.,  8L  — k:  then 


8 A = 


hh 


k' 


De  la  Hire;  Sectiones  Conicce^  lib.  VIII.  prop.  21. 


4.  To  prove  that  a straight  line  drawn  through  the  focus  of 
a conic  section,  to  the  point  in  which  a diameter  meets  the 
directrix,  will  be  perpendicular  to  a tangent  at  either  extremity 
of  that  diameter. 

Leybourn : Mathematical  Repository.^  New  Series.,  vol.  il.  p.  95. 
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Section  IV. 


Referred  to  any  two  Oblique  Diameters. 

1.  (7^,  GB^  are  any  two  semi-diameters  of  a conic  section. 
The  tangent  at  ^ meets  CB  produced  in  F,  and  the  tangent  at  B 
meets  GA  produced  in  A.  To  prove  that,  E being  the  inter- 
section of  AT.,  BA,  the  triangle  AaE  is  equal  to  the  triangle 
BTE. 


Let  GA  = a,  GB  = ^ ; then,  GA,  GB,  produced  indefinitely, 
being  taken  as  axes  of  x,  y,  respectively,  the  equation  to  the 
curve  will  be  ^2  2 

a p 7 ^ 

7 being  some  constant. 

The  equation  to  the  tangent  at  any  point  [x,  y)  of  the  curve 


IS 


X y\  , 


y 


+ 


r 


y = i. 


Hence  the  equation  to  the  tangent  AT,  drawn  at  the  point 
(a,  0),  is 

X'  + ■ ^ 

7 

Putting  X = 0,  we  see  that 

cr  = 2/'  = - 


f ay 

X = a. 


and  therefore  GT.  GA  = 

Similarly  GA . GB  = 7^ 

Hence  the  triangles  AGT,  BGA,  and  therefore  the  triangles 
AAE,  BTE,  are  equal. 

’Edv  Kcovov  TOfiTj^  rj  kvk\ov  7repi^6p€La<;  ivdeiai  i’TTL- 
yjravovaaL  (TvpLTTLTrTaxrLV,  d'^Oaxri  Se  8td  twv  BidpLerpot, 

crvpbTriiTTOvaaL  rat?  i(f>a7rTopLivaL<;,  icra  ecnaL  rd  yivopueva 
Kara  Kopv(f)r)v  Tpiycova. 

’AHOAAQNIOY  HEPFAIOY  Kwi/iKwi/  to  TpiTov'  II/ooTao-ts  a. 


2.  To  determine  the  magnitudes  and  positions  of  the  axes  of 
the  conic  section 

ax^  + hy'^  + 2cxy  = 1, 
ft)  being  the  angle  of  coordination. 
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The  magnitudes  of  the  semi-axes  are  the  positive  values  of 
r in  the  equation 

{oh  — G^)  / — (a  + + 2c  cosft))  + sin^co  = 0 ; 

and  (py  — cx)  [x  — y cosg))  = {ax  — cy)  {y  — x cosw) 
is  the  equation  to  the  two  axes. 

O’Brien  : Cambridge  Mathematical  Journal^  vol.  IV.  p.  101. 


Section  V. 

Referred  to  two  Tangents  as  Axes. 

1.  If  two  conic  sections  have  two  points  of  contact,  to  prove 
that  they  will  not  meet  in  any  other  point. 

Let  the  tangents  at  their  points  of  contact  be  taken  as  axes 
of  coordinates.  Then,  a,  b,  being  the  distances  of  the  points 
of  contact  from  the  origin,  the  equations  to  the  two  conic 
sections  will  be 


+ 


2xy  ^ ^ 


mn 


+ 


-2^-a  + i 

a 0 


*■  «-  x y 


~ + 
a mn 


+ -p— 2 + 1 = 9. 

b a b 


If  the  two  curves  meet,  we  have,  subtracting  one  equation 
from  the  other, 

whence  cc  = 0,  and  therefore  y — b\  or  y = 0,  and  therefore 
X — a. 

Thus  we  see  that  the  two  points  of  contact  are  the  only  points 
in  which  the  two  curves  meet. 


’Edv  Twv  irpoeiprj/jLevcov  fypapLpba)V  Ttve?  Kara  8vo  crrjpbela 
i^diTTayvTaL  dXk'^Xcov,  ov  avpi^dWovcriv  dW^Xaiq  KaO^ 

€T6pOV. 

’AnOAAQNIOY  nEPFAIOT  KcoviKtSv  to  rtraprop'  JJpoTaan^  k%'. 


2.  From  a point  0,  two  tangents  OK.^  are  drawn  to  a 
conic  section : a straight  line  MQR  is  drawn,  parallel  to  OK^ 
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to  intersect  OH  in  and  the  curve  in  R.  To  prove  that 
{MHy  : MQ.MR  ::  {OHy  ; [OK)\ 

Let  OH^  OK^  produced  indefinitely,  be  taken  as  axes  of 
respectively.  Let  OH  = a,  OK  = h.  Then,  m,  being 
arbitrary  constants,  the  equation  to  the  curve  will  be 
^xy  if  2x 

+ — -f  + l = 0. 

a mn  b a o 

Let  OM  = h : then,  putting  h for  x in  this  equation,  we  shall 
have  a quadratic  in  3/,  the  two  roots  of  which  are  MQ^  MR. 

Hence,  equating  the  rectangle  of  these  two  lines  to  the  last 
term  of  the  quadratic,  we  have 

MQ.MR  = Vy^') 

_ {OKy.{MHy 
{OHy  ’ 

or  : MQ.MR  ::  (OHy  : (OKy. 

De  la  Hire : Rectiones  Conicce^  lib.  III.  prop.  26. 

3.  To  find  the  locus  of  the  centre  of  a conic  section  which 
touches  two  given  straight  lines  at  two  given  points. 

The  equation  to  the  conic  section,  the  two  given  straight 
lines  being  taken  as  axes  of  coordinates,  will  be  of  the  form 

aV  + 2cxy  + Ry^  + '2ax  + "R)y  + 1 = 0, 

a and  h being  given  constants. 

If  A;,  be  the  coordinates  of  the  centre, 

dh  + + a = 0, 

and  + cA  + 5 = 0. 

From  these  two  equations  we  have 

((?  — dR)  Ji  — h(db  — c), 

(c  + a5)  5 = — 5 ; 
and,  similarly,  (c  ah)k  — — a\ 

h_h 

h a ’ 


hence 
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which  is  the  equation  to  the  required  locus : thus  we  see  that  the 
centre  of  the  conic  section  lies  always  in  a straight  line  passing 
through  the  intersection  of  the  two  given  lines,  and  bisecting 
the  chord  which  joins  the  two  given  points  of  contact. 

Gergonne : Annales  de  Mathematiques^  tom.  xi.  p.  385. 


4.  If  a conic  section  be  touched  by  four  straight  lines,  to 
find  the  locus  of  its  centre. 

If  w’e  take  two  of  the  tangents  as  axes  of  coordinates,  the 
equation  to  the  conic  section  will  be  of  the  form 

d^x^  + 2cxy  + + 2aa;  + 2hy  + 1 = 0. 


The  equation  to  the  tangent,  at  any  point  (a?,  y)^  is 

{a^x  -{■  cy  a)  X + {h^y  cx  h)  y ax  + hy  1 = 0. 

Let  this  tangent  coincide  with  a line 

^x  + ay  — a^ (1). 

Then  a (c^x  + cy  + a)  + ax  -\- hy  + 1 = 0 (2), 

{h^y  cx  -{■  h)  ax  hy  \ = 0 (3). 

Eliminating  x from  (1),  (2),  (3),  we  shall  arrive  at  an  equation 

a^  {ah  + c)  + 2 [aa  + 5/3  + 1)  = 0 (4).  . 

For  another  tangent,  we  shall  have,  similarly, 

d^'  {ah  + c)  + 2 {ad  + + 1)  = 0 (5). 

But,  if  a?,  3/,  be  the  coordinates  of  the  centre  of  the  conic 

section,  ..  ^ , 

ax-{-cy^a  — ^ (6), 

Wy  + ca?  + 5 = 0 (7). 

Eliminating  a,  5,  c,  from  (4),  (5),  (6),  (7),  we  shall  get 

X , y _ gyg  — dp! 

a — a /3  — /S'  ~ 2 (a  - a ) - /3')  

for  the  equation  to  the  locus  of  the  centre,  which  is  therefore 
a straight  line. 
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Cor.  It  may  easily  be  proved  that  this  line  passes  through 
the  middle  points  of  the  two  diagonals  of  the  quadrilateral 
formed  by  the  four  tangents  of  the  conic  section. 

Newton : Principia^  lib.  I.  Lemma,  xxv.  Cor.  3. 

Gergonne : Annales  de  MatMmatiques^  tom.  XI.  p.  382, 
ann.  1820,  1821. 

Poncelet:  Gergonne^  Annales  de  Mathematiques^  tom.  Xll. 
p.  109. 

Eligius  Manderlier:  Annales  Academice  1826-28, 

p.  57. 

Bobillier : Gergonne^  Annales  de  Matliematiques^  tom.  XVIII. 
p.  362. 

Hearn:  Researches  on  Curves  of  the  Second  Order  ^ p.  37. 


5.  From  a point  0,  two  straight  lines  are  drawn,  touching 
a conic  section  in  H and  K.  Two  straight  lines  EPP\  EQQ\ 
are  drawn,  cutting  each  other  in  E^  the  former  parallel  to 
the  latter  to  OK*  the  former  cutting  the  curve  in  P,  P',  the 
latter  cutting  it  in  Q'.  To  prove  that 

EREP  : EQ,EQ  ::  [OHf  : {OK)\ 

If  OP,  OKj  produced  indefinitely,  be  chosen  as  axes  of  a?,  y, 
respectively,  the  equation  to  the  conic  section  will  be 

2xy  f 2x  2y  ^ ^ 

—2  H 1“  Va ^ ^ ~ 

a mn  b a o 

where  a,  5,  denote  OP,  OP,  respectively,  m,  ?^,  being  any 
constants. 

Let  A,  be  the  coordinates  of  E\  then,  taking  EPP\  EQQ\ 
produced  indefinitely,  as  axes  of  a?',  y'^  respectively,  we  shall 
have,  for  the  equation  to  the  curve, 

{ai+hf  ^ ‘l{x'+li)[y'+k)  [y'+hf  2(g;'+^)  2(y'+^)  ^ 

d^  mn  Pah 


Putting  X = 0,  the  two  values  of  y in  the  resulting  quadratic 
will  be  PO,  EQ\  and  accordingly 


EQ.EQ 


'P  2lik  P 2h 

~Z  1"  T2 

.a  mn  b a 
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EREF  = + — + l 


By  symmetry  we  have  also 

'E  2Kk  E 2A  2k 

^a~  mn  W a h 

EREF’  _{OHY 
EQ.EQ'~\OKY' 

De  la  Hire : Sectiones  Gonicce^  lib.  ill.  prop.  29. 


Hence 


6.  To  find  the  condition  that  the  straight  line 


X y 

- + % = 1 

a 


may  touch  a conic  section  represented  by  the  equation 

0. 


- + 2-  .^  + f2+2-  + 2f+l- 

a m n 0 a b 


The  required  condition  is  expressed  by  the  equation 


\ab  mn 


+ 2|?  + f + 11.0. 


7.  From  a point  0,  two  straight  lines  are  drawn,  touching 
a conic  section  in  H and  K.  A straight  line  MQBT  is  drawn, 
parallel  to  one  of  these  tangents,  cutting  the  other  in  the 
curve  in  T,  and  the  chord  HK  in  R.  To  prove  that 

MQ.MT=  {MRy. 

De  la  Hire : Sectiones  Conicce^  lib.  ill.  prop.  27, 


8.  To  find  the  locus  of  the  centres  of  all  conic  sections, 
which  touch  three  given  straight  lines,  and  pass  through  a given 
point. 

If  two  of  the  given  straight  lines  be  taken  as  the  axes  of 
coordinates ; then  (A,  F)  being  the  given  point,  and  “ + ^ 1? 

the  equation  to  the  third  straight  line,  the  equation  to  the 
required  locus  will  he 

4M(2a?  — A)  (2?/  — A)  = (2  (Aa?  -\-  hy  — hk)  — {2^x  + 2ay  — a/3)}^ 

Gergonne : Annales  de  Mathernatiques^  tom.  XI.  p.  385. 
Poncelet : Gergonne^  Annales  de  Mathematiques^  tom.  Xli.  p.  111. 
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9.  To  determine  the  locus  of  the  centres  of  all  the  conic 
sections,  which  touch  two  given  straight  lines  and  pass  through 
two  given  points. 

The  two  straight  lines  being  taken  as  coordinate  axes,  and 
(/i,  h)^  {Ji\  k')^  being  the  two  given  points;  the  equation  to  the 
required  locus  will  be 

{{liy  — kxY  — [liy  — 

— 4 j {kx  -\-hy  — hk)  — {k'x  + Tiy  — Tik!) } . { [hy  — kx)\  [k'x  + Jiy  — h'k') 
— {h'y  — k:xy.ijc,x  ■\-}iy  — M)}. 

This  equation  may  be  resolved  into  a double  equation  of  the 
second  degree.  If  we  put 

(M'  - M')  [kk  - n')  = M, 
the  double  equation  will  be 

[k+k').\{h  - }^)\{[k^k')x  -[h  + h!) yY- 2Mx  I2x  - (A  + h')]\[kk^f 
=^±[h+k:).[[k-l^)\{[k-^k')x-[h^k:)yY-\-2My{2y-[^^ 

Brianchon : Gergonne^  Annales  de  Mathematigues^  tom.  XI.  p.  219. 
Gergonne : Annales  de  MathSmatigues^  tom.  XI.  p.  390. 
Poncelet : Gergonne^  Annales  de  MatMmatigues^  tom.  xil.  p.  233. 
Gergonne ; Annales  de  Mathematigues^  tom.  xil.  p.  249. 

10.  To  prove  that  the  straight  line  which  joins  the  summit 
of  an  angle  circumscribed  about  a conic  section  with  the  centre 
of  the  curve,  divides  the  chord  of  contact  into  two  equal  parts. 

Frederic  Sarrus:  Gergonne^  Annales  de  Mathematigues^ 
tom.  XII.  p.  368. 


Section  VI. 

Referred  to  a Tangent  and  Normal. 

1.  If,  in  any  conic  section,  be  inscribed  a series  of  right- 
angled  triangles,  having  all  of  them  the  summit  of  the  right 
angle  at  a given  point  of  the  curve;  to  prove  that  their  hy- 
potenuses will  all  meet  at  a single  point  of  the  normal  drawn 
through  the  common  summit  of  all  these  triangles. 
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Let  the  tangent  and  normal  at  the  given  point  be  taken  as 
axes  of  X and  y respectively.  Then  the  equation  to  the  conic 
section  will  be 

aa?  + hy^  + 2cxy  + 2fy  = 0. 


The  equations  to  the  two  sides  of  one  of  the  right  angles  being 

y — ax  = 2/  + - a?  = 0, 

a 

the  equation  to  both  will  be 

(y  - ax)  i a:)  = 0, 


whence 


Substituting  this  expression  for  x^  in  the  equation  to  the 
conic  section,  we  get,  dividing  by  y^  for  the  equation  to  the 
third  side,  c 

r 


a)  + 2c[  X + (a  -f  + 


Putting  a;  = 0,  we  see  that 

^ = - 


2/  _ 

a + h' 


Thus  we  see  that  the  hypotenuse  cuts  the  normal  at  an 
invariable  distance  from  the  origin. 


Cor.  It  hence  follows  by  the  theory  of  poles  and  polars, 
that  the  points  of  concourse  of  the  tangents  at  the  extremities 
of  these  hypotenuses  lie  all  in  a single  straight  line. 

Fregier ; Gergonne^  Annahs  de  MathSmatigues^  tom.  vi.  p.  231. 


2.  If,  in  any  conic  section,  be  inscribed  a series  of  triangles, 
all  having  a common  summit,  the  angle  of  which  is  bisected  by 
the  normal  to  the  curve  at  the  place  of  the  summit : to  prove 
that  the  sides  of  these  triangles,  opposite  to  this  summit,  will  all 
meet  in  the  point  of  intersection  of  the  tangents  drawn  at  the 
two  ends  of  the  normal. 

The  equation  to  the  conic  section,  referred  to  the  tangent 
and  normal,  at  the  common  summit,  as  axes  of  coordinates, 
aijd  + hy"^  + 2cicj/  + 2/?/  = 0 (l). 
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Also  the  equation  to  the  two  sides,  of  any  one  of  the  tri- 
angles, which  pass  through  the  origin,  will  he 

= V -(2). 

Substituting  in  the  equation  (1)  the  expression  iov  given  by 
(2),  and  dividing  by  2/,  we  get,  for  the  equation  to  the  third  side, 

[aX  h)y  + 2 (ex  -f-jf)  = 0 (3). 

Putting  ^ = 0,  we  see  that 

c ’ 

a value  independent  of  X.  Hence  the  opposite  sides  of  all  the 
triangles  intersect  the  tangent  at  a distance  — - from  the  point 

G 

of  contact.  The  tangent  at  the  other  end  of  the  normal,  as 
coinciding  with  the  chord  (3),  when  X becomes  zero,  must 
also  pass  through  the  same  point. 

Cor.  Hence  it  follows,  by  the  theory  of  poles,  that  the 
points  of  concourse  of  the  tangents  at  the  extremities  of  these 
third  sides  of  the  triangles,  will  all  lie  in  a single  straight  line, 
viz.  the  normal  itself. 

Fregier : Gergonne^  Annales  de  Mathematiques^  tom.  vi.  p.  233. 


3.  To  find  the  equation  to  a conic  section  which  has  a 
contact  of  the  third  order  with  the  curve 

ax^  + h'lf  + 2cxy  + 2fy  = 0 (1) 

at  the  origin  of  coordinates. 

The  equation  to  a conic  section,  which  has  a contact  of  the 
first  order  with  (l)  at  the  origin,  is 

apd  + h^y"^  + 2cpcy  + 2fy  = 0 (2). 

At  the  intersections  of  (1)  and  (2),  we  have 

(aj)  — al))y  + 2 (ap  — ac)  x + 2 [a^f  — af)  = 0....(3). 

If  the  straight  line  (3),  which  joins  the  two  points  of  inter- 
section, pass  through  the  origin,  the  curves  (1)  and  (2)  will  have 
two  elements  in  common  at  the  origin,  or  the  contact  will  be  of 
the  second  order : the  corresponding  condition  being 

«,/=  «f, 


(4). 
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Again,  if  the  line  (3)  coalesce  with  the  axis  of  a?,  the  re- 
maining point  of  intersection  will  coalesce  with  the  origin,  and 
thus,  the  two  curves  having  three  elements  in  common  at  the 
origin,  the  contact  will  he  of  the  third  order.  The  additional 
relation  is  ap  = ac, .>....(5). 

The  relations  (4)  and  (5)  reduce  the  equation  (2)  to  the  form 
aoi?  + 'if  + 'Icx'y  + 2fy  = 0, 
which  is  the  required  equation. 

Plucker : Gergo'nne^  Annales  de  MatMmatiques^  tom.  XVII.  p.  69. 


4.  If  two  conic  sections  touch  each  other  at  any  point,  to 
prove  that  they  cannot  have  more  than  two  points  of  inter- 
section. 

’Edv  TCdv  elp7}fiiv(ov  ypa/jL/jbcjv  Ttv6<;  Ka6’  ev  i^aTTTayvTat 
(TTjfjbelov  dW't]\a)V  ov  crupb^dWovatv  iavraig  Kad^  erepa 
a-Tjpuela  ifKelova  y Bvo, 

AnOAAQNIOT  nEPFAIOY  ’KoovikcSu  to  'ri'rapTov  UpoTaci^  /cs'. 

5.  To  prove  that,  for  every  point  of  a conic  section,  there 
exists  a circle  which  has  with  the  curve,  at  this  point,  a contact 
of  the  second  order. 

Plucker:  Gergonne^  Annales  de  Mathematigues^  tom.  xvil.  p.  71. 

6.  To  prove  that  a circle  cannot  have  with  a line  of  the 
second  order,  a contact  of  the  third  order  at  one  of  its  points, 
unless  this  point  be  at  the  end  of  an  axis  of  the  curve. 

Plucker : Gergonne^  Annales  de  Mathematiques^  tom.  xvil.  p.  71. 

7.  To  prove  that,  if  any  number  of  circles  touch  a conic 
section  at  the  same  point,  the  chords  joining  the  points  of 
intersection  are  all  parallel  to  each  other. 

Plucker;  Gergonne^  Annales  de  Mathematigues^  tom.  xvil.  p.  71. 


z 
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Section  VII. 

Referred  to  any  Axes  vAiatever.  Centres. 

If  a,  be  the  coordinates  of  the  centre  of  the  curve 
^ (a*,  y)  — ax^  + l^y^  + ^cxy  + 2a  a?  + ^Vy  + c = 0, 
to  find  the  value  of  ^ (a,  ^). 

Changing  the  origin  of  coordinates  to  the  point  a,  we 
shall  have  for  our  transformed  equation, 

a [x  + a)*'"  + h[y  + Pf  + 2c  {x  + a)  [y  + /9) 

+ 2a!  {x  + a)  + 2h'  {y  + /?)  + c = 0. 
Since  (a,  /3)  is  the  centre,  the  coefficients  of  sc  and  y must 


be  zero : hence 

aa  + cyS  + a = 0 (1), 

and  + ca  + V — 0 (2). 

From  (1)  and  (2)  we  have 

ad^  + 5/3“  4-  2ca/3  + da  + 5'yS  = 0, 
and  therefore  ^ (a,  yS)  = c' + a'a  + 5'yS (3). 


From  (1)  and  (2)  we  may  easily  get 
ah  — h'c 


OL  = 


c“  — ah  ’ 
and  therefore,  from  (3), 

^ (a,  ^)  = c'  + 


- h'a  — dc 

dU'^  + 5a  “ — 2a'5  c 


Section  VIII. 

Referred  to  any  Axes  whatever.  Tangents. 
1.  To  find  the  condition  that  the  straight  line 
X y 

-+  1=  1 

a ^ 

may  touch  the  conic  section 

asd  + hf  + 2cxy  + 2dx  + 2h!y  4-  c'  = 0. 


(1) 


REFERRED  TO  ANY  AXES  WHATEVER.  TANGENTS.  339 


If  a?',  y\  be  the  coordinates  of  the  point  of  contact,  the 
equation  to  the  tangent  is 

(aoc  + cy  -{•  a)  X {by  + cx  + h')y  ^ ax  + h'y  + c'  = ‘0. 

Since  this  equation  must  coincide  with  the  equation  (1), 
we  must  have  ^ 

a [ax  + cy  + a)  + a'x  + h'y  + c = 0, 
and  /3  {by'  + cx  + b')  + ax  + b'y  + c'  = 0 ; 

or  [aa  + a!)  x'  + (ac  + b')  y'  + aa  + c — 0, 

and  [ph  + b') y + [^c  + a)  x + + c = 0. 

But,  since  the  point  of  contact  lies  in  the  line  (1),  we  must 
have  also  — a/3  = 0. 

Eliminating  x and  y between  the  last  three  equations,  we  shall 
obtain  for  the  required  condition, 

[^  — a&)  + [etc  — ah')  + (& c — bcb) 

+ [d^  — ac)  + — be)  + 2a/3  [cc  — dV)  — 0. 

Gergonne : Annales  de  MathematiqiMs^  tom.  XI.  p.  381. 

2.  To  prove  that  a conic  section  represented  by  the  equation 


ilu)^  + [mv)^  + [nw)^  = 0 (1), 

where  w,  v,  are  linear  functions  of  x and  y,  and  Z,  m,  are 
arbitrary  constants,  is  touched  by  a straight  line 

"Xu  y.v  + vw  = 0 (2), 


provided  that  Z,  m,  w,  X,  //.,  v,  are  connected  together  by  the 
equation  I m n 

- -I 1 — = 

X //»  F 

Eliminating  v between  (2)  and  (3),  we  get 



Combining  (1)  and  (4),  we  have 

[lu)^  4-  [mv)^  ~ 

Z2 
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and  therefore 

lu  mv  2 [Imuv]^  = (Xtt  + 


/7 

2 [tmuvY  = — H 

X fJb 

flfJbV 

vT" 


)=^’ 


whence 


I m ’ 


and  therefore,  by  similarity, 

I m 


v^w 

n 


These  two  equations  shew  that  the  lines  (1)  and  (2)  meet  in 
one  point  and  one  only:  hence  (2)  is  a tangent  to  (1). 

It  may  he  observed  that,  since  the  equation  (2)  involves  two 


arbitrary  parameters,  viz.  — , — , subject  to  only  one  restriction, 

jJtj  V 

viz.  (3),  the  tangent  line  is  a general  tangent  to  the  conic 
section. 


Cor.  If  //-  = 0 and  V = 0,  then  the  equation  (2)  is  reduced 
to  u = 0. 

Thus  it  appears  that  u = 0,  and,  similarly,  v = 0,  w = 0, 
are  all  tangents  to  (1). 

The  truth  of  this  conclusion  is  easily  seen  also  by  combining 
u = 0 with  (1),  whereby  we  perceive  at  once  that  the  two  lines 
meet  in  one  and  only  one  point. 

Hearn ; Researches  on  Curves  of  the  Second  Order ^ p.  36. 


3.  To  find  the  equation  to  the  tangent  at  any  point  of  a 
conic  section  represented  by  the  equation 

uv  = (1), 

where  w,  v,  are  linear  functions  of  x and  y. 

The  equations  to  any  point  in  the  curve  may  evidently  be 
written  in  the  form 

\u  — V = \w^ 

X being  an  arbitrary  quantity. 
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The  equation  to  any  straight  line  passing  through  this  point 
may  he  expressed  in  the  form 

V — \w  — fjb  {^u  — w) .(2), 

[jb  being  an  arbitrary  quantity. 

At  the  intersection  of  (1)  and  (2),  we  have,  eliminating 

— \uw  = fx  — uw)^ 

or  — yu.)  uw  — Xfjbu^  = 0 (3). 

Suppose  this  equation  to  be  a perfect  square : then 
(X  — fxY  = — 4X/*t, 

(X  + fxY  = 0, 

yu,  = -X; 

and  therefore  (2)  becomes 

X^u  — 2\w  -i-  V = 0 (4). 

Since  (3)  is  a perfect  square,  (4)  meets  (1)  in  only  one  point, 
that  is,  at  the  point  v = Xwj  Xu  = w:  hence  (4)  is  the  equation 
to  the  required  tangent. 

Salmon ; Gome  Sections^  p.  217. 

4.  To  prove  that  Xu  jxv  vw  = 0 
will  be  always  a tangent  to  a conic  section 
Ivw  + mwu  + nuv  = 0, 

where  w,  v,  are  linear  functions  of  w,  v,  and  Z,  m,  w,  are 
parameters,  provided  that 

{JXY  + + {nvY  = 0. 

Hearn : Researches  on  Curves  of  the  Second  Order ^ p.  34. 


Section  IX. 

Referred  to  any  Axes  whatever.  Chords. 

1.  To  determine  the  locus  of  the  middle  points  of  the  chords 
of  the  curve 

aa^  + hf  + 2cxy  2dx  + 2})y  + c'  = 0, 
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which  are  parallel  to  the  line 

X sin  6 — y cos  0 = 0, 

and  thence,  the  axes  being  rectangular,  to  find  the  positions  of 
the  axes  of  the  curve. 

Let  /i,  h,  be  the  coordinates  of  the  middle  point  of  any  one 
of  the  parallel  chords : let  x',  y,  be  the  coordinates  of  either  end 
of  this  chord  referred  to  (A,  h)  as  origin.  Then 

a[h-\-xy-\-h{h-\-yY-\-2c[h-\-x)  {Jc-\-y')+'2^a[h-\-x)-\-2h'{h-\-y')+c  = 0, 

Now  for  X,  y\  we  may  write  equal  negative  values  — a?',  —y, 
because  the  chord  is  bisected  in  the  new  origin : hence  the  sum 
of  the  terms  involving  the  first  powers  of  a?',  y' , must  be  equal 
to  zero,  and  thus 

[ah  + cA  + d)  X + {hh  + cA  + A')  y'  — 0. 

But  this  chord  is  parallel  to  the  line 

a?  sin  ^ ^ cos  6 = 0: 

hence  {ah  + cA  + d)  cos  6 + [hk  + cA  + h')  sin  ^ = 0, 
which  is  the  equation  to  the  required  locus. 


Cor.  Since  an  axis  of  the  curve  intersects  its  chords  at  right 
angles,  we  shall  have,  for  the  determination  of  the  positions  of 
the  axes,  supposing  the  coordinate  axes  to  be  rectangular, 


tan^  = 


h sin^  + ccos^ 
a cos  ^ + c sin  ^ ’ 


whence  asin2^  + c (1  - cos2^)  = h sin2^  4-  c (1  + cos2^), 
[a  — h)  tan  20  = 2c, 

2c 

tan20  = 7 . 


2.  In  any  conic  section,  if  two  chords  PQ,  PR,  make  equal 
angles  with  a fixed  chord  PK,  and  the  chord  QR  be  drawn: 
to  prove  that  QR  will  pass  through  a fixed  point  for  all  positions 
of  PQ,  PR> 
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Let  PK^  produced  indefinitely,  be  taken  as  the  axis  of  y,  and 
Px^  at  right  angles  to  it,  as  the  axis  of  x.  The  equation  to 
the  conic  section  will  be 

ax^  + h'lf  + ^cxy  + ’^dx  + 2Z>y  = 0 (1). 

Let  the  equation  to  PQ  be  y = mx]  that  of  PJ?  will  be 
y — — mx^  and  therefore  both  PQ  and  PR  will  be  represented 


by  the  equation  ^ ^ (2). 

From  (1)  we  have 

aP  + hy^  + 2cxy  + 2dx  — — ^Vy (3), 

and  aP  + hy^  + ^cxy  = — 2dx  — 2h'y (4), 


and  therefore,  multiplying  the  equation  (3)  by  dx^  the  equation 
(4)  by  h'y^  and  subtracting  the  latter  of  the  resulting  equations 
from  the  former,  we  get 

dx  (aP  + hy^  -i-  "loxy  -f  2a  a?)  — Vy  [aa?  + hy^  + 2cxy')  — 25'y . . . (5). 

At  the  intersections  of  QP  with  the  curve,  we  have,  by  (2) 
and  (5), 

d [ax  + rdhx  + 2cy  + 2a ) — h'  [ay  + ndhy  + 2m^cx)  = 

which  is  therefore  the  equation  to  the  chord  QR, 

This  equation  is  evidently  satisfied,  for  all  values  of  w,  by 
the  two  equations 

adx  + (2a  c — ah')  y + 2a  ^ = 0, 

[dh  — 2h'c)  X — hh'y  — 2h'‘^  = 0, 
which  are  the  equations  to  a fixed  point. 

3.  To  find  the  equation  to  a chord  passing  through  any  two 
proposed  points  of  the  conic  section  represented  by  the  equation 

uv  = 

w,  u,  ^<7,  being  linear  functions  of  x and  y. 

Let  the  two  points  be 


X,  X',  being  any  proposed  constants. 
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The  equation  to  any  straight  line  through  the  former  point  is 
V — \w  = p (X^^  — 

and  that  to  any  straight  line  through  the  latter  point  is 
V — = p'  (X'u  — w)j 

p and  p being  arbitrary  parameters. 

Now  these  two  straight  lines  will  coincide  provided  that 

p\  = p'V,  p — \ = p —X : 

whence  p = — p'  = — X. 

The  equation  to  either  of  the  lines  then  becomes 
XX  w — (X  + X')  + ?;  = 0. 

Since  this  line  passes  through  both  the  proposed  points, 
it  is  the  equation  to  the  chord. 

Cor.  If  X'  = X,  the  two  points  coincide  and  the  chord  be- 
comes a tangent  represented  by  the  equation 

Xu  — 2\w  q-  ?;  = 0. 

Salmon : Gome  Sections^  p.  217. 

4.  Through  any  point  P in  a conic  section  is  drawn  a straight 
line,  parallel  to  a given  straight  line,  intersecting  two  tangents 
in  T and  T\  and  cutting  the  chord,  which  joins  the  points  of 
contact,  in  (7.  To  prove  that 

{FG'f  oc  PP.PP. 

Let  0 be  the  intersection  of  the 
two  tangents.  Let  the  axes  of  coor- 
dinates be  Ox^  parallel  to  the  chord 
of  contact  A'A,  and  Oy,  parallel  to 
the  line  TTPC, 

Then,  the  equations  to  0-4,  OA\ 

-4-4',  being  represented  by 

y = ax,  y = - a'®,  y = l, 
that  to  the  conic  section  will  be,  X de- 
noting an  arbitrary  constant  quantity, 

(y  - ax)  [y  + dx)  =\(y  - bf, 
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which,  expressed  geometrically,  becomes 

PT.Pr  = X [PG)% 

whence  [PCf  oc  PT.PT, 

Carnot : Geometrie  de  Position^  p.  446. 

5.  If  APF  be  any  chord,  drawn  through  a fixed  point  A 
in  the  axis  of  a conic  section,  to  meet  it  in  two  points  P,  P'; 
to  prove  that,  A being  the  origin  of  coordinates  and  the  axis 
of  the  conic  section  the  axis  of  a?, 

— + — = a constant  quantity, 

a?^^,  being  the  abscissae  of  P,  P\ 

6.  If  two  conic  sections  are  such  that  they  intercept,  on 
a given  straight  line,  chords  the  middle  points  of  which  are 
coincident:  to  prove  that  the  same  property  will  apply  to  all 
conic  sections  which  pass  through  the  four  intersections  of  the 
two  conic  sections  and  cut  the  same  given  line. 

Plucker : Gergonne^  Annales  de  Mathematigues^  tom.  xix.  p.  105. 


Section  X. 

Referred  to  any  Axes  whatever.  Directrix, 

1.  To  find  the  equation  to  a conic  section,  of  which  (^,  h)  is 
the  focus,  e the  eccentricity,  and  of  which  the  directrix,  the  axes 
of  coordinates  being  rectangular,  is  represented  by  the  equation 
X sina  — y cosa  + c = 0 ; 
and,  if  Aj,  be  such  that 

h + ^c  sina  = 0,  h — e^c  cosa  = 0, 
to  find  the  equation  to  the  curve  referred  to  its  axes. 

The  equation  to  the  curve,  referred  to  the  existing  axes,  is 
{x  — hy  {y  — hy  = d'  {x  sina  — y cosa  + c)^ ; 
and,  the  two  relations  between  A:,  a,  e,  c,  being  adopted,  the 
equation  to  the  curve,  referred  to  its  axes,  is 

+ (1  _ e^)  f = eV  (1  - e^). 
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2.  To  find  the  equation  to  the  directors  of  the  conic  section 
ax^  + hif'  + "^cxy  =f. 

The  required  equation  to  the  two  directors  is 


{[a  + ic  + (&  + = 

X being  given  by  the  equation 

{cl  + X)  + X)  = c^. 


-j-  X 


Section  XI. 

Referred  to  any  Axes  whatever.  Conjoint  Lines  and  Circles. 

1.  Having  given  the  equation  to  a conic  section,  and  that 
to  a straight  line  in  the  same  plane,  to  find  the  equation  to  the 
conjoint  line  which  passes  through  the  origin,  and  the  equation 
to  the  corresponding  conjoint  circle. 

The  expression  conjoint  lines  is  used  by  M.  Terquem  to 
signify  two  straight  lines  such  that,  if  they  be  taken  as  axes 
of  coordinates,  the  coefficients  of  the  two  squares  in  the  equation 
to  the  curve  become  equal.  Thus  two  equal  diameters  are 
conjoint  lines ; the  same  may  be  said  of  the  asymptotes  of  an 
hyperbola : a principal  diameter  coalesces  with  its  conjoint  line. 

It  is  easily  seen  that  two  conjoint  lines  cut  a conic  section, 
generally  speaking,  in  four  points,  situated  in  a single  circle, 
called  a conjoint  circle  ; and,  reciprocally,  that  if  four  points  of  a 
conic  section  lie  in  a circle,  any  two  lines  joining  them  two  and 


two,  are  conjoint  lines. 

Let  the  equation  to  any  conic  section  be 

acd  + 2cxy  + hy^  + 2dx  + 2h'y  + c = 0 (1), 

and  let  7 be  the  angle  between  the  coordinate  axes. 

Let  the  equation  to  the  given  straight  line  be 

'Kx  -\-  fjuy  -V  V — 0 (2). 

Let  the  equation  to  the  required  conjoint  line  be 

Xx  + fy  ~ 0 (3). 
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The  equation  to  the  system  of  the  two  straight  lines  will  be 

{\x  + fMy  + y)  [\'x  + — 0 (4). 

Adding  together  the  equations  (1)  and  (4),  we  have 

(ct  XX  j x^  + ^2c  + XyLfc  -1-  X xy  “1“  (&  “H 

+ {2a  + XV)  £c  + {2h'  + fi'v)y  + c = 0......(5). 

In  order  that  this  equation  may  represent  a circle,  we  must  have 

a -f  XX'  = b + fifjbj 

2c  + Xyifc'  + X'yL6  = 2 COS7  (a  + XX'), 

whence  we  deduce 

, _\{b  — a)  + 2 fjb  {a  cos  7 — c)' 


and 


b)  + 2X  [b  COS7  — c) 

W 


(6). 


where  — X‘^  — 2\/jl  cos  7 + 

Substituting  the  values  (6)  in  the  equation  (5),  and  putting 
jub^a  — 2X/JLC  + X'^b  — kj 

we  shall  obtain 

kx^  + 2k  co^y.xy  + ky^  + {2a  8'^  + Xr  (^  — a)  + 2/jbv  {a  cos 7 — c)}  x 
+ [2b' ybv  [a  — b)  2\v  (b  COS7  — c)]y  + = 0, 

which  is  the  equation  to  the  conjoint  circle. 

Terquem : LiouvUle^  Journal  de  Mathematiques^  tom.  III.  p.  17. 


2.  To  find  the  locus  of  the  centre  of  the  conjoint  circle 
of  a given  conic  section,  the  two  conjoint  lines  being  both 
supposed  always  to  pass  through  the  origin. 

If  the  equation  to  the  conic  section  be 

aad  + 2cxy  + by^  + 2a!x  + 2b'y  + c'  = 0, 
the  required  locus  will  be  a straight  line  of  which  the  equation  is 
{b'  — a C0S7)  X = [a  — y cos7)y. 

Terquem : Liouville^  Journal  de  Mathematiques^  tom.  ill.  p.  18. 
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Section  XII. 

Passing  through  given  Points. 

1.  To  determine  the  equation  to  a conic  section  which  passes 
through  the  five  points  of  which  the  coordinates  are 

1,-1;  2,  1;  - 2,  3;  3,  2 ; -1,-3. 

If  a = 0,  yS  = 0,  7 = 0,  3 = 0,  be  the  equations  to  the  sides 
of  the  quadrilateral  formed  by  joining  in  order  the  first  four 
points,  the  equation  to  the  conic  section  will  be 

ary  = A/33, 

where  \ = a constant.  By  giving  to  ?/,  their  values  at  the 
fifth  point,  we  shall,  by  this  equation,  determine 
Now,  by  the  formula 

K -yb^-  + ^xy^  = 

we  see  that 

a=3/— 2a?+3,  /3=— 4?/— 2a;+8,  7=5y+ic— 13,  3=— 2^+3a?— 5. 

Hence  the  equation  to  the  conic  section  will  be 
(?/  — 2aj  + 3)  [hy  + a?  — 13)  = 2\  {^y  + x — 4)  {2y  — 3a;  + 5). 
Putting  0?  = — 1,^  = — 3^we  have 

- 58  = - 2X  X 22,  2\  = ff. 

Hence  the  equation  to  the  curve  becomes 

11  [y  — 2x  + 3)  {5y  + X — 13)  = 2d  {2y  + x — 4)  (2y  — 3a;  + 5), 
or  61y^  — VJxy  — 65x^  + SQy  + 174a;  — 151  = 0. 


2.  To  find  the  locus  of  the  centre  of  a conic  section  which 
always  passes  through  four  given  points. 

Let  B\  be  the  four  points;  join  AA'j  BB\  0 

being  their  point  of  intersection.  Take  Oal,  0-5,  produced 
indefinitely,  as  axes  of  a;,  y. 

Let  OA  = a,  OA'  = a',  OB  — y5,  OB'  = yS'. 

Then  the  equation  to  the  conic  section  will  be 


X 


y 


(/3' 


X 
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Let  X,  r,  be  the  coordinates  of  its  centre : then 

Eliminating  c,  we  have,  for  the  locus  of  the  centres, 

aa'  /9/3'  aa'  /8/3'  ” 

which  is  the  equation  to  an  ellipse  or  h3rperbola  accordingly 
as  aoL  and  ySyS'  have  different  or  like  signs. 


Cor.  1.  The  equations  to  the  asymptotes  of  the  hyperbola 
may  be  shewn  to  be 

+ (aa')4-±nK)4  ^ imyr 

CCR.  2.  It  is  easily  seen  that  the  centre  of  the  curve  (1) 
coincides  with  the  middle  point  of  the  line  ioininff  the  bisections 
of  AA\BB\ 

Brianchon ; Gergonne^  Annates  de  MatJiematigues^  tom.  XI.  p.  219. 

Gergonne : Annates  de  Mathematiques^  tom.  xi.  p.  396. 

Poncelet : Gergonne^  Annates  de  MatJiematiques^  tom.  xii.  p.  245. 

The  following  is  a different  solution  of  the  same  problem. 

Let  the  equations  to  the  sides  of  the  triangle  formed  by 
joining,  two  and  two,  three  of  the  four  given  points  be 

u^  = X cosa^  + y sina^  — 3^  = 0, 

u^  — X cosag  + y sina^  — 3^  = 0, 

u^  = X cosag  + y sinag  — 3g  = 0. 

Then  the  equation  to  the  conic  section  will  be  of  the  form 

V2“3  + Vs^l  + VA  = (1)  * 

where  Xg,  are  arbitrary  constants. 


* Bobillier : Gergonne^  Annales  de  Mathematiques,  tom.  xviii.  p.  320. 
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If  we  differentiate  the  equation  (1)  partially,  first  with  regard 
to  X and  then  with  regard  to  ?/,  we  shall  get 

<^3+  ^3  COS  aj  +^2(2^3  cos  cos  a3)+X3(^tl  cos  cos  a J= 0, 

\ (u^  sin  sin  ocj  + (u^  sin  a^-h  sin  a3)  +^-3(^1  sin  sin  a J = 0, 

two  equations  which  determine  the  values  of  x and  y at  the 
centre  of  the  conic  section. 

Eliminating  \ between  these  two  equations  and  effecting 
obvious  simplifications,  we  shall  get 

\ ^ % sin(a,  - a,)  + sin  (a,  - aj  - sin(a^  - a3) 


\ “2  M3  sin  (a, 


aj  + M,sin(a3  - a.^  - M3sin(a3  - aj  ’ 


or,  putting 


u^sm{cc^  - a^)  + W2sm(a3  - aj  + u^Bm{cc^  - 

_ ^1  V — sin  [a^  — a^) 

X„  u'  V — u„  sin  fa,  — a,)  * 


2?;, 


By  similarity  we  have  also 

- M,sin(a,  - g^) 

X3  M3’D-M3sin(a, -aj' 

Let  m3,  be  the  values  of  at  the  fourth  given 

point.  Then,  from  (1), 

X.  x„  x„ 

— — I 1 = 0, 

m^  m^  m3  ' 

and  consequently,  putting  for  X^,  X^,  X3,  their  proportionals,  and 
writing  s„  s^,  S3,  instead  of  sin(a3  - a3),  sin  (03  - a,),  sin  (a,  - aj, 
respectively,  we  have 


, u,  u^\ 

y ^ I L _j 2 _j 3.  I _ _1 L _j_  -2  2 I 3 3 


m,  m„  m. 


m. 


m„ 


+ 


m„ 


as  the  equation  to  the  required  locus,  which  is  therefore  a conic 
section. 

This  very  elegant  solution  of  the  problem  is  given  by 
Mr.  Hearn,  in  his  Researches  on  Curves  of  the  Second  Order ^ 
a work  very  remarkable  for  the  ingenuity  and  beauty  of  its 
investigations. 
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3.  If  three  conic  sections  "pass  through  the  same  four  points, 
their  diameters,  of  which  the  conjugates  are  parallel  to  a single 
fixed  line,  all  pass  through  one  point. 

Sturm:  Gergonne^Annales de MatMmatiques^iom.'KNll.^.  176. 
Lame : Examen  des  differentes  methodes  employees  pour 
risoudre  les  prohlemes  de  Geometrie^  p.  34. 


Section  XIII. 

Passing  through  given  Points  and  touching  given  straight  lines. 

1.  To  determine  the  locus  of  the  centres  of  all  conic  sections 
which  touch  a given  straight  line  and  pass  through  three  given 
points. 

Let  one  of  the  three  points  be  taken  as  the  origin  of  coor- 
dinates, and  let  the  axes  pass  through  the  other  two  points. 
Then,  A,  denoting  the  distances  of  these  two  points  from  the 
origin,  the  equation  to  the  conic  section  will  be 

aa?  + 2cxy  + hy^  — ahx  — hhy  = 0 (1). 

Let  the  equation  to  the  given  tangent  line  be 


Now,  generally,  in  order  that  a line  expressed  by  this  equation 
may  touch  a conic  section  denoted  by  the  equation 

aiP  + ^cxy  + hy‘^  + 2a!x  + Wy  + c'  = 0, 
we  must  have  the  condition 


(c"  - ah)  + [ah  - ah')  + 2a/3^  (&  c - M) 

+ (a " - ad)  + [h’'^  - Id)  + 2ay8  [cd  - ah')  = 0. 

In  the  present  problem,  where 

d — — \a\  y ~ c = 0 ; 

this  condition  reduces  itself  to 

J [adh—h^Tcf  A [oL^[d^—ab)  + aa  [hJc—hc)  + h/S  [ah—Jcc)}  = 0...(2). 
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Now  if  a?,  be  taken  to  represent  the  coordinates  of  the 
centre  of  (1),  we  shall  have 

2aaj  + 2c?/  — aA  = 0, 
and  2hy  + 2cx  — hk  = 0. 

From  these  two  equations  we  have 

_ h — 

^ A — 2a3  ’ k — 2y' 

Substituting  these  expressions  for  a and  J in  (2),  we  get 

[l^kx  {2x  — h)  — ahy  [2y  — k)]^ 

+ {2x  — h)  [2y  — k)\a^  (—  2kx  — 2hy  + hk) 

+ 2oLy  {2kx  + 2liy  — hk) 

+ 2^x  [2hy  + 2kx  — hk)]  = 0, 

or  [^kx  [2x  — h)  — ahy  {2y  — k)Y 

+ ayS  {2x  — h)  [2y  — k).[2kx  + 2hy  — hk).[2^x  + 2oLy  — a^)  = 0, 

which  is  the  equation  to  the  required  locus. 

Gergonne : Annales  de  Mathematiques^  tom.  xi.  p.  393. 

The  following  is  a different  solution  of  the  same  problem. 
The  notation  of  the  second  solution  of  Prob.  (2)  of  the  preceding 
section  is  retained. 

Let  the  equation  to  the  given  line  be  put  into  the  form 

(l)i 

which  may  always  be  done  by  properly  determining  the  con- 
stants ^27  h' 

At  the  intersection  of  (1)  and  the  equation  to  the  conic 
section,  viz. 

Va  + 

we  have  = 0 ; 

it  is  easily  seen  that  this  equation  will  be  a perfect  square, 
provided  that  X^,  X^,  Xg,  satisfy  the  condition 

which  is  therefore  the  condition  of  contact. 
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Hence,  replacing  in  this  equation  by  their  pro- 

portionals, we  have  for  the  equation  to  the  required  locus, 

{v  - {v  - [v  - = 0. 

Hearn : Researches  on  Curves  of  the  Second  Order. 


2.  To  find  the  locus  of  the  centre  of  a conic  section  which 
touches  four  given  straight  lines.  ^ 

Let  the  equations  to  three  of  the  given  lines  be 
u^  — X cosa^  + y sina^  — 3^  = O'] 

= ascosag  +^.sina2  — Sg  = (!)• 

— a?  cosag  4-  y sinag  — 3g  = oi 


Cg,  Cg,  being  constants 


The  equation  to  the  fourth  line,  c 
properly  chosen,  may  be  written  in  the  form 

C A + c A + = 0 (2)- 

The  equation  to  the  conic  section,  which  touches  the  lines  (1), 
will  be  = 0 (3). 


This  conic  section  will  also  touch  (2),  provided  that  the 
parameters  A^,  A^,  Ag,  are  subject  to  the  condition 


If  we  rationalize  the  equation  (3),  and  then  differentiate  it, 
partially,  first  with  regard  to  a?,  and  secondly  with  regard  to  j/, 
we  shall  obtain  two  equations  for  the  determination  of  the  values 
of  a?,  ?/,  at  the  centre  of  the  conic  section,  viz.  the  equation 

Aj^cosa^  + Ag^w^cosa^  + AgVg  cosag 
= AgAg  [u^  cosag  + u^  cosaj  + AgA^  [u^  cosa^  + cosag) 

+ A^Ag  [u^  cosa^  + cosaj, 

and  an  equation  which  may  be  derived  from  this  by  writing 
sin  throughout  instead  of  cos. 

From  these  two  equations,  by  simple  trigonometrical  ope- 
rations, we  shall  arrive  at  the  following  formulae : 


^3^2  + ^ + ggA^  ^ s^A^  + S^A^ 

u^  U 


A A 


u. 


(5), 
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where  Sg,  are  written  for  sm{a^—OL^)^  sin(a3— a^),  sin(aj— aj, 
respectively. 

Putting  each  member  of  the  double  equality  (5)  equal  to  p, 
we  shall  get 


w^'here 


\ 


®3  1 ®1®'2 

V = 


Substituting  these  values  of  \y  equation  (4), 

we  have,  for  the  equation  to  the  required  locus, 


^ + ?2  ^ ^ Mh 

^2  ^3/ 


+ + 


Thus  it  appears  that  the  locus  is  a straight  line. 

Hearn : Researches  on  Curves  of  the  Second  Order, 


3.  To  find  the  locus  of  the  centre  of  a conic  section  which 

passes  through  two  given  points  {u^=0^  %—^)  (^2“^?  ^3=^)7 

and  touches  a given  straight  line 

+ 7^2  = ^ 

in  a given  point  {u^  = 0,  u^  = 0). 

The  locus  required  is  a straight  line  defined  by  the  equation 

{«  - M,  sin  (a,  - fta)}  = 7“2 1«  “ “2  sin  (a,  - aj). 

Hearn : Researches  on  Conic  Sections^  p.  34. 

4.  To  find  the  locus  of  the  centre  of  a conic  section  which 
touches  three  given  straight  lines  and  passes  through  a given 
point. 

The  same  notation  being  adopted  as  in  problem  (2),  and 
^3,  represented  the  values  of  ^^2,  Wg,  at  the  given 
point,  the  required  locus  will  be  a conic  section  defined  by  the 
equation 

{to,s,.(?;  - - sa))^  + 

Hearn : Researches  on  Curves  of  the  Second  Order. 
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5.  To  find  the  locus  of  the  centre  of  a conic  section  which 
touches  two  given  straight  lines  and  passes  through  two  given 
points. 

Let  (a,  /3),  (a',  /3'),  be  the  two  given  points ; let  the  equations 
to  the  two  given  lines  be 

u — a^x  + h^y  +1  = 0, 

V = a^x  + h^y  + 1=0, 

and  that  to  the  line  joining  the  two  given  points 
w a^x  + b^y  I — 0. 

Also  let  w represent  a^x  + b^y^  and  b^  being  quantities 
determined  by  the  equations 

a,  (3  = ^a'a  + b^^  = {uv)^a,  /Sj 
(3'  = + ^3'^'  = /3'- 

Then,  putting 

L = a})^  - M = 

and  Q = a^b^  - 

we  shall  have,  for  the  equation  to  the  required  locus, 

[Lu  — Mvf  + 2Q  [[L’u  — M'v)  w — [Lu  — Mv)  w]  — 0, 
an  equation  of  the  second  order* 

Hearn;  Besearches  on  Curves  of  the  Second  Order  ^ p.  42. 


Section  XIV. 

Determination  of  their  Equations  from  given  Conditions » 

1.  To  find  the  equation  to  the  conic  section  which  passes 
through  the  point  (A,  li)  and  touches  the  parabola 

y"  = lx 

at  the  vertex  and  at  an  extremity  of  the  latus-rectum. 

The  equation  to  the  chord  joining  an  extremity  of  the  latus- 
rectum  to  the  vertex  of  the  parabola  is 

3/  — 2aj  = 0. 


AA2 


356 


LINES  OF  THE  SECOND  ORDER. 


Hence  the  equation  to  the  conic  section,  passing  through 
both  intersections  of  the  lines 

= 0,  y — 2x  = 

must  be  of  the  form 


y — lx  + [y  — 2x)  {\x  4-  + j/)  = 0, 

X,  /-t,  V,  being  arbitrary  constants. 

But,  since  the  conic  section  touches  the  parabola  at  the 

CC 

vertex,  - = 0,  when  x = 0 and  ^ = 0 : hence  v = 0.  The 

y ’ ^ 

equation  therefore  becomes 

y^  — lx  + {y  — 2x)  {\x  + /xy)  = 0. 

Also,  since  the  conic  section  touches  the  parabola  at  the  end 
i dx 

of  the  latus-rectum,  we  must  have  — = 1,  when  cc  = J?,  and 
^ = 1?:  hence 

2yu,  4-  X = 0 : 


thus  the  equation  becomes 

f = - it,{y  - 2«)“. 

But  the  conic  section  passes  through  the  point  A,  h : hence 

Id  ^ Ih  — — — 2]if, 

Hence  the  equation  to  the  conic  section  is 
^ y^  — lx_^(y  — 2xd 

Id  - Ih  ""  * 


Cor.  Clearing  the  equation  of  fractions  we  shall  get 
f {AJd  - 4M  4-  + 4 {Id  - Ih)  xy-4.  - Ih)  x\..  =:  0. 

Hence  the  curve  is  an  ellipse  or  an  hyperbola  as 

(F  - Ihy  < or  > (4M  - 4^^  - Ik)  - Ih), 
or  ijd  — Ih)  {Ic  — 2ldf  < or  > 0. 

Thus  the  curve  will  be  an  ellipse,  if  the  point  {Ji,  h)  is 
within,  and  an  hyperbola,  if  it  is  without  the  parabola. 

2.  To  find  the  equation  to  a conic  section,  having  given 
that  k,  h,  are  the  coordinates  of  its  focus,  that 

cccosa  4-  y sina  = 3, 
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is  the  equation  to  its  directrix,  and  that  e is  its  eccentricity. 
Also,  if  h and  k be  such  that 

h — cos  a,  k = sin  a, 

to  find  the  axes  of  the  conic  section. 

The  equation  to  the  conic  section  is 

[x  — hY  + [y  — kf  = {x  COBOL  + ?/  sina  — 3)“. 

If  A = cosa  and  k = e^B  sin  a,  the  semi-axes  will  be 
e8,  [1-ey.eB, 
or  e8,  (e^  — l)^.e8, 

accordingly  as  the  curve  is  elliptic  or  hyperbolic. 

Section  XV. 

Poles  and  Polars. 

1.  If,  through  a point  chosen  arbitrarily  in  the  plane  of 
a line  of  the  second  order,  be  drawn  a series  of  secants  to  the 
curve;  and  if,  through  the  two  points  of  intersection  of  each 
of  them  with  the  curve,  be  drawn  to  the  curve  two  tangents, 
terminated  at  their  point  of  concourse : the  pairs  of  tangents  will 
form  a series  of  circumscribed  angles  the  summits  of  which  will 
lie  in  a single  straight  line. 

Let  the  equation  to  the  conic  section  be 

aa?  + hy^  + '^cxy  + ‘ia'x  + 2h'y  + c'  = 0. 

If  [x^^  y)^  {x^^j  yjj  be  the  coordinates  of  the  two  points  in 
which  any  one  of  the  secants  cuts  the  curve,  and  (a?',  y'),  those 
of  the  point  of  concourse  of  the  two  corresponding  tangents; 
then,  by  the  equations  to  the  tangents  at  these  two  points, 
we  shall  have 

[ax^  + cy^  + a!)  x + {py^  + cx^  + h')  y + ax^  + h'y^  + c'  = 0, 
[ax^^  + cy^,  + d)  x + {hy^^  + cx^^  + h')  y + dx^^  + + c'  = 0. 

These  two  equations  shew  that  the  two  points  (a?^,  y)  and 
y,)  lie  In  a line 

[ax  -\-  cy  d)  x + [hy  + ca?  + h')  y + dx  + Hy  + c = 0...(1), 
where  a?,  y,  are  the  current  coordinates. 
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Let  A,  be  the  coordinates  of  the  point  from  which  all  the 
secants  are  drawn:  since  this  point  lies  in  the  same  line  with 
(*,)  2/,)  (*„,  yJi  we  have 

[ah  + ch  a)  x'  + [hk  + cA  + h')y'  + o!h  + Vk  + c ~ 0...(2). 

This  equation  shews  that  the  point  (a?',  y)  always  lies  in 
a single  straight  line. 

Cor.  By  virtue  of  the  equation  (2),  it  appears  that  (A,  k) 
is  always  a point  in  the  line  (1).  Hence  we  may  enunciate  also 
the  following  converse  proposition : “ If  about  a line  of  the 
second  order  be  circumscribed  a series  of  angles  the  summits  of 
which  all  lie  in  a single  straight  line  situated  anywhere  in  the 
plane  of  the  curve : the  secants  drawn  to  the  curve,  through  the 
points  of  contact  of  the  sides  of  these  angles  with  it,  all  meet 
in  a single  point.” 

In  consequence  of  the  relation  which  subsists  between  the 
point  (A,  ^),  and  the  line 

[ah  + ck  -V  a!)  x + (pk  + ch  + h')  y'  + Cih  + h'k  -j-  c = 0, 
the  point  has  been  called  the  pole  of  the  line,  and  the  line  has 
been  called  the  polar  of  the  point. 

He  la  Hire : Sectiones  Conicce^  lib.  II.  prop.  23,  24,  26,  27. 

Puissant:  Remeil  de  diverges  propositions  de  Geometrie^ 
p.  167,  troisieme  edition, 

Gergonne : Annales  de  Mathematigues,^  tom.  III.  p.  293. 

Gamier:  Geometrie  Analytigue,^  p.  161. 

2.  To  prove  that  the  polar  is  always  parallel  to  a system  of 
chords  conjugate  to  the  diameter  passing  through  the  pole. 

The  equation  to  a conic  section  which  has  a centre  may 
be  put  under  the  form 

aod  + hy^  + c'  = 0. 

Then,  (A,  k)  being  the  pole,  the  equation  to  the  polar  will  be, 
by  prob.  (1),  ahoo  + hhy'  + c'  = 0 (1). 

But  the  equation  to  any  chord,  conjugate  to  a diameter 
through  (A,  A),  is,  p being  any  constant, 
ahx  + hky  p = 0 


(2); 
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the  equations  (1)  and  (2)  represent  two  parallel  lines:  the 
truth  of  the  proposition  is  therefore  established  for  central  conic 
sections. 

Again,  since  the  equation  to  any  conic  section  without  a 
centre  may  be  taken  under  the  form 

hy^  + 2a  X = 0, 

we  shall  have,  instead  of  (1)  and  (2),  the  equations 


ax'  + hhy’  + ah  = 0 (3), 

aV  + hky'  = 0 (4). 


From  these  equations  we  see  the  truth  of  the  proposition  in 
regard  to  conic  sections  without  centres. 

De  la  Hire : Sectiones  Gonicce^  lib.  ii.  prop.  25,  28. 

Hochat : Oergonne^  Annales  de  Mathematiques^  tom.  III.  p.  303. 

3.  If  two  points  Pj,  Pg,  be  the  poles  of  two  lines  P^,  to 
prove  that  the  intersection  of  A,  A,  will  be  the  pole  of  the  line 
joining  P„  P^. 

Let  be  the  coordinates  of  P^,  and  Tc^  those  of  P^. 

Then,  since  P^  is  the  pole  of  P^,  the  equation  to  P^  must  be 

[a\  + c\  d)x  + {h\  + c\  + &')«/  + dh^  + h'\  + c'  = 0, 


or  [ax  + cy  + a!)  \ + iffy  + coj  + 5')  + c = 0 (1). 

Similarly  the  equation  to  P^  must  be 

[ax  -\-  cy  a')  \ + [hy  + cx  + h')  d 0 (2). 


Taking  now  a?,  y^  to  represent  the  coordinates  of  the  inter- 
section of  (1)  and  (2),  it  is  plain  that,  a?',  y',  representing  current 
coordinates,  the  two  points  [\^  lie  in  a line 

[ax  + cy  a)  x + [hy  + cx  + h')  y + d = 0, 

which  is  therefore  the  equation  to  the  line  P^Pg.  The  form  of 
the  equation  shews  that  P^P^  is  the  polar  of  the  point  (cc,  ^), 
that  is,  of  the  intersection  of  P^,  P^. 

Par  M.  B.*  * *,  Abonnd : Gergonne^  Annales  de  Mathe- 
matiques^  tom.  IV.  p.  379. 


360 


LINES  OF  THE  SECOND  ORDER. 


4.  Two  points  P,  are  the  poles,  corresponding  to  two 
polars  P,  respectively,  in  any  conic  section.  To  prove  that, 
if  P lie  in  Q will  lie  in  L. 

Any  conic  section  may  be  represented  by  the  equation 

^ ]8  ■ 

Let  (jCj,  2/J,  (ajj,  be  respectively  the  poles  P,  Q.  Then 
the  equations  to  P,  will  be,  respectively, 



IF  ^ T - '''ir  ^ ~J~ 

If  (a?^,  ?/J,  lie  in  (2),  we  have 

^ 4.  M_2  _ +3/2 

P a /3  ’ 

a result  which  shews  that  (a?^,  y^)  is  a point  in  (1). 


5.  To  find  the  equation  to  the  polar  corresponding  to  any 
proposed  pole,  relatively  to  the  conic  section 

uv  — 

Uj  Vy  Wj  being  linear  functions  of  x and  y. 

Let  the  point  of  contact  of  one  of  the  tangents  be 
\u  — w 

V = \w 

then  the  equation  to  this  tangent  will  be 
\^u  — 2\w  + = 0. 

Let  V,  w\  be  the  values  of  u,  v,  Wj  respectively,  at  the 
pole.  Then  ^2^'  _ 2Xw  + v'  = 0. 

But,  at  the  point  of  contact, 

\u  = 

V = \Wj 

X^u  — V 5 

uv  — 2w*w  + v'u  = 0. 


and  therefore 
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But  this  equation  will  be  true  also  for  the  contact  of  the 
other  tangent.  Hence,  holding  good  for  both  points  of  contact, 
it  will  represent,  when  v,  are  regarded  as  variable,  the 
equation  to  the  chord  of  contact,  or  polar  belonging  to  the 
proposed  pole. 

Salmon:  Treatise  on  Conic  Sections^^,  221. 


6.  If,  from  any  point  (9,  be  drawn  two  straight  lines  OAA\ 
OBB\  intersecting  a conic  section  in  points  A^  A\  B^  B' • to 
prove  that  the  intersection  of  AB\  A'B^  and  the  intersection 
of  AB^  A'B\  both  lie  in  the  polar  belonging  to  0 as  a pole. 

Let  the  lines  OAA\  OBB\  be  chosen  as  axes  of  y, 
respectively.  Let  OA  = a^  OA'  = a\  OB  — ^^  OB'  — ^\  Then, 
c being  some  constant  quantity,  the  equation  to  the  conic  section 
will  be 


X y 

aa  pp 


— X 


1 1 > 

a a ' 


I 2 


+ 1 = 0. 


The  equation  to  the  polar  of  0 will  be 


1 1 

— i — ] 

OL  a 


x + 


(/3  + /S')^“ 


(I). 


But  the  equations  to  AB^  AB\  AB'j  are  respectively 


a 13 


y. 


1, 


X y ^ 

- + I = 1. 

a p 


Since  (1)  is  produced  by  the  addition  of  either  the  first  and 
second,  or  of  the  third  and  fourth  of  these  equations,  the  pro- 
position is  established. 

Cor.  1.  Since  the  intersection  of  the  tangents  at  A,  H',  and 
intersection  of  the  tangents  at  B,  B\  both  lie  in  the  polar 
of  0,  it  appears  that  the  intersections  of  {AB\  A' B)j  (AB^ 
and  of  the  two  pairs  of  tangents,  lie  all  four  in  a single  straight 
line. 


Cor.  2.  If  we  join  two  and  two  the  reciprocal  extremities 
of  pairs  of  parallel  chords  of  a conic  section,  the  points  of  inter- 
section of  these  new  chords  will  all  lie  on  the  diameter  bisecting 
the  original  chords. 
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A demonstration  of  this  proposition  in  the  particular  case  of 
a circle  may  be  seen  in  De  la  Hire’s  Sectiones  Conicce^  lib.  i. 
prop.  22. 

Lamd : Examen  des  differentes  methodes  employees  pour  resoudre 
les  prohUmes  de  GeomStrie^  p.  45. 

Puissant:  Recueil  de  dimrses propositions  de  GSometrie^  p.  221, 
troisieme  edition. 

Frost:  Cambridge  Mathematical  Journal^  vol.  IV.  p.  114. 

7.  To  prove  that  each  of  the  straight  lines 

= 0,  ^;  = 0,  w = 0^ 

is  the  polar  of  the  point  of  intersection  of  the  other  two, 
relatively  to  the  conic  section 

+ m^v^  = nV,) 

Z,  m,  w,  being  any  constants. 

Salmon : Treatise  on  Conic  Sections,,  p.  205. 

8.  To  find  the  polar  relatively  to  a conic  section 

uv  = 

where  w,  v,  w,,  are  linear  functions  of  x and  ?/,  corresponding 
to  a pole  represented  by  the  equations 

au  = w 
hv  — w 

The  equation  to  the  required  polar  is 

au  — 2ahw  -\-hv  = 0, 

Salmon : Treatise  on  Conic  Sections,,  p.  220. 


9.  The  equation  to  a conic  section  being 
S = ZV  + + nV  — 2mnvw  — 2nlwu  — 2lmuv  — 0, 


to  prove  that  the  equation  to  the  polar  of  a point  where  u — u\ 
V = Vy  W — Wy  is 

,dS  ,dS  ,dS  ^ 

U ^ \-  V -7 h w — = 0. 

du  dv  dw 

Salmon : Treatise  on  Conic  Sections,  p.  234. 
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10.  The  three  sides  of  a triangle  touch  a given  conic  section : 
two  of  its  vertices  move  on  fixed  right  lines : to  find  the  locus 
of  the  third  vertex. 

Let  w = 0,  V = 0,  he  the  equations  to  the  two  tangents  which 


pass  through  the  intersection  of  the  two  fixed  right  lines^ 
the  equation  to  the  conic  section  will  be  of  the  form 


Then, 


= w 


those  to  the  two  right  lines  of  the  form 
au  — hu  — V, 

and  the  equation  to  the  locus  of  the  third  vertex  will  be 


uv 


,w 


[a  + hy 

The  required  locus  is  therefore  a conic  section  touching  the 
proposed  conic  section  at  the  ends  of  the  polar  belonging  to  the 
intersection  of  the  two  fixed  lines  as  pole. 

Salmon;  Treatise  on  Conic  Sections^  p.  221. 

11.  If  a point  P be  the  pole  and  a line  Q the  corresponding 
polar  in  relation  to  any  proposed  conic  section,  to  prove  that,  if  P 
always  lie  in  a second  conic  section,  Q will  be  always  a tangent 
to  a third,  and  conversely,  if  Q be  always  a tangent  to  a second 
conic  section,  P will  always  lie  in  a third. 

Brianchon;  Journal  de  V Ecole  Poly  technique^  CaJiier'K,  p.  14. 

O’Brien:  Plane  Coordinate  Geometry 177. 

12.  From  a point  P,  without  a conic  section,  any  two 
straight  lines  are  drawn  each  cutting  the  curve  in  two  points. 
The  points  of  intersection  are  joined,  two  and  two,  and  the 
points,  in  which  the  joining  lines  (produced  if  necessary)  cross 
each  other,  are  joined  by  a line  which  will  in  general  cut  the 
curve  in  two  points  A^B.  To  prove  that  PA^  PB^  are  tangents 
at  A^  B, 

B.  S.:  Cambridge  Mathematical  Journal^  vol.  i.  p.  32. 


13.  From  any  point  d,  a straight  line  OAC  is  drawn, 
cutting  a conic  section  in  two  points  A^  (7,  and  the  polar  of  0 
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in  to  prove  that  the  line  OC  is  harmonically  divided  by  the 
points  Aj  B. 

De  la  Hire:  Section's  ConiccB^  lib.  II.  prop.  21. 

14.  To  prove  that  the  polars  of  any  given  point,  relative  to 
all  lines  of  the  second  order  which  pass  through  any  four  as- 
signed points,  all  meet  in  a single  point. 

Bobillier : Gergonne^  Annales  de  Mathematiques^  tom.  XVIII.  p.  362. 

15.  From  a pole  P is  drawn  a straight  line  PS  to  the  focus 
of  a conic  section,  cutting  the  polar  in  I:  the  polar  intersects 
the  curve  in  P,  P,  and  the  directrix  in  G.  To  prove  that 

El:  Fly.  EG:  FG. 

Leyboum  : Mathematical  Repository.,  New  Series.,  vol.  II.  p.  3. 

16.  From  a point  is  drawn  a pair  of  tangents  to  a conic 
section,  and  a line,  bisecting  the  interior  angle  between  them, 
is  drawn,  cutting  the  corresponding  polar  in  0:  to  prove  that 
the  intersection  of  a pair  of  tangents,  belonging  to  any  other 
polar  passing  through  0,  will  lie  in  the  line  which  bisects  the 
exterior  angle  between  the  former  pair  of  tangents. 


Section  XVI. 

Polar  Equations. 

1.  To  prove  that,  in  any  conic  section,  if  r,  r , be  focal  dis- 
tances at  right  angles  to  each  other,  and  c the  semi-latus-rectum, 

-iT  + ft- 


= a constant  quantity. 

The  equation  to  the  conic  section,  r,  being  the  polar  coor- 


dinates, is 


- = 1 + e cos^  : 


putting  Jtt  + r',  for  r,  respectively,  we  have 


- = 1 — e sin  ^ : 
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hence  ij  + . e", 

\r  cj  \r  cj  c 


2.  A line  is  drawn  from  the  focus  to  any  point  "of  a conic 
section,  and  a circle  is  described  upon  it  as  a diameter : to  shew 
that  the  locus  of  the  consecutive  intersection^  of  all  such  circles 
is  a circle,  except,  in  a certain  case,  where  it  is  a right  line. 

Let  0 be  the  focus,  P the  place  of  any  point  in  the  circle 
of  which  OA  is  a diameter.  Let  Ox^ 
coinciding  with  a principal  diameter 
of  the  conic  section,  be  taken  as  the 
prime  radius  vector. 

Let  OP  ™ p,  OA  = r,  lA  Ox  = 

L POx  = (j).  Then  the  equation  to 
the  circle  is  ^ ^ ^ cos  : 

but  the  polar  equation  to  the  conic  section  is 

_ c 
^ 1 + ecos^  ’ 


where  c is  some  constant:  hence  the  equation  to  the  circle 

becomes  p^i  ^ eco&  6)  = ccos(^  — 6) (1). 

Differentiating  (1)  with  regard  to  we  have 
ep  sin  ^ = c sin  {6  — </>), 

or  0 = (c  cos  (ft  — ep)  sin  ^ — c sin  0 cos  0 : 

but,  from  (1),  p = (ccos^  — ep)  cob  6 + csint^)  sin^. 

Squaring  and  adding  to  the  last  two  equations,  we  get 
p^  = {ccos<p  — epY  + c^s{n^(f> 

— & — 2cep  cos(^  + e‘y, 

which  is  the  equation  to  a circle  unless  e = 1,  in  which  case 

2p  COB<j>  — c, 

which  is  the  equation  to  a right  line. 
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3.  From  any  point  M in  the  axis  of  a conic  section,  a per- 
pendicular MPP'  is  drawn,  cutting  the  curve  in  P:  to  find  the 
locus  of  P'  under  the  condition  that  PP'  shall  be  always  equal 
to  the  focal  distance  of  P. 

If  the  equation  to  the  conic  section  is 

c 

^ ~ 1 + e cos  ^ ’ 

the  required  locus  will  be  a conic  section  of  the  same  species 
represented  by  the  equation 

_ 2c  sin  0 
^ ~ 1 + esin2^  * 

Lardner : Algebraic  Geometry^  p.  147. 

4.  From  the  focus  /S'  of  a conic  section  are  drawn  n straight 

lines  r^,  terminating  in  the  curve,  and  dividing  it  into 

n parts  which  subtend  equal  angles  at  the  focus : P^, 

are  straight  lines  drawn  from  the  other  focus  to  the  same  points. 
To  prove  that,  e denoting  the  eccentricity  of  the  conic  section, 
and  6 the  inclination  of  to  the  greatest  radius  vector  which 
can  he  drawn  through  /S', 

P .P  .P  ..,P  1 — COB  nO  + 6^” 

~ (1  - e”)“ 

Herschel : LeybourrDs  Mathematical  Pepository^  New  Series^  p.  58. 


Section  XVII. 

Linear  Equation. 

1.  To  shew  that  r —fx  -\-gy  ■\-h  is  the  most  general  equation 
to  a conic  section  referred  to  the  focus  as  origin,  r being  the 
distance  of  the  point  (a?,  y)  from  the  origin:  also  to  determine 
the  eccentricity  and  the  position  of  the  directrix  in  terms  of 

/,  a. 
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Let  the  equation  to  the  directrix  be 

cccosa  + ?/sina  = 3, 

and  let  e be  the  eccentricity ; then,  by  the  definition  of  a conic 
section,  r = e (a?  cosa  + 2/  sina  — 3), 

an  equation  of  the  required  form.  ^ 

Comparing  this  equation  with  the  one  enunciated,  we  have 
y=6cosa,  ^ = esina,  h — — 

whence  « = (/‘‘  + /P,  ^ ^ ■ 

The  equation  to  the  directrix  becomes 

fx  + gy  + h^Q. 

2.  The  focus  and  directrix  of  a conic  section  are  given  in 
position.  Through  the  former  a line  is  drawn  making  with  the 
latter  an  angle  the  sine  of  which  is  equal  to  the  eccentricity 
of  the  conic  section.  To  find  the  locus  of  the  point  where  this 
line  meets  the  curve,  the  eccentricity  being  variable. 

Let  OLy  be  the  directrix,  B the  focus : OBx  at  right  angles 
to  OLy^  the  axis  of  Oy  being 
that  of  y.  Let  08  = c,  OM  = a?, 

PM  = y^  BP  = r,  e = sin  a.  Then 

T = e,PL  — ex (1), 

c — X — rsina  = er (2). 

From  (1)  and  (2), 

■=  X[C  — X), 

(c  — xy  y^  — x{g  — x)j 
2ocf  + y'^  + (?  — Scx^ 
the  equation  to  the  required  locus,  which  is  therefore  an  ellipse. 

3.  Having  given  one  of  the  foci  of  a conic  section  and  three 
points  in  the  curve,  to  find  the  equation  to  the  directrix. 

Let  the  focus  be  taken  as  origin  of  coordinates : then,  [x^^ 

Vu)’)  being  the  three  given  points,  the  equation 
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to  the  directrix  will  be 

^ {»•,  [y,,  - y,  J + '^n{y,„  - y) + - yJ) + 

where  r^,  are  used  to  represent  respectively 

(*;+y,;)^  (*,;+y,;)‘. 


Section  XVIII. 

Polar  Equation  to  the  Tangent. 

The  polar  equation  to  a conic  section,  when  the  focus  is  the 
pole,  may  be  written  in  the  form 

c . /I 

- = 1 + e cos  6^, 

6 being  the  inclination  of  r to  the  axis  containing  the  focus, 
and  c denoting  the  latus-rectum. 

The  polar  equation  to  the  tangent  at  any  point  of  the  curve, 
of  which  a is  the  angular  coordinate,  will  then  be 

Q 

- = ecos^  + cos(^  — a). 

This  expression  for  the  polar  equation  to  the  tangent  of  a 
conic  section  is  due  to  Mr.  Davies,  by  whom  it  was  communi- 
cated to  the  Philosophical  Magazine  for  1842,  p.  192. 

1.  If  /S'  be  the  focus  of  a conic  section,  and  T the  intersection 
of  the  tangents  at  the  extremities  P,  of  any  focal  chord  P8p ; 
to  prove  that  the  line  /SP,  joining  8 and  P,  is  at  right  angles 
to  P8p. 

Let  a,  TT  + a,  be  the  angular  coordinates  of  P,  respectively : 
then  the  equations  to  PP,  p P,  will  be  respectively 

c 

- = e cos  6 + cos  (^  — a), 

- = ecos^  — cos(^  — a). 

r ^ ‘ 
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Hence,  at  the  intersection  T of  these  two  lines, 
cos(^  — a)  = 0, 

6 — OL  = ± 

6 — a.  ± -^-TT, 

which  establishes  the  proposition. 

De  la  Hire  : Sectiones  Conicce^  lib.  Viii.  prop.  23. 

2.  To  find  the  angle  subtended  at  the  focus  by  the  tangent 
drawn  to  a central  conic  section  from  any  assigned  point. 

The  polar  equation  to  the  conic  section  being 


- = 1 + e cos 

n/*  * 


r 


that  to  the  tangent  at  a point,  of  "which  the  angular  coordinate 


IS  a,  will  be 


c 

- = e cos  0 -j-  cos  (a  — 6). 


T 


But,  X being  the  abscissa,  on  the  major  axis,  of  any  point 
r,  in  the  tangent, 

± {x  — ae)  = T cos 


and  c = ± a[l  — e^), 

the  + or  — sign  being  taken  as  the  curve  is  the  ellipse  or  the 
hyperbola ; hence  ^ 


n.  — POf'. 


which  determines  the  required  angle  a — ^ in  terms  of  x and  r, 
O’Brien:  Plane  Coordinate  Geometry 156. 


3.  The  angle  subtended,  at  one  of  the  foci  of  a conic  section, 
by  the  part  of  a moveable  tangent  intercepted  between  two 
fixed  tangents  is  always  constant. 


The  polar  equation  to  the  conic  section,  when  the  focus  is  the 
pole,  being  of  the  form 

- = 1 + e cos 


T 
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the  polar  equations  to  the  moveable  and  fixed  tangents  will  be 
^ = ecos^  + cos(^  — a) (l), 

^ = ecos^  + cos(^  — a) (2), 

^ = ecos^  + cos(^  — a") (3), 

a,  a , a",  being  the  values  of  6 at  the  three  points  of  contact 
respectively. 

At  the  intersection  of  (1)  and  (2), 

cos(^  — a)  = cos(^  — a'), 
whence  6 — + a). 

Similarly,  at  the  intersection  of  (1)  and  (3), 

0 = i(a"  + a). 

The  angle,  subtended  by  the  intercepted  portion  of  the  tan- 
gent (1)  at  the  focus,  will  be  equal  to  the  difference  between 
these  two  values  of  dj  that  is,  to  ^(a  a"),  a constant  quantity. 

Poncelet : Gergonne^  Annales  de  MatJiematiques^  tom.  viii.  p.  4. 

4.  Two  conic  sections  have  a common  focus,  through  which 
any  radius  vector  is  drawn,  meeting  the  curves  in  P,  P',  re- 
spectively. To  find  the  locus  of  the  point  of  intersection  of  the 
tangents  at  P,  P\ 

The  equations  to  the  conic  sections  are  of  the  forms 

Q 

- = 1 + e COS 
r ^ 

^ = 1 + e cos(^  + e), 

and  the  equations  to  the  tangents  at  P,  P',  the  angular  coor- 
dinate of  both  points  being  a,  will  be 

- = ecos0  + cos(^  — a) 

r ^ 

c' 

- — d cos(^  + e)  + cos(^  — a) 


(1), 

(2). 
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At  the  intersection  of  (1)  and  (2), 

^ ^ = eco^O  — e cos(^  + s) (3), 

the  equation  to  the  required  locus,  which  is  therefore  a straight 
line.  - 


Cor.  1. 
sections  are 


The  equations  to  the  directors  of  the  two  conic 

^ a 

- = e cos  6. 
r ^ 


and 


- = e'cosf^  + s). 
r ^ ' 


Hence  the  line  (3)  passes  through  the  intersection  of  the  two 
directors. 


Cor.  2.  If  Z,  Z',  denote  the  sines  of  the  angles  which  (3) 
makes  with  the  two  directors,  it  may  easily  be  shewn  that 


i-i 

T~  e' 


5.  To  circumscribe  a triangle  about  a given  conic  section, 
such  that  each  of  its  sununits  shall  lie  in  a given  line. 

Let  the  equations  to  the  three  given  lines  be 
— r cos  (0  — sj  1 

8^  = »-cos(^-sj| (1). 

= rcos(0  — Sg)! 

The  equations  to  the  three  sides  of  the  circumscribing  tri- 
angle may  be  written  in  the  form 

^ '' 

- = ecos^  + cos(^  — aj 


- = ecos^  + cos(^  — aj 

- = e cos  6 + cos  {6  — a^) 


(2). 


Conceive  the  first  and  second  of  the  lines  (2)  to  intersect  in  the 
last  of  the  lines  (1). 


bb2 
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At  the  intersection  of  the  first  and  second  of  the  lines 


we  have 


e cos 


a,  + 


+ cos- 


a.  — a,. 


and  therefore,  by  the  last  of  the  equations  (1), 

a - a \ (0. 

I 4 _L  r*r\C!  1 e i — _ 


S3  (ecos 


whence,  putting  tanja^  = and  tan^^a^  = we  have 

S3  {1  + e + (1  - e)  = c cos £3  - cos £3  + c sin £3  {u^  + wj, 

ccosS3  + {l-e)83  ^^^^^  = + cote,  - 


csin£3 

or,  ftg,  &3,  denoting  known  quantities. 


csini 


Similarly,  in  relation  to  the  other  two  angular  points  of  the 
triangle,  we  have 

= “2  + “3  + 

= -Ms  + + 83. 

Eliminating  and  between  these  three  equations  we 
shall  get  a quadratic  in  and  thus  may  be  deter- 

mined. The  double  value  of  shews  that  generally  there 
will  be  two  solutions  of  the  problem. 

A solution  of  this  problem,  in  the  particular  case  of  the  circle, 
may  be  seen  in  Mr.  Hearn’s  excellent  work  entitled  Researches 
on  Curves  of  the  Second  Order ^ p.  17. 


6.  To  find  the  distance  of  the  pole  from  a tangent  to  a conic 


section 


1 + e cos  ^ ’ 

drawn  at  a point  where  6 = a. 

If  j)  denote  the  required  distance. 


P 


1 + e + 2e  cos  a 
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7.  The  tangents  at  the  extremities  of  the  major  axis  of 
a conic  section  intersect  any  other  tangent  in  two  points:  to 
prove  that  the  straight  lines  joining  these  two  points  with  either 
focus,  are  at  right  angles  to  each  other. 

’AIIOAAQNIOY  HEPPAIOY  Kuyi/iKoop  to  'rp'iTov'  IIpoTao-ts  fi&  . 


8.  If,  from  a focus  of  a conic  section,  lines  be  drawn  to  the 
summit  of  the  angle  formed  by  any  two  tangents  and  to  the  two 
points  of  contact,  the  first  of  these  three  lines  will  bisect  the 
angle  formed  by  the  two  others. 

De  la  Hire : Sectiones  Gonicce^  lib.  Vlil.  prop.  24. 

Poncelet : Gergonne^  Annales  de  Mathematigues^  tom.  VIII.  p.  5. 

De  Morgan : Cambridge  Matherifiatical  Journal^  vol.  il.  p.  202. 

9.  When  a moveable  tangent  to  a conic  section  terminates  in 
two  fixed  tangents,  the  sum  of  the  angles  which  the  first  tangent 
subtends  at  the  two  foci,  in  the  ellipse,  and  the  difference,  in  the 
hyperbola,  is  constant  and  equal  to  the  supplement  of  the  angle 
between  the  two  fixed  tangents. 

Poncelet : Gergonne^  Annales  de  MatMmatigues^  tom.  viii.  p.  8. 

10.  To  find  the  locus  of  the  intersection  of  a tangent  to  a 
conic  section  with  a straight  line  drawn  through  the  focus,  at 
right  angles  to  the  radius  vector  of  the  point  of  contact. 

The  locus  will  be  the  directrix. 

Chasles : Gergonne^  Annales  de  Matliematigues^  tom.  xvill.  p.  273. 

11.  To  prove  that  two  confocal  conic  sections  cannot  have 
more  than  two  common  tangents. 

Chasles : Gergonne^  Annales  de  Mathematiques^  tom.  XVIII.  p.  273. 

12.  If  a variable  angle,  circumscribed  about  a conic  section, 
moves  in  such  a manner  as  to  intercept  between  its  sides,  a 
portion  of  any  fixed  tangent  subtending  a constant  angle  at  the 
focus,  to  find  the  locus  of  the  summit  of  the  variable  angle. 
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The  equation  to  the  conic  section  being 

- = I e cos  6. 

r ^ 

the  required  locus  will  be  a confocal  conic  section,  having  the 
same  directrix  as  the  original  one,  and  defined  by  the  equation 

Q 

- = coss  + ecosd. 

r ^ 

£ being  the  constant  angle. 

Bobillier : Gergonne^  Annales  de  MatMmatiques^  tom.  XVIII. 
p.  190. 

13.  The  angle  between  the  focal  distances  of  two  points 
of  a conic  section  being  given,  to  find  the  locus  of  the  inter- 
section of  the  tangents  at  these  points. 

Let  a denote  the  given  angle;  then,  the  equation  to  the 
conic  section  being 

C . /I 

- = 1 + e cos 
r 

the  required  locus  will  be  a conic  section  defined  by  the  equation 

- = cosa  + 6Cos^. 
r 

14.  The  focal  distances  of  two  points  of  a conic  section  in- 
clude a given  angle : to  find  the  focal  distance  of  the  intersection 
of  the  tangents  at  these  points. 

If  2a  denote  the  given  angle  between  the  focal  distances  r,  r', 
and  the  equation  to  the  conic  section  be 

C ^ /I 

- = 1 + ecos^, 
r 

the  square  of  the  required  distance  is  equal  to 

cVr' 

d — (1  — d)  r/.sin'^a  * 
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Section  XIX. 

Polar  Equation  to  the  Chord  of  a Conic  Section. 

If  the  equation  to  the  conic  section  he 

C . /I 

- = 1 + ecosu, 

r ^ 

the  equation  to  the  chord  through  points,  the  angular  coor- 
dinates of  which  are  a + /S  and  a — /?,  will  be 

- — sec/3  cos(^  — a)  + ecos^. 

This  very  useful  form  of  the  equation  to  the  chord  of  a conic 
section  was  inserted  by  Mr.  Frost  in  the  Cambridge  and  Dublin 
Mathematical  Journal.^  vol.  I.  p.  68. 

1.  PSP\  Q8Q\  are  two  focal  chords  of  a conic  section:  to 
prove  that  a line  through  /S,  bisecting  the  angle  PSQ\  will 
intersect  the  chord  QP^  produced  indefinitely,  in  the  directrix. 

The  equation  to  the  conic  section  being 
(* 

- = 1 + e cos 

that  to  the  chord  QP  will  be,  a — a + /3,  being  the  angular 
coordinates  of  P,  Q,  respectively, 

- = secj8.cos{0  — a)  + ecos^ (1). 

But  the  angular  coordinate  of  the  line  bisecting  the  angle 
is  equal  to  a + ^ , a- 0 it 
2 '^~2  2 


TT 


and  therefore,  at  its  point  of  intersection  with  (1), 

^ o 

- = e cos  a. 
r ^ 

a result  which  shews  that  the  intersection  lies  in  the  directrix. 
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Cor.  If  we  have  given  any  three  points  in  a conic  section 
and  the  focus,  we  can  easily  construct  the  directrix,  two  of  its 
points  being  readily  determinable  by  the  aid  of  this  proposition. 

Chasles : Gergonnf>^  Annales  de  Mathimatiques^  tom.  XVIII.  p.  27 5. 


2.  If  a variable  angle,  circumscribed  about  a conic  section, 
moves  in  such  a manner  as  to  intercept,  between  its  sides,  a 
portion  of  any  fixed  tangent  subtending  a constant  angle  at  the 
focus,  to  find  the  equation  to  the  chord  joining  the  points  of 
contact  of  the  two  sides  of  the  variable  angle. 


Let  the  equation  to  the  fixed  tangent  be 

- — ecos0  + cosf^  — a) 

r ' ' 

(1), 

and  those  to  the  sides  of  the  variable  angle. 

c 

- — ecos^  + cos(^  — X) 

r 

(2), 

c 

T 


— e cos^  + cos(^  — fjb) 


(3). 


At  the  intersection  of  (1)  and  (2),  26  — ol  + \ and,  at  the 
intersection  of  (1)  and  (3),  2^  = a + yu- : hence,  s denoting  the 
constant  difiference  in  the  values  of  6 at  the  two  intersections, 

2s  = X — fJb (4). 

The  equation  to  the  chord  through  the  points  of  contact  of 
(2)  and  (3),  the  angular  coordinates  of  which  are  X,  yu.,  will  be 

C X — yLt  ( ^ X + fjA  ^ 

- = sec  — ^-^.cos  [6 ^ — ) + ecosr. 


and  therefore,  by  (4),  we  have  for  the  required  equation  to  the 


chord, 


ccoss 


= ecos£  cos^  + cos  ( ^ — 


X + 


Cor.  This  result  shews  that  the  chord  of  contact  is  always 
a tangent  to  a confocal  conic  section  which  has  the  same 
directrix  as  the  original  one. 

Bobillier : Gergonne^  Annales  de  Mathematiques^  tom.  XVITI.  p.  190. 
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3.  Two  focal  chords  of  a conic  section  are  drawn  and  lines 
joining  their  extremities  are  produced  to  meet  in  two  points 
P,  (3 ; to  prove  that,  8 being  the  focus,  8F  is  at  right  angles 
to  8 Q. 

Let  E8F^  E'8F\  be  the  two  focal  chords,  the  angular  coor- 
dinates of  P,  E\  being  a — a + and,  consequently,  those 
of  P,  P,  TT  + a — TT  + a + 

The  equation  to  EE'  is 

- = sec/3.cos(^  — a)  + ecos^, 

and  to  PP',  TT  + a being  substituted  for  a, 

- = — sec)5  cos  (^  — a)  + ecos^. 
r 

Hence,  at  P,  the  intersection  of  PP',  PP, 

cos(^  — ol)  — 0 (1), 

and  therefore  ^ = a + (2 A + 1)  Jtt, 

X being  any  integer,  that  is,  the  angular  coordinate  of  P is  equal 
to  half  the  sum  of  the  angular  coordinates  of  P,  P',  or  P,  P, 
together  with  an  odd  multiple  of  \ ir. 

By  similarity  of  circumstances  therefore,  6^  denoting  the 
angular  eoordinate  of 

0,  — \'Tr  + a + (2/z-  + l)  ^ TT  = a + (/A  + 1)  TT, 

being  any  integer. 

Hence  ^ = (yu-  — X)  tt  + 

which  shews  that  8P  is  at  right  angles  to  8 Q. 

4.  A chord  PQ  of  a conic  section  passes  always  through 
a given  point  G : supposing  PP,  Q8^  C8,  to  be  joined,  8 being 
a focus  of  the  curve,  to  prove  that 

, P8G  , Q8G 

tan  — - — .tan  — — = a constant  quantity. 

2 2 

The  angular  coordinates  of  P,  being  ol  — a + P,  the 
equation  to  PQ  will  be  of  the  form 

Q 

- — sec/3.cos(^  — a)  + ecos^. 
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Let  0^^  be  the  coordinates  of  G : then 


= sec/3.cos(^^  — a)  + ecos^^. 


.(1). 


, . , PSG  , QSG  ^ £1,  - a + /3^  a + /8-^, 

Again,  tan  ■ ■■■ . tan  - --■  ■ = tan  — .tan 

2 2 2 2 

_ cos(^^  — a)  — cos/3 
cos(^^  — a)  + cos/3  ‘ 

But,  from  (1),  cos(^^  — a)  = cosjS.^^  — ecos^^^  . 


Hence 


, , Q^G  r 

tan  — — .tan  — - — = ^ 


— 6COS^.  — 1 


e cos  + 1 

which  is  a constant  quantity. 

Stubbs:  Annals  of  Philosophy^  for  November,  1843,  p.  341, 


5.  To  inscribe  a triangle  in  a given  conic  section,  so  that  its 
sides  may  pass  respectively  through  three  given  points. 

Let  the  equation  to  the  conic  section  be 

- = 1 + ecos^: 
r 

and  let  a^,  a^,  ag,  be  the  angular  coordinates  of  the  summits  of 
the  inscribed  triangle.  The  equation  to  the  chord  joining  the 
first  two  of  these  summits  is 


— e cos^^  cos  = cos  • 

Let  ^3,  ^3,  be  the  coordinates  of  the  given  point  through  which 
this  chord  passes:  then,  expanding  the  cosines  and  putting 
tanja^  = tan  Jag  = we  have 

(f  - « 00803^.(1  + = cos£>3.(1  - + smff^.(u,  + uj, 

or,  ^3,  /^3,  representing  known  quantities, 

= a.  + ^ (1). 
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Similarly,  by  considering  the  two  other  chords  we  have 


= “2  + “3  + K (2), 

«2“8“l  = “s  + “1  + K (3)* 

From  (1)  and  (3)  we  see  that 


u = \ , u = — i \ , 

and  therefore,  from  (2) , ' " 

«.  K + K)  (“1  + K)  = {“2“i  - 1)  («i  + K)  + («3“i  - 1)  K + y 

+ - 1)  (03^,  - 1), 

and  consequently 

(“l  - «3  - «3-  »2“3^)  < + {2  + «.  (^2  + 53)  + ^l(«3+  “3)  - ®2^3-  “3^  “1 
- + ^2  + J3  + = 0. 

From  this  equation  may  be  determined  two  values  for  Wj, 
the  corresponding  values  of  and  being  then  given  by|(2) 
and  (3) : thus  a^,  a^,  ag,  are  ascertained.  The  double  value  of 
Wj  shews  that  there  are  two  triangles  which  will  satisfy  the 
conditions  of  the  problem. 

The  earliest  solutions  of  this  problem,  in  the  particular  case 
of  the  circle,  are  due  to  De  Castillon  and  Lagrange,  the  former 
being  geometrical  and  the  latter  trigonometrical.  The  following 
is  Castillon’s  history  of  the  problem. 

Je  vais  parler  d’un  Probltoe  que  je  n’ai  pas  imagine,  et 
que  pourtant,  dans  sa  gen^ralite,  je  n’ai  vu  propose  nulle  part. 
Je  dis  dans  sa  gSneralite^  parce  que  Pappus  dans  la  Propos.  117, 
Probl.  40  de  sa  Collection,  en  propose  un  des  cas  les  plus  faciles, 
et  en  donne  une  solution  qui  ne  pent  pas  s’appliquer  aux  autres 
cas.  Selon  mes  conjectures,  quelque  Amateur  de  la  Geomdtrie 
des  Anciens  generalisa  le  Probl^me  de  Pappus,  et,  ne  I’ayant 
resolu  qu’  avec  beaucoup  de  peine,  ou,  peut-6tre,  ne  I’ayant 
point  resolu,  il  le  proposa  verbalement  ^ quelqu’  un  qui 
couroit  la  mtoe  carriere.  Celui-ci  suivit  I’exemple  de  son 
Predecesseur ; et  de  main  en  main  le  Probltoe  est  parvenu 


* The  formulae  (1),  (2),  (3),  coincide  in  form  with  those  obtained  by 
Lagrange  in  the  particular  case  of  a circle. 
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jusqu’  k moi.  II  semble  que  le  petit  nombre  de  Gdom^tres  qui 
le  connoissoient,  le  gardoient  pour  embarrasser  les  autres  dans 
les  occasions.  Je  n’en  sais  de  certain  que  ce  qui  me  regarde: 
en  voici  I’histoire. 

“ Feu  Mr.  Cramer,  c^lfebre  Professeur  k Geneve,  et  digne 
Membre  externe  de  cet  illustre  Corps,  m’honoroit  de  son  amitid. 
II  s’apper^ut  que  j’aimois  beaucoup  la  mdthode  G^om^trique 
des  Anciens.  II  en  prit  occasion  en  1742  de  me  proposer  le 
Probl^me  en  question,  qu’  il  falloit  r^soudre  par  I’ancienne 
Analyse.  ^ Dans  ma  jeunesse,  me  dit-il,  j’avois  le  godt  que 
vous  avez : un  vieux  Gdom^tre,  pour  essayer  mes  forces  en  ce 
genre,  me  proposa  le  Probleme  que  je  vous  propose:  tentez 
de  le  r^soudre ; et  vous  verrez  combien  il  est  difficile.’ 

“ Je  I’entrepris : je  trouvai  quelques  Thdor^mes,  qui,  a ce  que 
je  croyois,  m’approchoient  du  but,  mais  qui  ne  purent  m’y  faire 
atteindre.  Dans  la  suite  de  ce  Mdmoire  on  en  trouvera  quel- 
ques-uns  qui  viennent  k propos.  Peu  de  temps  apr^s  m’ avoir 
parld  de  ce  Probleme,  Mr.  Cramer  par  ses  exhortations  m’en- 
gagea  a donner  les  Opuscules  de  Newton ; et  les  soins  que  cette 
Edition  demandoit,  me  firent  tellement  oublier  le  Probleme  dont 
il  s’agit,  que  je  n’y  songeai  plus. 

‘‘On  m’en  fit  souvenir  en  1755.  Un  des  amis  que  j’avois 
a la  Haye,  etoit  Mr.  Bouquet,  a qui  je  rendis  justice  dans  le 
Memoire  sur  le  terms  general  des  series  recurrentes^  que  je  pris 
la  liberty  de  soumettre  au  jugement  de  cette  Compagnie,  lorsqu’ 
elle  me  fit  I’honneur  de  me  mettre  au  nombre  de  ses  Membres 
externes.  Depuis  j’ai  eu  le  plaisir  de  voir  la  bonne  opinion  que 
j’avois  de  mon  ami  en  qualite  d’homme  de  lettres,  confirmde 
par  1’ illustre  Franklin,  et  le  cas  que  j’en  fesois  comme  militaire, 
justifie  par  les  eloges  de  toute  I’Angleterre. 

“ Mr.  Bouquet  m’ecrivit  done  qu’  un  Anonyme  avoit  propose 
a la  Haye  le  Probleme  dont  il  s’agit,  comme  digne  de  1’  attention 
des  Geometres.  Mr.  Bouquet  ajofita  qu’  il  ne  doutoit  pas  de 
mon  courage  k I’attaquer,  et  de  mon  bonheur  a m’en  rendre 
maitre.  Les  lemons  que  je  devois  donner  k Utrecht,  me  lais- 
soient  tr^s-peu  de  temps.  Pendant  quelques  semaines,  je  I’em- 
ployai  a cette  recherche;  mais  sans  fruit.  L’inutilitc  de  mes 
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efforts  me  piqua  sans  me  d^courager.  Comme  personne  ne 
ddclaroit  publiquement  avoir  r^solu  ce  Probl^me,  je  contimiai 
h j travailler,  mais  senlement  quand  j’^tois  de  loisir.  Je  iis 
bien  des  tentatives  inutiles,  je  I’avoue.  Enfin  il  me  vint  dans 
r esprit  qu’  un  Theor^me  de  Pappus  s’appliquoit  naturellement 
a la  figure  que  j’avois  construite.  Je  tentai  cette  application; 
et  j’aper9us  d’abord  qu’elle  me  donnoit  la  solution  desir^e. 
C’est  ainsi  que  j’y  parvins ; mais  si  tard  qu’  on  ne  parloit  plus 
ni  de  I’Anonyme,  ni  de  son  Probl^me.  Je  mis  done  ma  solution 
parmi  mes  papiers,  oti  je  viens  de  la  retrouver.  J’ai  cru  que  je 
ferois  bien  de  la  publier,  pour  epargner  aux  Geometres  a venir 
la  peine  et  la  perte  du  temps  que  ce  Probl^me  pourroit  leur 
cofiter.” 

De  Castillon : MSmoires  de  V AcadSmie  des  Sciences  et  Belles- 
Lettres^  Berlin^  1776,  p.  265,  (geometrically  for  the  circle). 

Lagrange : Ibid.^  p.  284,  (trigonometrically  for  the  circle). 

Euler:  Acta  Academice  Scientiarum  Petropolitance^  pars 

prior ^ P‘  91j  (for  the  circle). 

Fuss:  IMd.^  pars  prior  ^ P*  97,  (for  the  circle). 

Lexell : llnd.^  pars  posterior ^ p.  70,  (construction  of  Lagrange’s 
formula  for  the  circle). 

Oltajano*:  MSmorie  della  Societa  Italiana^  tom.  IV.  p.  4,  1788, 
(synthetically  for  any  polygon  inscribed  in  a circle). 

Malfatti : Ihid.^  tom.  iv.  p.  201,  (synthetically  for  any  polygon 
inscribed  in  a circle). 

Lhuilier:  Elemens  d’’ Analyse  Geometrique  et  d’’ Analyse  Al- 
gebrique^  p.  277,  &c.,  (geometrically,  for  a triangle,  or  any 
polygon  inscribed  in  a circle). 

Gergonne : Annales  de  MatMmatiques^  1816,  1817,  tom.  vii. 
p.  325,  (algebraically  for  the  parabola). 

Carnot:  Geometrie  de  position^  p.  384,  (algebraically,  for  the 
circle,  by  a method  applicable  to  an  inscribed  polygon  of 
any  number  of  sides). 


* Oltajano’s  solution  was  presented  to  the  Societa  Italiana  when  he  was 
about  sixteen  years  of  age. 
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Lam^ : Examen  de  diffSrentes  mithodes  imjploy^es  pour  rhoudre 
les  prohUmes  de  OSometrie^  p.  58,  (algebraically,  for  any 
conic  section). 

Puissant:  Recueil  de  diverses propositions  de  GSomStrie^  p.  125, 
(algebraically,  for  the  circle,  by  a method  applicable  to  any 
conic  section). 

Hearn:  Researches  on  Curves  of  the  Second  Order ^ (alge- 
braically, for  the  circle). 

Gaskin:  Solutions  of  Geometrical  Problems^  p.  166,  (alge- 
braically, for  each  of  the  conic  sections). 

Salmon : Treatise  on  Conic  Sections^  p.  222. 

6.  If  the  chord  of  a conic  section,  the  eccentricity  of  which 
is  e,  subtends  at  its  focus  a constant  angle  2a,  to  prove  that 
it  always  touches  a conic  section,  having  the  same  focus,  and 
of  which  the  eccentricity  is  ecosa. 

Booth : Cambridge  Mathematical  Journal^  vol.  III.  p.  87. 

Ellis : Ihid.^  p.  94. 

Frost : Cambridge  and  Dublin  Mathematical  Journal^  vol.  I.  p.  69. 

7.  Chords  are  drawn  in  a conic  section,  so  as  to  subtend 
a constant  angle  at  the  focus:  to  find  the  locus  of  the  inter- 
section of  each  such  chord  with  the  perpendicular  upon  it  drawn 
from  the  focus. 

The  equation  to  the  conic  section  being 

- = 1 + 6 cos 
r ^ 

that  to  the  required  locus  will  be 

c.(c  — 2ercos^)  = (1  — e^  ^).r\ 
which  is  the  equation  to  a circle,  unless  ecos/S  = 1,  when  it 
becomes  that  of  a straight  line. 

8.  If  the  angle  between  two  focal  distances  be  bisected  by 
a third,  which  remains  fixed  in  position,  to  prove  that  the  chords 
joining  the  extremities  of  the  two  focal  distances,  as  they  change 
their  position,  always  pass  through  a fixed  point  in  the  directrix. 

Frost : Cambridge  and  Dublin  Mathematical  Journal^  vol.  i.  p.  69. 
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9.  The  angular  coordinates  of  the  extremities  of  two  chords 
in  a conic  section  being  a + a — and  a'  + a'  — /3', 
to  find  the  locus  of  their  intersection,  having  given  that 

= /3,  and  a'  — a = e, 

where  s is  a constant. 

The  required  locus  will  be  a conic  section  defined  by  the 

equation  ^ g 

- = sec  cos  - + e cos  6, 
r 2 

Frost : Cambridge  and  Dublin  Mathematical  Journal^  vol.  I.  p.  7 0. 

10.  A chord  being  inscribed  arbitrarily  in  a conic  section, 
if,  from  one  of  its  foci,  be  drawn  radii  vectores  (1)  and  (2)  to 
the  two  extremities  of  this  chord,  a radius  vector  (3)  to  the 
point  where  this  chord  cuts  the  directrix  belonging  to  this  focus, 
a radius  vector  (4)  to  the  summit  of  the  circumscribed  angle 
which  touches  the  curve  at  the  extremities  of  the  inscribed 
chord,  and  two  other  radii  vectores  (5)  and  (6)  to  the  points 
where  the  sides  of  this  circumscribed  angle  cut  this  same 
directrix;  then  the  radius  vector  (4)  will  bisect  the  angle  be- 
tween the  two  radii  vectores  (1)  and  (2) ; the  radius  vector  (3) 
will  bisect  the  angle  between  the  two  radii  vectores  (5)  and  (6)^ 
and  the  two  radii  vectores  (3)  and  (4)  will  be  at  right  angles 
to  each  other. 

Bobillier : Gergonne^Annales  de  MathSmatigues^  tom.  xviii.  p.  190. 


Section  XX. 

Inscribed  Polygons, 

1.  If  from  any  point  in  a conic  section  perpendiculars  be 
drawn  to  the  sides  of  a quadrilateral  inscribed  in  it,  to  prove 
that  the  product  of  the  perpendiculars  on  one  pair  of  opposite 
sides  is  to  the  product  of  the  perpendiculars  on  the  other  pair 
of  sides  in  a constant  ratio. 
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Let  the  equations  to  the  four  sides  of  the  quadrilateral  taken 
in  order  be  = q,  «,  = 0,  «,  = 0,  «,  = 0, 

the  general  type  of  the  equation  to  a straight  line  being  taken 
in  the  form  ^ y _ g = o. 

Then  the  equation  to  the  conic  section  will  be  of  the  form 
Xu^u^  + fjbu^u^  = 0 * 


X and  fjb  being  constants. 

But  is  equal  to  the  product  of  the  perpendiculars  from 
any  point  [x^  y)  in  the  curve  upon  the  sides  = 0,  = 0 : 

and  to  that  of  the  perpendiculars  on  the  other  two  sides. 
Hence  the  ratio  of  the  two  products  is  equal  to  a constant 

. LU 

quantity  — ^ . 

Sturm:  Gergonne^  Annales  de  Mathematiques^  tom.  xvii. 
p.  179. 


2.  If  three  sides  of  a quadrilateral,  inscribed  iii  a given 
conic  section,  pass  always  through  three  given  points  of  a given 
straight  line,  to  prove  that  the  fourth  side  also  will  always  pass 
through  a given  point  of  the  same  line. 

Let  the  given  straight  line  be  taken  as  the  axis  of  ?/,  and  let 
the  axis  of  a?  be  a diameter  conjugate  to  chords  parallel  to  the 
given  line.  Then  the  equation  to  the  conic  section  will  be 

y^  — I ^ mx  + nod (1). 

Let  the  equations  to  the  four  sides,  taken  in  order,  be 

y = ax  + y — dx  + h\  y — ax  + (3^  y — dx  + /3'. 

Then,  p being  a constant  multiplier,  the  equation  to  the 
conic  section  must  also  be 

[y  - ax  - h)  [y  - ax  - ^)  = p [y  - dx  - b')  (y  - dx  - ^')...(2). 


* This  expression  for  the  equation  to  a conic  section  circumscribing  a quad- 
rilateral was  given  by  Bobillier  in  the  Annales  de  Mathematiques  of  Gergonne. 
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Since  (1)  and  (2)  must  be  coincident,  we  have,  by  comparing 
the  constant  terms  and  the  coefficients  of 

- h.^  = {l-p)  I, 

and  h -h  ^ = p Q)  + /3') ; 

whence,  eliminating  p,  we  have,  "" 

/S')  = [V  + /S')  - ^'yS'  {h  + yS)....(3). 

Now,  by  the  conditions  of  the  problem,  three  of  the  quantities 
5,  h\  yS,  /S',  are  known;  hence,  by  (3),  the  fourth  is  also  deter- 
mined, and  the  theorem  is  established. 

O’Brien:  Plane  Coordinate  Geometry^  p.  178. 

3.  If  two  consecutive  sides  of  a hexagon,  inscribed  in  a conic 
section,  are  respectively  parallel  to  the  sides  opposite  to  them, 
the  other  two  sides  of  the  hexagon  will  also  be  parallel  to  each 
other. 

Let  the  two  sides  of  a hexagon  ABCDEF^  inscribed 

in  a conic  section,  be  parallel  respectively  to  the  two  sides  Z),  E. 
Then,  if  we  take  the  sides  A^  B^  as  the  axes  of  y,  respectively, 
the  equations  to  A^  B^  E^  will  be  respectively  of  the  forms 

5?  = 0,  2/  = 0,  0?  + a = 0,  y ^ h — B, 

Let  the  equations  to  the  sides  O,  and  to  the  diagonal 
through  the  points  [A^  B)^  {D,  E)^  be  respectively 
w = 0,  ^;  = 0,  w = 0. 

Then,  since  the  conic  section  circumscribes  each  of  the  quad- 
rilaterals into  which  the  diagonal  divides  the  hexagon,  the 
equation  to  the  conic  section  must  be  indifferently  of  either 
of  the  following  forms, 

uw  = \y  [x  a\ 
vw  = fix  [y  + h) ; 
where  X,  /a,  are  constants. 

Since  these  two  equations  must  be  identical,  it  follows  that 
the  ratio  of  the  coefficients  of  a?  to  that  of  y’^  must  be  the  same 
in  both,  and  therefore  in  uw^  vw ; hence  the  ratio  of  the  coefficient 
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of  X to  that  of  y must  be  the  same  in  u and  v.  This  conclusion 
shews  that  G is  parallel  to  F. 

Gergonne : Annates  de  Mathematiques^  tom.  IV.  p.  79. 


4.  A triangle  is  inscribed  in  a conic  section:  to  prove  that 
the  points,  in  which  the  sides  of  the  triangle  produced  meet  the 
tangents  at  the  opposite  angles,  are  in  the  same  straight  line. 

Let  the  equations  to  the  sides  of  the  inscribed  triangle  be 

u = 0 (1),  v = 0 (2),  w — 0 (3). 

The  equation  to  the  conic  section  will  then  be 


X 

h 

u 


= 0 


(4); 


Now  it  is  easily  seen  that  the  line  denoted  by 


fJb  V 


■(5), 


is  the  tangent  to  (4)  at  the  intersection  of  (2)  and  (3) ; for  the 
equations  (4)  and  (5)  combined  are  equivalent  to  (2)  and  (3) 
taken  simultaneously. 

Again  (1)  and  (5)  evidently  intersect  in  a line 


U V w ^ 

- + - + - = 0. 

\ fjL  V 

Symmetry  shews  that  this  must  be  a line  in  which  all  the 
three  intersections,  mentioned  in  the  problem,  take  place. 

Carnot : Geometrie  de  Position^  p.  453. 
Salmon : Treatise  on  Conic  Sections^  p.  235. 


5.  AA'B'B  is  a quadrilateral  inscribed  in  a conic  section,  the 
sides  A'A,  B'B^  produced,  intersecting  in  0.  If  a straight  line 
OPHH'P’  be  drawn  through  0,  cutting  the  conic  section  in 
P,  P\  and  the  quadrilateral  in  P,  H' : to  prove  that 

1 1 _ 1 1 
Up  “ OH^  OH” 


* Bobillier : Gergonne^  Annales  de  MathematiqueSy  tom.  xtiii.  p.  320. 
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Let  OAA\  OBB\  be  taken  as  axes  of  respectively. 

Let  OA  = a,  OA'  = ol\  OB  = /3,  OB'  = yS'.  Then,  c being 
any  constant,  the  equation  to  the  conic  section  is 

^ ^ (a  + a')  - + /3')  + 1 = 0. 

The  equation  to  AB  is  - -j-  ^ = 1^ 


and  to  A' B' 


X y 

-7  + 1^  = 1. 

a /3 


Let  the  equation  to  OPHH'P'  be 

y = mx. 

Then,  x being  the  abscissa  of 

11m 

— — ^ ~Q  • 

X a p 

Similarly,  x'  being  the  abscissa  of 

11m 
X a'  yS'  ’ 

and  therefore  i4-^=-  + A+wfi  + -4^  . 

X X a a \p  p j 

At  the  points  P and  P'  we  have 


X 


m 


aa 


m 


(a  + a ) + ^ (/S  + ^ + cm  + ^ = 0. 


X aa 


/8/S' 


Hence,  X,  X',  being  the  abscissas  of  P,  P', 
1111  fl 


X ■ X a a' 


/3  ■ /S' 


Consequently 


X'^  X'  a:  a;'  • 


But  it  is  evident,  from  the  geometry,  that  X,  X',  a?,  a?',  are 
proportional  to  OP,  OP',  OP,  OH' : hence 

111 


1 
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6.  The  opposite  sides  of  any  hexagon,  inscribed  in  a conic 
section,  intersect  in  three  points  lying  in  a straight  line. 

Let  ABGDEFhQ  a hexagon  inscribed  in  a conic  section,  and 
let  the  equations  to  the  alternate  sides  AB^  GD^  EF^  be  re- 
spectively, when  multiplied  by  arbitrary  constants, 

u — 0 (1) ; v = 0 (2);  w = 0 (3). 

The  equation  to  the  conic  section  may  be  expressed  under 
the  form 

+ 10^  — (X  + vw  — [fx  wu  — [v  v~^)uv  = 0...(4); 


for  this  is  an  equation  of  the  second  order,  involving  five 
arbitrary  constants,  which  depend  upon  the  three  quantities 
X + X“^,  fju  + ///"^  V + and  the  two  ratios  between  the  three 
arbitrary  constant  factors  included  in  w,  v,  w. 

To  determine  the  points  A and  B^  put  = 0 : then 
— (X  + X“^)  vw  = 0, 


whence 


V = \w  or  w = 


and,  in  like  manner,  by  putting  successively  t;  = 0 and  w = 0 
in  (4)-,  we  shall  get  the  equations  which  determine  the  positions 
of  the  other  angular  points  of  the  hexagon.  The  equations  to 
the  points  Aj  Bj  (7,  D,  E^  F^  are  respectively  the  following : 


A. 


u = 0 
1)  = X^^7 


(5), 


B. 


u = Q 
w = Xv 


(6), 


■•(7), 

..(8), 

..(9), 

(10). 
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Hence  (8,  9),  (10,  5),  (6,  7),  the  equations  to  the  lines  DE^ 
FA^  BC^  respectively,  are,  by  mere  inspection,  observed  to  be 


u — yuw  + vv (11)? 

V — vu  \w (12), 

w = \v  -{■  fjbu (13). 


Now  each  of  the  three  pairs  of  equations  (1,  11),  (2,  12), 
(3,  13),  evidently  satisfies  the  equation 


and  therefore  the  opposite  sides  of  the  hexagon  ABCDEF  in- 
tersect in  three  points  in  a straight  line  of  which  (14)  is  the 
equation. 

The  demonstration  here  given  of  the  property  of  the  in- 
scribed hexagon,  is  due  to  Mr.  Weddle,  by  whom  it  was  com- 
municated to  the  Cambridge  and  Dublin  Mathematical  Journal^ 
vol.  III.  p.  285. 

This  beautiful  property  was  discovered  by  Pascal,*  and 
formed  the  basis  of  a complete  system  of  conic  sections,  written 
at  the  age  of  sixteen,  which  was  never  published  and  of  which 
the  manuscript  was  unfortunately  lost.  In  this  treatise  he  is  said 
by  Mersennef  to  have  demonstrated  all  the  propositions  of  the 
Conics  of  Apollonius,  emanating  in  400  corollaries  from  this 
one  fundamental  theorem.:|;  This  work  having  been  sent  to 
Descartes,  he  could  not  be  prevailed  upon  to  believe  it  to  have 
been  written  by  one  so  young,  ascribing  it  either  to  Pascal’s 
father  or  to  his  friend  Desargues.  The  early  genius  however 
of  Pascal,  exhibited  in  other  matters  of  like  nature,  renders  his 
title  to  these  discoveries  in  no  degree  improbable.  Leibnitz, || 
in  allusion  to  Pascal,  says,  “ Mr.  Perier,  son  neveu,  me  donna . 


* Essais  pour  les  Coniques,  CEuvres  de  Blaise  Pascal,  tom.  iv.  p.  1. 

f Harmonie  Universelle. 

t Pascal  himself  also  {CEuvres,  tom.  iv,  p.  358),  in  presenting  certain  works 
Celeberrimce  Matheseos  Academice  Parisie^isi,  speaks  of  this  one  as  “ Conicorum 
opus  completum,  et  conica  Apollonii  et  alia  innumera  unica  fere  propositione 
amplectens ; quod  quidem  nondum  sexdecimum  setatis  annum  assecutus 
excogitavi,  et  deinde  in  ordinem  congessi.” 

II  Lettres  d M.  M.  Remond  de  Montmort,  Lettre  2.  Opera,  tom.  v.  p.  12, 
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un  jour  k lire  et  a ranger  un  excellent  ouvrage  de  son  oncle  sur 
les  coniques,  et  j’esp^rois  qu’  on  le  publieroit  d’abord.  On  lui 
auroit  conserve  par-1^  I’honneur  d’ original,  en  des  choses  qui 
en  valoient  la  peine.”  In  a Lettre  a M.  P^rier,  1676,  which  may 
be  seen  in  the  CEuvres  de  Pascal,  tom.  y.  p.  429,  Leibnitz 
has  given  a slight  sketch  of  the  general  scheme  of  this  lost 
treatise : he  says  that  Pascal  called  his  inscribed  hexagon  the 
mystic  hexagram.  Desargues  says  that  in  his  time  it  was  called 
‘‘  the  Pascal.”  A great  many  demonstrations  of  the  property 
of  the  mystic  hexagram  have  been  given  by  various  mathe- 
maticians, both  geometrically  and  analytically.  Pascal  himself, 
in  his  Essais  pour  les  Coniques.,  has  merely  enunciated  the 
property  in  a converse  form.  The  following  is  a list  of  some 
of  the  demonstrations. 

Carnot : Geometrie  de  Position.,  p.  452. 

Gergonne:  Annales  de  Mathematiques,  tom.  IV.  p.  379; 
1813,  1814. 

Dandelin : Gergonne,  Annales  de  MatMmatiques,  tom.  XV.  p.  396. 

Lubbock:  Annals  of  Philosophy,  October,  1829. 

Davies:  Annals  of  Philosophy,  July,  1842,  p.  37. 

Rutherford : Ihid.,  March,  1843,  p.  168. 

Various  Mathematicians : Ladfs  and  Gentleman's  Diary,  1843. 

Kirkman:  Ihid.,  1849. 

Cayley : One  solution  (from  Chasles),  Cambridge  Mathematical 
Journal,  Old  Series,  vol.  III.  p.  211 ; another  in  vol.  IV.  p.  18. 

Rutherford:  Davies''  Hutton,  vol.  II.  pp.  213—313. 

Fenwick:  Mathematician,  vol.  I.  p.  132. 

Weddle : Ihid.,  vol.  il.  p.  15. 

Salmon : Treatise  on  Conic  Sections,  p.  212,  1st  edition. 

Gaskin : Geometrical  Problems,  p.  244. 

7.  AD,  BC,  are  the  diagonals  of  a quadrilateral  inscribed 
in  a conic  section : from  A,  C,  are  drawn  lines  AF,  CF,  to  any 
point  F in  the  arc  BD,  and,  from  B,  D,  are  drawn  lines  BE, 
DE,  to  any  point  E in  the  arc  A C,  meeting  AF,  CF,  respec- 
tively in  G,  H.  To  prove  that  the  line  GH  will  pass  through 
the  intersection  of  AD,  BC. 

Davies:  Philosophical  Magazine,  1842,  vol.  XXI.  p.  37. 
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8.  Let  Pg?  -^37  Ci7  ^27  ^35  points  lying  in  a conic 

section ; let  the  areas  of  the  triangles  P^  P^  P^ 
be  denoted  by  P^,  (7^,  and  the  areas  of  the  triangles,  formed 
by  putting  P^,  Pg,  successively  in  the  place  of  P^,  be  denoted  by 
P27  ^27  ^37  A7  ^37  respectively : then  will 


( 1 

1 \ 

1 

( 1 

1 \ 

1 

f 1 

-1  \ 

BA) 

BAj 

\ba. 

baJ 

9.  Let  ABGD  be  a quadrilateral:  and  let  a conic  section 
be  described  about  it  and  tangents  be  drawn  at  A^  P,  (7,  P, 
forming  another  quadrilateral.  Let  the  opposite  sides  of  one 
quadrilateral  intersect  in  P,  and  of  the  other  in  P,  P.  To 
prove  that  P,  P,  P,  are  in  the  same  straight  line. 

Carnot : Geometrie  de  Position^  p.  453. 

G.  W.  H.,  and  A.  C.:  Cambridge  and  Dublin  Mathematical 
Journal^  vol.  II.  p.  238. 

10.  If,  in  the  perimeter  of  any  conic  section,  be  taken  any 
six  points  P,  (7,  P,  P,  P,  and  the  straight  lines  AP,  AP,  be 
produced  to  meet  the  straight  lines  P (7,  PP,  produced,  in  P, 
respectively : to  prove  that  the  three  straight  lines  ilPV,  PP,  P(7, 
all  pass  through  a single  point. 

Carnot : GSomStrie  de  Position^  p.  452. 

11.  Two  conic  sections  being  circumscribed  about  any  given 
quadrilateral;  if,  through  the  extremities  of  one  and  the  same 
side  of  this  quadrilateral,  be  drawn  two  arbitrary  secants ; the 
chords  in  these  curves  which  terminate  in  the  points  in  which 
they  are  respectively  intersected  by  these  secants,  will,  if  pro- 
duced indefinitely,  cut  each  other  in  some  point  on  the  direction 
of  the  opposite  side  of  the  quadrilateral. 

Numerous  very  interesting  consequences  have  been  deduced 
by  Plucker  from  this  theorem  and  an  analogous  one  respecting 
any  circumscribed  quadrilateral. 

Plucker : Gergonne^  Annales  de  Mathematiques^  tom.  X\ai.  p.  39. 
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12.  If  three  sides  of  a variable  quadrilateral  inscribed  in  a 
conic  section  are  always  parallel  to  three  given  straight  lineSy 
to  prove  that  the  fourth  side  will  also  be  parallel  to  a given 
line. 

O’Brien:  Plane  Coordinate  Geometry 178. 

13.  Having  given  any  convex  quadrilateral;.  Ist,  we  may 
always  circumscribe  about  it  an  infinite  number  of  ellipses^  but 
only  two  parabolas;  2nd,  the  locus  of  the  centres  of  all  these 
ellipses  is  an  hyperbola,  the  asymptotes  of  which  are  respectively 
parallel  to  the  axes  of  the  two  parabolas ; 3rd,  the  conjugates  of 
the  diameters  of  these  ellipses,  which  are  parallel  to  any  fixed 
line,  meet  all  in  a single  fixed  point  of  the  hyperbolic  locus  of 
the  centres ; 4th,  the  conjugates  of  the  diameters  of  these  ellipses- 
parallel  to  one  of  the  two  asymptotes  of  the  hyperbolic  locus 
of  the  centres,  are  parallel  to  the  other  asymptote  of  this  hy- 
perbola; 5th,  of  all  these  ellipses,  the  one  which  approaches 
nearest  to  a circle  is  that  of  which  the  conjugate  diameters, 
parallel  to  the  asymptotes  of  the  hyperbola,  are  at  the  same 
time  equal  conjugate  diameters. 

Gergonne : Annates  de  Mathematiques^  tom.  xvili.  p.  100, 


Section  XXI. 

Circumscribed  Polygons. 

1.  If  any  quadrilateral  be  circumscribed  about  a eonic  section, 
the  point  of  intersection  of  the  two  straight  lines  which  join  the 
points  in  which  the  conic  section  is  touched  by  opposite  sides 
of  the  quadrilateral,  will  coincide  with  the  point  of  intersection 
of  its  two  diagonals. 

Let  the  equations  to  three  sides  of  the  quadrilateral  taken 
in  order  be  w = 0,  v = 0,  = 0. 

Then  the  equation  to  the  conic  section  will  be 

(lu)^  + [mv]^  + {nwf  = 0.* 

* This  equation  to  a conic  section  inscribed  in  a triangle  is  substantially 
the  same  as  that  given  by  Bobillier  in  Gergonne’s  Annales  de  MathematiqueSy 
tom.  xviii.  p.  325. 
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The  equation  to  any  other  tangent  of  the  conic  section,  which 
we  will  take  for  the  fourth  side  of  the  quadrilateral,  will  be 

\U  [JLV  vw  = 0, 


\,  yit,  V,  being  connected  with  /,  m,  w,  by  the  equation 


I m n ^ 

- + - + - = 0. 

\ a V 


•'••••(i)- 

The  equations  to  the  points  in  which  the  lines  w = 0,  w = 0^ 
touch  the  conic  section,  are,  respectively. 


u = 0 
mv  = nw 


and 


w = 0 
mv  = lu 


Hence  the  equation  to  the  line,  which  joins  the  points  of 
contact  of  two  opposite  sides  of  the  quadrilateral,  is 

mv  = lu  nw (2). 

Again,  the  equations  to  the  tw^o  diagonals  are 


fjbv  + vw  — 0 (3), 

and  \u  + fjLV  — 0 (4). 


Eliminating  w,  v^  between  the  equations  (2),  (3),  (4),  we 
obtain  the  equation  (1) : the  two  diagonals  therefore  intersect 
in  the  line  which  joins  two  opposite  points  of  contact.  The 
quadrilateral  being  of  a perfectly  general  form,  it  follows  that 
the  intersection  of  the  two  diagonals  must  take  place  also  in  the 
line  joining  the  other  two  opposite  points  of  contact.  The  four 
lines  therefore  intersect  in  a single  point. 

Carnot : Geometrie  de.  Position^  p.  454. 

Peschier,  Eochat,  Ferriot,  Fomier:  Gergonne^  Annates  de 
Mathematiques^  tom.  III.  p.  161. 

Hearn : Researches  on  Curves  of  the  Second  Order ^ p.  52. 


2.  The  sides  of  a triangle  ABC  are  tangents  to  a given 
conic  section,  CA  touching  it  in  P,  CB  in  and  AB  in  R. 
CAj  CB^  are  fixed  in  position,  AB  being  variable.  To  prove 
that  the  ratio  jip  pQ 

~AR  * PP 

is  a constant  quantity. 
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Let  OP,  GQ^  produced  indefinitely,  be  taken  as  axes  of 
coordinates,  and  let  the  equation  to  ARB  in 
any  position  be 

w = ax  hy  -{■  c = 0. 

Then,  I and  m being  arbitrary  constants, 
the  equation  to  the  conic  section  will  be 

= ’^Ixw  + + ^Imxy. 

Putting  3/  = 0 in  the  equation  to  the  conic  section,  we  see 
that,  at  the  point  P, 

7 ^ 

lx  = ax  c.  X — j . 

I — a 

But,  at  putting  3/  = 0 in  the  equation  to  AB^  we  have 

c 

a ' 


Hence 

Again,  at  P,  we  have 


AP  = 


d 

ail  — a)' 


w = 0^ 
lx  — my^ 


and  therefore 


me 

ma  + hi  ’ 


y^- 


Ic 

ma  + hi ' 


Hence,  for  the  length  HP,  we  have,  m denoting  the  angle  xCy^ 


Similarly 


{AB)\  = [AP)\[d‘  + V - ‘2ab  cosco). 


Hence 


[BRY.  = [BQ)\{d‘  + V - 2a6coso)). 


But,  the  conic  section  being  given,  the  ratio  of  the  coefficients 
of  X and  y in  its  equation  must  be  invariable  for  all  positions 

of  P : hence  I — a 

-^  = a constant  quantity. 


m 


/-(  HP  BQ 

Consequently  = a constant  quantity. 


CIRCUMSCRIBED  POLYGONS. 


395 


Cor.  This  proposition  is  an  obvious  deduction  from  the 
theorem  that  the  products  of  the  alternate  segments  of  the 
sides  of  a polygon  circumscribing  a conic  section  are  equal. 


3.  If  any  hexagon  be  circumscribed  about  a conic  section, 
the  three  diagonals  which  join  its  opposite  angles  will  all 
through  a single  point. 

Let  the  equations  to  three  alternate  sides  of  the  hexagon  be 

u = 0 (1),  v = 0 (3),  w = 0 (5). 

Then  the  equation  to  the  conic  section  will  be 
(lu)^  + [mv)^  + [nw)^  = 0, 

Z,  m,  w,  being  arbitrary  constants. 

The  equations  to  the  three  other  alternate  sides  will  be 

Xu  ■+  fjbv  vw  — 0 (2), 

Xu  + iLV  + vw  — 0 (4), 

X'u  + fjil'v  + v'w  — 0 (6), 

where  the  coefficients  of  are  subject  to  the  relations 

I m n ^ ^ 

X fju  V ^ 

I m n 

V + ^ + v 

I m n ^ 

'ZJi  H 77  = 0 (9). 

X fjb  V ^ 

The  equations  to  the  diagonals 

!(1,  2),  (4,  5)),  {(2,  3),  (5,  6)1,  {(3,  4),  (6,  1)}, 

will,  as  is  evident  by  inspection,  be  respectively 
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If  between  these  three  equations  we  eliminate  by 

cross  multiplication,  we  shall  obtain  an  equation  coincident  with 

^(47,-477) + i (4 — ^)  + 4(4-4)  = o: 

Wjjbv  vya/  \ Xjju  V V jJbJ  \ Vyu-v  fi  vj 
this  equation  however  results  from  the  elimination  of  Z,  m,  w, 
between  the  equations  (7),  (8),  (9).  Hence  the  three  diagonals 
must  all  pass  through  a single  point. 

“M.  Brianchon,  dl^ve,  m’  a remis  F analyse  d’un  mdmoire 
dans  lequel  il  prouve  par  la  gdomdtrie  seule,  plusieurs  proprietes 
des  courbes  et  des  surfaces  du  second  degre,  dont  quelques-uns 
lui  appartiennent.  Ce  mdmoire  est  destind  pour  le  Journal  de 
FEcole:  j’en  extrais  la  proposition  suivante:  ^ si  tons  les  cotds 
d’un  hexagone  quelconque  touchent  une  mdme  courbe  du  second 
degrd,  les  trois  diagonales,  prolongdes  s’il  le  faut,  se  croisent 
en  un  mdme  point.’”  Hachette:  Gorrespondance 'sur  V Ecole 
Foly technique^  tom.  i.  p.  151. 

Brianchon:  Journal  de  V Ecole  Folytechnique^  tom.  iv. 

a Correspondance  sur  V Ecole  PolytecTinique^  tom.  I. 

p.  307 ; tom.  ii.  p.  383. 

Carnot : Essai  sur  la  Theorie  des  Transver sales, 

Giergonne : Annales  de  MathernMiques^  tom.  lY.  p.  383. 

Handelin : Gergonne^  Annales  de  MatMmatiques^  tom.  XV.  p.  396. 

Davies:  Annals  of  Philosophy^  November^  1826. 

Lubbock : Ihid.^  October^  1829. 

Fenwick:  Ibid.,,  March.,  1843,  p.  167. 

Frost:  Cambridge  Mathematical  Journal.,  vol.  IV.  p.  277. 

The  student  is  referred  also  to  a memoir  by  Coste  in  the 
Annales  de  Mathematiques,  tom.  x.  p.  261,  where  he  will  find 
numerous  properties  of  the  parabola  deduced  from  Pascal’s  and 
Brianchon’s  general  theorems  concerning  the  inscribed  and  cir- 
cumscribed hexagons  of  a conic  section. 

4.  If  ABChQ  a triangle  circumscribed  about  a conic  section, 
a,  y8,  7,  being  the  points  in  which  the  sides  BG.,  GA,  AB,  touch 
it,  to  prove  that  Ha,  ^y8,  Gy,  all  pass  through  a single  point. 

Bobillier : Gergonne.,  Annales  de  Mathematiques^  tom.  XVIII.  p.  323. 

Salmon : Treatise  on  Conic  Sections.,  p.  236. 
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j 5.  Two  triangles  being  the  one  inscribed  and  the  other  cir- 
cumscribed in  relation  to  a conic  section,  so  that  the  summits  of 
the  inscribed  triangle  are  the  points  of  contact  of  the  circum- 
scribed; the  points  of  concourse  of  the  sides  of  the  inscribed 
triangle  with  the  respectively  opposite  sides  of  the  circumscribed, 
lie  all  three  in  a single  straight  line.  ^ 

Bobillier : Gergonne^Annales  de  MatJiSmatiques^  tom.  XVIII.  p.  323, 
Salmon : Treatise  on  Conic  Sections^  p.  235. 


6.  Two  conic  sections  being  inscribed  in  the  same  quadri- 
lateral ; if,  in  the  two  sides  of  one  of  the  summits  of  this  quadri- 
lateral, be  taken  arbitrarily  two  points  through  each  of  which 
we  draw  tangents  to  the  two  curves;  the  point  of  concourse 
of  the  pair  of  tangents  to  one  of  the  curves,  that  of  the  pair 
of  tangents  to  the  other  curve,  and  the  opposite  summit  of  the 
quadrilateral,  will  all  three  lie  in  a straight  line. 

Plucker : Gergonne^  Annates  de  MatMmatigues^  tom.  XVII.  p.  39. 

7.  If  a conic  section  be  circumscribed  by  a triangle  ABGj 

and  lines  AA'a^  drawn  from  the  summits 

Aj  B^  (7,  to  the  points  of  contact  a,  7,  of  the  opposite  sides, 
meeting  the  conic  section  in  three  points  A'^  B\  C : to  prove 
that  tangents  drawn  to  the  €urve  at  the  points  B\  G\  will 
intersect  each  other,  two  and  two,  in  the  lines  Aa^  Bfi,  Gy. 
Also,  to  prove  that  the  intersections  of  the  tangents  at  A',  B\  G\ 
respectively,  with  the  sides  BG^  GA,  ABj  of  the  circumscribed 
triangle,  will  all  lie  in  a single  straight  line. 

Leyboum : Mathematical  Repository^  New  Series^  vol.  ii,  p.  153. 

8.  To  find  the  equation  to  a conic  section  inscribed  in  a 
triangle  so  as  to  touch  the  three  sides  at  their  middle  points. 

Taking  [x^  -x^)y-  -y^)^-  a’aS'i  + ^^y^  = 0,  as  the 

general  type  of  the  equation  to  a straight  line,  then,  the 
equations  to  the  sides  being 

w = 0,  v = 0,  w = 0^ 

we  shall  have  for  the  equation  to  the  required  conic  section 

— 0. 
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Section  XXII. 

Problems  relating  to  several  Curves. 

1.  If  there  he,  in  one  plane,  any  two  lines  of  the  second 
order,  such  that  the  principal  diameters  of  the  one  coincide  with 
the  tangent  and  normal  at  any  given  point  of  the  other;  the 
line  which  joins  the  points,  in  which  any  two  conjugate  diameters 
of  the  one  intersect  the  other,  will  pass  through  an  invariable 
point  of  the  given  normal. 

Taking  the  tangent  and  normal  at  the  given  point  as  axes 
of  X and  ?/,  we  shall  have  for  the  equation  to  the  one  conic 


section 


X y 
— 1-  — = 1 


(1), 


and,  for  the  equation  to  the  other, 

aaf  + hy^  + "Icxy  + 2fy  = 0 (2). 

The  equations  to  any  two  conjugate  diameters  of  (1)  will  be 


y 


mx. 


y — g X. 

^ ma  ’ 


and  the  equation  to  both  will  be 


/ yS"  \ 

{y  -mx)[y  + -^x  j = 0, 


whence 


af  - + ("i  _ ^ 


xy. 


(3). 


Substituting  in  (2)  the  expression  for  x\  given  by  (3),  we 
have,  dividing  by  3/, 

/ a mao?  ^ \ fac^  , \ ^ ^ ^ ^ , 

U - S 1 ^ ® 

which  will  be  the  equation  to  the  line  joining  the  points  in 
which  the  conic  section  (2)  is  cut  by  the  two  conjugate  di- 
ameters of  (1). 

Putting  a;  = 0 in  (4),  we  see  that 

w 

y ad‘-'  + S/3“  ’ 

which  determines  a constant  point  in  the  normal  through  which 
all  such  lines  pass. 
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Cor.  By  the  theory  of  poles  and  polars,  it  hence  follows  that 
the  pairs  of  tangents,  at  the  extremities  of  all  lines  the  equa- 
tions of  which  are  of  the  form  (4),  all  intersect  in  a single 
straight  line. 

Fr^gier : Oergonne^  Annales  de  Mathematigues^  tom.  vi.  p.  321. 

2.  If  two  conic  sections  [A)  and  [B)  are  so  placed  that  the 
jicentre  of  {B)  lies  in  the  perimeter  of  (A)  • all  the  chords  of  (^), 
which  terminate  at  its  intersections  with  the  prolongations  of 
■two  conjugate  diameters  of  (B),  will  intersect  each  other  in 
a single  point,  situated  in  the  conjugate  to  that  diameter  of  (B) 
which  is  a tangent  to  (A). 

Let  the  tangent  to  (A),  at  the  centre  of  (B)j  be  taken  as  the 
axis  of  X,  and  the  diameter  of  (B),  which  is  conjugate  to  this 
tangent,  as  that  of  y. 

Then  the  equation  to  (A)  will  be  of  the  form 

ax^  + by^  + 2cxy  -\-fy  = 0 (1). 

Also  the  equations  to  any  two  conjugate  diameters  of  [B)  will  be 
y = mx^  y — mx^ 

where  mm  is  equal  to  some  constant  quantity  h. 

The  equation  to  both  these  conjugate  diameters  will  be 
(j/  — mx)  [y  — m’x)  = y^  — (w  + m)  xy  + mm'od 

=1  y^  — [m  m)  xy  + hx^  = 0 (2). 

At  the  intersections  of  (1)  and  (2),  we  have,  eliminating  x\ 

{hh  — a)  y -{■  {21cg  + (m  + m)  a]x  hf  — 0, 

which  is  the  equation  to  the  chord  of  (A)  joining  its  intersections 
with  the  two  conjugate  diameters  of  B. 

Putting  £c  = 0,  we  see  that 

¥ 

a result  which,  being  free  from  m and  w',  establishes  the  pro- 
position. 

Fregier:  Gergonne^  Annales  de  MatMmatigues^  tom.  vii.  p.  95. 
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3.  The  equations  to  two  conic  sections  being 

Ax^  + 2 Ox^  + + 2A'x  = 0, 

ax^  + 2cx^  + + 2a  X = 0 ; 

to  find  the  condition  that  the  lines  joining  the  origin  with  their 
points  of  intersection  may  be  perpendicular  to  each  other. 

Multiplying  the  former  equation  by  a , and  the  latter  by  A'jj 
and  subtracting,  we  get 

(Aa  — A a)  x^  -\-  2 { Ga  — Ac)  xy  + [Bo!  — Ah)  = 0, 


the  equation  to  the  two  joining  lines. 

The  product  of  the  tangents  of  their  inclinations  to  the  axis 
of  X will  be  equal  to 

Aa  — A a 
Ba'  - Ah  * 


but,  if  the  two  lines  be  at  right  angles  to  each  other,  their 
product  must  be  equal  to  — 1.  Hence,  for  the  required  con- 
dition,  we  have  -A'a^-  Ba'  + Ah, 

A + B A' 


4.  If  in  the  plane  of  a conic  section  we  describe  any  two 
circles  A^  A\  and  two  conic  sections  B^  B\  of  which  the  former 
passes  through  the  four  points  of  intersection  (real  or  imaginary) 
of  the  former  circle  and  the  conic  section  Z7,  and  the  latter 
through  the  four  points  of  intersection  of  the  latter  circle  and 
of  the  conic  section  TJ\  to  prove  that 

(1),  the  two  conic  sections  B^  B\  cut  each  other  in  four 
points  which  lie  in  a circle;  and,  (2),  that  this  circle  passes 
through  the  points  of  intersection  of  the  two  proposed  circles. 

Let  Z7’s  equation  be  w = 0, 

M’s a = 0, 

M'’s a'  = 0. 

Then,  \ and  X being  any  constant  multipliers, 

^’s  equation  will  be  Xw  + a =0, 

^'’s Xu  + a = 0. 
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At  the  intersections  of  B and  B'  we  have 

Va-Xa'  = 0... 


•(1), 


which  is  of  the  form  of  the  equation  to  a circle : the  four  inter- 
sections of  B^  B\  therefore  lie  in  a circle. 

Again,  since  the  equation  (1)  is  satisfied  by  all  values  of  x 
and  y which  satisfy  A’s  and  A'’s  equations  simultaneously,  we 
[see  that  the  circle  (1)  passes  through  all  the  intersections  of 
A and  A. 


j 5.  To  prove  that  two  common  chords,  real  or  imaginary, 
of  two  confocal  conic  sections,  pass  through  the  intersection 
of  the  directors. 

Any  two  such  conic  sections  may  be  represented  by  the 
equations 


- = 1 -1-  e cos(^  + a) 

r ^ ‘ 

- — 1 + e'  cos(^  + a). 


(1), 

,(2). 


Now,  the  coordinates  of  any  point  in  (1)  being  (r,  ^),  those 
of  a coincident  point  in  (2)  must  be 

{r,  2n7r  + 6]  or  {—  r,  [2n  -i-  1)  tt  + 0}, 
n being  any  integer. 

Hence,  where  (1)  and  (2)  intersect,  we  have,  either 
c — c 


or 


T 

c + c' 


==  ecos(0  -h  a)  — e cos(2?^7^  + ^ + a'), 

= e cos(^  + a)  — e cos(2w7r  + tt  + ^ + a). 


Thus  every  point  of  intersection  lies  in  one  of  the  two  chords 

C 4"  C 

■ ~ = e cos  (^  + a)  + e cos(0  + a ), 

both  of  which  pass  through  the  intersection  of  the  directors,  the 
equations  to  which  are 

c c 

- = ecos(^  + a),  - = e' cos(^  + a). 

DD 
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This  proposition  may  be  proved  also  in  the  following  manner.  J 

Let  the  equation  to  the  director  of  one  of  the  conic  sections,  i 
the  focus  being  the  origin,  be  , 

lx  + my  = 3,  I 

Z,  w,  being  its  direction-cosines. 

Then,  e denoting  the  eccentricity,  the  equation  to  the  curve' 
will  be  = e’'  (&  + my  - 8)“.  i 

In  like  manner,  the  equation  to  the  other  conic  section 
will  be  of  the  form  j 

+ y^  — (Z'cr  + my  — S')‘^  * 

At  the  intersection  of  the  two  curves 

e ijx  + my  — 8)  = + e i^x  + my  — S'), 

which  is  therefore  the  equation  to  two  chords  of  intersection. 
The  form  of  the  equation  shews  that  both  chords  pass  through 
the  intersection  of  the  directors. 

6.  A conic  section  is  cut  in  four  points  by  a circle,  and  two 
straight  lines,  each  passing  through  two  of  the  points  of  inter- 
section, are  taken  as  axes  of  coordinates:  to  prove  that  the 
equation  to  the  conic  section  will  be  of  the  form 

x^  + 2cxy  + + 2Z>'^  + c'  = 0. 

7.  If  any  number  of  circles  be  described  so  as  to  touch  a 
given  curve  of  the  second  order  in  one  given  point:  to  prove 
that  they  will  each  of  them  generally  cut  it  in  two  others ; and 
that,  if  a chord  be  drawn  through  the  two  points  of  section  for 
each  circle,  such  chords  will  be  all  parallel  to  one  another. 

8.  If  two  conic  sections  meet  each  other  in  more  than  four 
points,  to  prove  that  they  will  coincide. 

De  la  Hire : Sectiones  Conicce^  lib.  il.  prop.  32. 

9.  If  a parabola,  represented  by  the  equation  y^  = Ix^  is 
intersected  in  four  points  by  any  conic  section : to  prqve  that. 
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Vx'i  Vzi  y^')  l>eing  the  ordinates  of  the  intersections, 
yi  + y,  + yz  + yi  = <>• 

De  la  Hire:  Sectiones  Cmicm^  lib.  v.  prop.  31. 

10.  To  prove  that  two  conic  sections  of  the  same  species, 
the  axes  of  which  are  proportional  in  magnitude  and  parallel  in 
direction,  cannot  have  more  than  two  points  in  common. 

Lame : Examen  des  differ entes  methodes  emffoyees  pour  resoudre 
les  prohlemes  de  Geometrie^  p.  39, 


Section  XXIIL 

Intersections  of  Conic  Sections.  Common  Chords. 

If  /S'  = 0 be  the  equation  to  a conic  section,  that  to  any  other 
conic  section  cutting  it  at  the  ends,  real  or  imaginary,  of  two 
chords  w = 0,  v = 0,  will  be 

S = kuv^ 

h being  an  arbitrary  constant. 

Salmon : Treatise  on  Conic  Sections.,  p.  199. 

1.  To  find  the  diameter  of  a circle  described  about  a semi- 
ellipse bounded  by  its  axis  minor. 

Let  the  equation  to  the  ellipse  be 


~ + T2  = !• 

a b 


The  equations  to  the  common  chord  and  common  tangent, 
the  latter  of  which  is  merely  a degenerate  case  of  a chord,  are 

-c  = 0,  X — a\ 

hence  the  equation  to  the  circle  is  included  in  the  equation 


^ W 


1 =]ix  [x  — d). 
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Since  this  is  the  equation  to  a circle,  the  coefficients  of  and 
'tf  must  be  the  same : hence 

* “ V ’ 

and  therefore  the  equation  becomes 

W 

= W H X. 

ot 

the  diameter  of  the  circle  being  therefore  equal  to  — ^ 

2.  If  any  number  of  conic  sections  have  four  points  in 
common : in  whatever  direction  parallel  diameters  be  drawn  in 
them,  the  conjugate  diameters  will  all  meet  in  a single  point.  i 

Any  one  of  the  system  of  conic  sections  may  be  represented! 
by  the  equation  ^ ^ 

where  h is  an  arbitrary  eonstant,  varying  as  we  pass  from  one 
of  the  curves  to  another  ; where 

8 = ax^  + hy^  + ‘Icxy  4-  "iax  + "ih'y  + c', 
w = ao?  + + 7, 

and  V — a a?  + ^'y  + 7 ; 

w = 0,  and  v = 0,  denoting  the  equations  to  two  common  chords 
of  all  the  curves. 

Now,  if  the  equation  to  a conic  section  be  written  in  the  form 

Ax^  + By^  + 2 Cxy  + 2A'x  + "^B'y  + (7'  = 0, 

the  equation  to  a diameter,  conjugate  to  one  which  is  parallel  to 
a chord  y — mx^  will  be 

Ax  + (7?/  + A'  + m {By  + (7a?  + B')  = 0 : 

hence,  in  the  present  case,  if  we  put  for  A,  B^  (7,  A',  B\  their 
values,  the  conjugate  diameter  will  have  an  equation  of  the  form 

?7+A-F=0, 

where  £7,  F,  are  linear  functions  of  a?  and  y^  not  involving  h. 

This  diameter  evidently  passes  through  a point  defined  by 
the  equations  Z7  = 0,  F = 0. 
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Since  these  equations  are  independent  of  this  point  is 
invariable  in  position  for  every  such  conjugate  diameter. 

Lam^ : Memoir es  de  VAcademie  des  Sciences  de  Paris ^ Dec.  1816. 
“ Oergonne.^  Annales  de  Mathematiques.^  tom.  VII.  p.  233. 

3.  If  a circle  cut  a conic  section,  to  prove  that  the  chords 
joining  the  points  of  intersection  are  equally  inclined  to  the  axis 
^f  the  conic  section. 

Leslie : Geometrical  Analysis^  p.  302. 

4.  If  two  conic  sections,  the  axes  of  which  are  parallel, 
1 intersect  one  another  in  four  points,  to  prove  that  the  sides 

AB.^  GD.^  and  also  the  sides  ^(7,  of  a quadrilateral 

ABCB.^  formed  by  any  four  common  chords  AB.^  BC^  CD.^ 
i DA.^  are  equally  inclined  to  either  axis. 

, Elliot:  Lady's  and  Gentleman's  Diary 1851. 


Section  XXIV. 

Double  Contact, 

If  two  conic  sections  touch  each  other  at  two  points,  they  are 
said  to  have  double  contact  with  each  other. 

Let  = 0 be  the  equation  to  a conic  section,  and  let  another 
conic  section  touch  it  at  the  extremities,  real  or  imaginary,  of 
a chord  = 0 : then  the  equation  to  the  other  conic  section 
be  „ = 

h being  an  arbitrary  constant. 

Salmon : Treatise  on  Conic  Sections.^  p.  200. 

1.  To  find  the  equation  to  an  ellipse  having  double  contact 
with  an  hyperbola  represented  by  the  equation 

/ ^y  = 

the  asymptotes  of  the  hyperbola  coinciding  with  conjugate 
diameters  of  the  ellipse. 
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Let  the  equation  to  the  chord  of  contact  be 

X y 

— I — = 1 : 
m m 

then  the  equation  to  the  ellipse  will  be 

(1). 

Since  this  ellipse  is  referred  to  conjugate  diameters,  we  must  have 


0 

m 

- = 0 
n 


.(2). 


m * n 

' A;  h 
These  three  equations  shew  that  A;  = 0,  — and  - being  finite. 

^mn 

The  equation  (l)  therefore  becomes 

— a?  + —y  = c , 
m w ^ ^ 

or,  a,  being  the  conjugate  semi-diameters, 

2 2 

-+^  = i 
d + V ’ 

a and  h being,  by  virtue  of  the  third  of  the  equations  (2),  con- 
nected together  by  the  relation 

= 4c". 

2.  To  find  the  equation  to  a circle  inscribed  in  a semi-ellipse 
bounded  by  its  minor  axis. 

Let  the  equation  to  the  ellipse  be 


^=1 

W * 


The  equation  to  the  chord  of  contact,  as  is  evident  from 
symmetry,  will  be  of  the  form 


c : 
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hence  the  equation  to  the  circle  will  be  included  in  the  equation 

^ + cf. 

a 0 

Since  the  circle  touches  the  axis  of  we  must  have 

hence  o’"  (^  + |)  = 2caj  - x\ 

(a"  + l)  + p 2^'  = 

The  curve  being  a circle,  the  coefficients  of  and  must 
be  equal : hence  ^2^2 

and  therefore  the  equation  to  the  required  circle  is 

+ f = -W)Kx, 

ct 


Section  XXV. 

Conical  Loci. 

1.  To  determine  the  locus  of  a point,  the  algebraical  sum  of 
the  distances  of  which  from  two  given  straight  lines  and  from 
a given  point,  shall  be  constant. 

Let  the  equations  to  the  two  given  lines  be 
X cose  + ysins  —8=0, 

X cose'  + y sine'  — 8'  = 0 ; 

and  (a,  V)  the  coordinates  of  the  given  point. 

Then,  by  the  condition  of  the  problem,  the  equation  to  the 
required  locus  will  be,  k denoting  a constant, 

a?  (cos  e+ cose')  + ?/ (sine  + sine')  — 8 — 8'  + {(a?— a)‘^+  (?/— 8)*'^}^  = ^ ; 

or,  writing  c for  A;  + 8 + S',  a for  , and  /3  for  — ^ 

Z 2 

2iccosa  cos/S  + 2y  cosa  sin/5  + [[x  — + {y  — — c. 


408 


LINES  OF  THE  SECOND  ORDER. 


and  therefore,  clearing  the  equation  of  the  radical  sign, 

[x  — a)'^  + {y  — = 4 cos'^^a  + Sxy  cos^a  sinyQ  cob/3 

+ 4^“^  cos^a  sin^/S 

— 4c  {x  cos  a cobP  + y cos  a sinyS)  + c\ 
x^  (4  cos'^^a  cos'^yS  — 1)  + 8a??/  cos'^a  sinyS  cosyS  + y^  (4  cos“a  sin'^yS  — 1) 
+ 2a?  (a  — 2c  cos  a cos/3)  2y  ip  — 2c  cos  a sinyS)  = — c\ 

The  curve  will  therefore  be  an  ellipse,  a parabola,  or  an 
hyperbola,  respectively,  accordingly  as 

64  cos^a  siii^yS  cob^^  ^ 4 (4  cos'*  a cos'^yS  — 1)  (4  cos'*  a sin‘'*/3  — 1), 

0 = 1 — 4 cos'*  a, 
cos**  a = 

Lhuilier : Gergonne^  Annales  de  Mathematiques^  tom.  II.  p.  173. 


2.  To  find  the  locus  of  the  pole  of  a given  circle,  the  correspond- 
ing polar  of  which  is  always  a tangent  to  another  given  circle. 

Let  the  radius  of  the  circle,  to  which  the  polar  is  a tangent, 
be  r : then,  the  centre  of  this  circle  being  the  origin,  the  equation 
to  the  polar  will  be  xcobO  + y sin^  = r (1). 

Let  the  corresponding  pole  be  at  the  point  A,  h ; then,  a, 
being  the  coordinates  of  the  centre  and  c the  radius  of  the  other 
circle,  the  equation  to  the  polar  will  be 

X ill  — a)  + y {h  — h)  = — W ■\-}ia 


Since  (1)  and  (2)  must  be  coincident,  we  have 

[h  — a)  = c**  — — If  + ha  + hh  = ik  — h). 

^ ^ Bmd  ^ 


COB0 
and  therefore 

_ /,**  + Aa  + khy  = {(A  - af  + (A  - A)**}, 

which  is  the  equation  to  the  locus  of  (A,  A).  This  locus  is  an 
ellipse,  parabola,  or  hyperbola,  accordingly  as  r is  greater 
than,  equal  to,  or  less  than  (a'*  + A'*)^,  the  distance  between  the 
centres  of  the  two  circles. 

L’ Hospital:  Traite  Analytigue  des  Sections  Conigues^  p.  273. 
Puissant:  Recueil  de  diver ses propositions  de  GeomStrie^  p.  219, 
troisieme  edition. 
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' 3.  If  a straight  line  DCP  be  made  to  revolve  about  (7,  and 
I intersect  a curve  in  as  many  points  P,  P^,  P^, as  it  bas 

1 dimensions,  and  if  be  made  always  equal  to 


(jp 


•2  + Qp-i  + 


i| 


to  find  tbe  locus  of  the  point  D. 

Let  the  equation  to  tbe  intersected  curve  be 

\ + ax  + hy  + aaf  + + cxy  + = 0. 

Put  a?  = r cos  ^ = r sin  ^ : then 

1 -\-r[a  cos^  + 5sin0)  + P(a  008*“^^  + J'sin^^  + c'sin^cos^)  +...=  0. 

Hence,  by  tbe  theory  of  equations, 

GP^  CP^  CP ^ ~ cos^  + h sin^) 

— 2 [a  cod\6  4-  V sin^^  + c sin^  cos^). 

' Consequently,  putting  CD  = p,  we  obtain 
1 

j — = — 2a)  cos^0  + 2 (ab  — c)  sin^  cos^  + (P  — 2h')  sin^^, 

j which  is  tbe  polar  equation  to  a conic  section  of  which  G is  the 
I centre. 

4.  To  find  the  locus  of  the  summit  of  an  angle  of  given 
magnitude,  circumscribed  on  a parabola. 

Let  £ be  tbe  given  angle;  then,  tbe  equations  to  its  two 

sides  being  2m  . , 

— = cos^  + cos(^  — a) (1), 


2m  ^ ,v 

— = cos  a + cosfu  — a). 

T 

we  shall  have  also  a'  — a = 2s 

At  tbe  intersection  of  (1)  and  (2),  there  is 

cos(^  — a)  = cos(^  — a), 
and  therefore  Q = ^ (a  + a') 


•(2), 

.(3). 


w- 


1 
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Again,  adding  (1)  and  (2),  we  get 

4m  ^ /I  ^ //I  a + a\  a — a 

— = 2 cos  ^ + 2 cos  d — cos  — - — : . 

r V 2 / 2 I 

hence,  from  (3)  and  (4),  we  get  i 

2m  ^ 1 

— = cost/  + coss, 

T 

2m  i 

or  r — j. , 

cose  + cosCr ' I 

the  equation  to  the  locus  of  the  summit  of  the  angle,  which  is 

therefore  a conic  section  confocal  with  the  parabola. 

L’  Hospital ; TraiU  Analytique  des  Sections  Goniques^  liv.  Vlll. 

5.  The  distance  of  a point  P from  the  circumference  of  a 
circle  is  to  its  distance  from  a fixed  diameter  as  w to  1 : to  find 
the  locus  of  P. 

The  fixed  diameter  being  taken  as  the  axis  of  ?/,  and  a 
perpendicular  diameter  as  that  of  a?,  the  locus  will  be  defined  | 
by  the  equation  a?  + f = [nx  + a)% 

where  a denotes  the  radius  of  the  circle. 

6.  From  a point  if  in  a given  straight  line  HP,  a perpen- 
dicular MP  is  erected,  such  that  : ' 

MP^^AM.MB-,  jj 

to  find  the  equation  to  the  locus  of  P.  ! 

Let  AB  = 2(2,  MP  = and,  G being  the  middle  point  of  HP, 
let  GM  = X.  The  locus  will  be  a conic  section  defined  by  the 
equation  + X - d%  ;; 

X being  a constant  quantity.  ;j 

Pappus : Mathematicw  Gollectiones  a Gommandino^  lib.  Vll.  p.  298. 

7.  QAO  is  a given  angle,  0 a given  point:  P is  a point  j 
such  that,  PO  being  joined,  and  PQ  drawn  parallel  to  (9H, 

PO.\  PQ  \ \ m \ n. 

To  find  the  locus  of  P. 
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Let  PM  be  drawn  parallel  to  QA^  cutting  OA  in  M, 
OA—a^  OM=x^  PM—y^  lQAO  = (o. 

Then  the  locus  of  P will  be  a conic 


Let 


section  defined  by  the  equation 
[71^  — m^)  + — "^r^xy  cos  o) 


+ 27Y^ax  — mW.  ^ 

Newton ; Arithmetica  Univer salts ^ prob.  24. 


8.  To  determine  the  locus  of  the  poles  of  a given  straight 
line  with  respect  to  a series  of  circles  touching  two  given 
straight  lines. 

Let  the  two  given  tangents  be  taken  as  axes  of  coordinates, 

and  let  the  equation  to  the  given  polar  be 

X y 

^ 

a p 

Then,  co  denoting  the  angle  between  the  axes  of  coordinates, 
the  equation  to  the  required  locus  will  be 
\pjx  — ^y  + [ay  — ^x)  cos  coY 

= [a—^).[{x  + y)  {ax  — [ay— ^x) COSO)]-]- a^[x—y){l—co^co)], 

Poncelet : Gergonne^  Annales  de  Mathematiques^  tom.  Xll.  p.  234 


9.  Three  straight  lines  revolve  about  three  given  points  not 
in  the  same  straight  line,  and  intersect  one  another  in  three 
points : if  the  loci  of  two  of  these  intersections  be  given  straight 
lines,  to  find  the  locus  of  the  third. 

Let  0,  A^  be  the  three  points.  Let  OA^  OB^  produced 
indefinitely,  be  taken  as  axes  of  a?,  y^  respectively.  Let  OA  — a, 
OB^h. 

Let  the  lines  through  A^  0,  intersect  in  the  given  line 

?/  = aa?  + ^, 

and  those  through  J5,  0,  in  the  given  line 

«/  = a'ic  + /3' : 

then  the  locus  of  the  intersection  of  the  lines  through  A^  B^  will 
be  a conic  section  defined  by  the  equation 

[h  — /3').(aa  + xy  = [ay  A [x  — a)].[a!hx  — (3'  [y  — h)]. 
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10.  Through  two  given  points 
line  DCE^  cutting  a given  straight 
line  BA^  produced  indefinitely,  in 
E.  Two  points  E^  are  taken  in 
EA  such  that 

AE.BG  = 

c being  a constant  length.  CF^  DG^  are  joined.  To  find  the 
locus  of  P,  their  point  of  intersection. 

Taking  EAB^  ECD^  produced  indefinitely  as  axes  of  y, 
respectively,  and  putting  GE  = BE  = EA  = a,  EB  — a',  j 
we  shall  have  for  the  equation  to  the  required  locus 

[y  — h)[y  — h')  = [h  [x  — a)  + ay'\.\B  [x  — a)  + ay]. 

Leybourn : Mathematical  Repository^  Nevj  Series.,  vol.  i.  p.  106.  j 

1 

11.  The  sides  BG.,  GA^  AB^  of  a triangle  pass  always  | 

through  three  given  points  (A,  A:),  (4',  ^'),  (A",  k")*  and  the  ' 
angular  points  A^  P,  move  along  two  given  right  lines  Oa?,  Oy, 
respectively ; to  find  the  locus  of  G.  \ 

The  lines  Ox.,  Oy.,  being  taken  as  axes  of  coordinates,  the  | 

required  locus  will  be  a conic  section  defined  by  the  equation  | 

B^[B-y)  ^ B'[h-x) 

Bx  — By  hy  — kx 

O’Brien:  Flam  Goordinate  Geometry.,  p.  176. 

12.  ABG  is  a given  triangle:  to  find  the  locus  of  a point 

P,  such  that,  MP,  a perpendicular  to  the  side  BG,  being  pro- 

duced to  cut  the  sides  of  the  triangle  BA.,  GA,  produced  if  , 
necessary,  in  the  points  q,  r,  respectively, 

{MPy  X Pq.Pr. 

Draw  AO  Sit  right  angles  to  the  line  BG,  cutting  it  in  0. 
Take  OB,  OA,  produced  indefinitely,  as  axes  of  x,  y,  respec- 
tively. Let  AO  = h,  BO  = h,  and  GO  = c.  Then  the  required 


G,  D,  is  drawn  a straight 
D 


J 


1 
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locus  will  be  a conic  section  defined  by  the  equation 

^^x^+(X-l)y'‘  + h{^-^xy -h^{^-^x  + ihy-  W = 0, 

where  X denotes  a constant  quantity. 

Carnot:  QeomHrie  de  Position^  p.  443. 

This  problem  is  merely  a particular  case  of  one  known 
by  the  name  of  Pappus’*  Problem,  solved  by  Des  Cartes.f 
The  more  general  problem  is  stated  by  Pappus,  in  the  form 
of  a theorem,  in  the  following  words,  extracted  from  Com- 
mandine’s  translation : “ Si  positione  datis  tribus  rectis  lineis 
ab  uno,  et  eodem  puncto  ad  tres  lineas  in  datis  angulis  rectse 
lineae  ducantur,  et  data  sit  proportio  rectanguli  contenti  duabus 
ductis  ad  quadratum  reliquaB : punctum  contingit  positione  da- 
tum solidum  locum,  hoc  est,  unam  ex  tribus  conicis  sectionibus. 
Et  si  ad  quatuor  rectas  lineas  positione  datas  in  datis  angulis 
lineae  ducantur ; et  rectanguli  duabus  ductis  contenti  ad  con- 
tentum  duabus  reliquis  proportio  data  sit : similiter  punctum 
datam  coni  sectionem  positione  continget.  Si  quidem  igitur  ad 
duas  tantunq  locus  planus  ostensus  est.  Quod  si  ad  plures,  quam 
quatuor,  punctum  continget  locos  non  adhuc  cognitos,  sed  lineas 
tantum  dictas;  quales  autem  sint,  vel  quam  habeant  proprie- 
tatem,  non  constat.  Earum  unam,  neque  primam,  et  quae 
manifestissima  videtur,  composuerunt  ostendentes  utilem  esse, 
propositiones  autem  ipsarum  hae  sunt. 

Si  ab  aliquo  puncto  ad  positione  datas  rectas  lineas  quinque 
ducantur  rectae  lineae  in  datis  angulis,  et  data  sit  proportio  solidi 
parallelepipedi  rectanguli,  quod  tribus  ductis  lineis  continetur 
ad  solidum  parallelepipedum  rectangulum,  quod  continetur  reli- 
quis duabus,  et  data  quapiam  linea,  punctum  positione  datam 
lineam  continget.  Si  autem  ad  sex,  et  sit  data  proportio  solidi 
tribus  lineis  contenti  ad  solidum,  quod  tribus  reliquis  continetur ; 
rursus  punctum  continget  positione  datam  lineam.  Quod  si  ad 


* Pappus  : Mathematicce  Collectiones  a CommandinOy  lib.  vii.  p.  165. 
f Descartes;  GeomHrie,  livre  ii.  p.  30,  &c. 
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plures  quam  sex,  non  adhuc  habent  dicere,  data  sit  proportio 
cujuspiam  content!  quatuor  lineis  ad  id  quod  reliquis  continetur, 
quoniam  non  est  aliquid  contentum  pluribus  quam  tribus 
dimensionibus.” 


13.  B\  are  two  fixed  points  in  a given  straight  line 
Oic;  (7  is  a moveable  point  in  the 
straight  line  Oy.  To  find  the  locus  of 
a point  P,  such  that,  the  straight  lines 
P(7,  PP,  P'(7,  P'P,  being  drawn,  the 
angles  (7PP,  PP'P,  are  always  of  given  q 
magnitudes. 

Take  Ox^  Oy^  as  axes  of  x and  y,  and  let  OB  = &,  OB’  — 
LxOy  = L GBP  = a,  Z GB'P  = a.  Then  the  required  locus 
will  be  a conic  section  defined  by  the  equation 

{!)’  — x)  cos  a'  — 3/ cos  (ft)  — a)\ 

{!)'  — x)  sin  a'  + y sin  (ft)  — a!) 

{b  — x)  cosa  — y cos  (ft)  + a) 


h -Icotft)  + 


h’  jcotft)  + 


— ip  — x)  sina  + y sin  (ft)  + a) 


L’ Hospital : Trait6  Analytique  des  Sections  Goniques^  p.  281. 
O’Brien:  Plane  Goordinate  Geometry^  179. 


14.  Having  given  one  side  of  a triangle  and  the  product  of 
the  tangents  of  the  adjacent  angles,  to  find  the  locus  of  the 
vertex. 

Let  ± m denote  the  given  product  and  2a  the  given  side : 
then,  this  side  being  taken  as  the  axis  of  a?,  and  its  middle  point 
as  the  origin  of  rectangular  coordinates,  the  required  locus  will 
be  a conic  section  represented  by  the  equation 
y^  — ±m  [a^  — od), 

Lardner:  Algebraic  Geometry^  p.  116. 

15.  From  a point  P,  in  one  given  straight  line,  is  drawn 
PM  at  right  angles  to  another  given  straight  line  AMx\  from 
J[,  which  is  a given  point,  is  drawn  AQ  to  2^  point  in  PM, 
such  that  AQ  = MP:  to  find  the  locus  of  Q. 
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If  the  equation  to  the  former  given  line,  referred  to  Ax^  and 
Ay^  at  right  angles  to  Ax^  as  axes,  be 

y = a*  + ^, 

then  the  polar  equation  to  A being  the  pole  and  Ax  the 
prime  radius  vector,  will  be 

^ 

1 — a cos  0 * 

Lardner:  Algebraic  Geometry 150. 

16.  A straight  line  of  given  length  moves  parallel  to  itself 
in  a given  direction,  and  two  other  straight  lines  revolve  round 
given  points  and  pass  always  through  the  extremities  of  the 
first  line : to  find  the  locus  of  the  intersection  of  the  revolving 
lines. 

Let  the  axis  of  x be  taken  parallel  to  the  moving  line,  the 
axis  of  y always  bisecting  this  line.  Let  (a,  Z>),  (a',  be  the 
two  given  points;  and  suppose  the  length  of  the  moving  line 
to  be  2c.  Then  the  equation  to  the  required  locus  will  he 

y — h — [m  — d)  . ^ + (m  d)  . ^ . 

^ ' X - a ' X — a 


Section  XXVI. 

Envelopes. 

1.  A,  are  the  centres  of  two  equal  circles,  and  AP,  BQ^ 
are  two  radii  which  are  always  perpendicular  to  each  other;  to 
find  the  curve  which  is  always  touched  by  the  right  line  PQ. 

Let  (7,  the  middle  point  between  A and  P,  be  taken  as  the 


AC  B 


origin  of  coordinates,  (7P,  produced  indefinitely,  being  the  axis 
of  X.  From  C draw  OR  at  right  angles  to  PQ. 
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Let 

AG=c  = BC,LPAB=d,  lRCB  = ^,  CR  = h,  AP^a^BQ. 
Then  the  equation  to  PQ  is 
X cosyfr  + y sm^fr  — B = ^ a {cos('\/r  — 6)  sin  (i/r  — 
also  2ccosi|r  = a{cos(^|r  — 6)  — sin(i/r  — ^)}. 

Hence,  squaring  and  adding  these  equations,  we  have 

4(a3COSi|r  + ?/sini/r)‘^  + cos^y}r  — (1), 

and  therefore 


[x  cosyfr  + y sini/r)‘ 


o?  - 2c" 


cos^^lr  + — sin^'xjr. 

Jd 


This  equation  represents  a straight  line  always  touching  a 
conic  section  ^2  ^ 

a"  — 2c"  a"  2 * 

Cor.  If  2c"  = a",  the  equation  (1)  becomes 
[x  cos  + y sin  = c"  sin"'i/r, 
which  shews  that  PQ  always  passes  through  a point 
cc  = 0,  y = c. 


2.  To  find  the  envelop  of  a right  line  such  that  the  product 
of  perpendiculars  drawn  to  it  from  two  given  points  may  he 
constant. 


Lemma.  If  97,  denote  the  reciprocals  of  the  intercepts  of 
the  axes  of  any  conic  section  from  the  centre  made  by  any 
tangent,  then  ±V0‘  = 1 (1). 


For,  let  ic',  y\  be  the  coordinates  of  the  point  of  contact: 
then,  the  equation  to  the  conic  section  being 


^ 4.  ^ 

a"  - P 


we  shall  have  for  the  equation  to  the  tangent. 


8 ± 7,2  — J-J 


l^be. 


and  therefore 
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Hence,  by  the  equation  to  the  curve, 

a^rf  ± = 1. 

The  equation  (1)  has  been  called  by  Mr.  Booth,  in  an  in- 
genious treatise  entitled  On  the  Application  of  a New  Analytic 
Method  to  the  Theory  of  Curves  and  Curved  Surfaces  f tan- 

gential eguation  to  the  conic  section.  The  general  tangential 
equation  of  a conic  section,  given  in  his  work,  is  of  the  form 
arf  + + 2c?7^  + + 2^'^  = 1, 

c being  zero  in  the  case  of  a parabola. 

In  the  present  problem,  let  the  line  joining  the  two  given 
points  be  chosen  as  the  axis  of  cc,  its  middle  point  being  taken 
as  the  origin  of  coordinates.  The  equation  to  the  moveable 
right  line  is  of  the  form 

7]x  6y  = 1. 

Let  a represent  the  distance  of  either  of  the  given  points 
from  the  origin,  and  8,  their  distances  from  the  moveable 
line.  Then 

and  therefore,  d being  taken  to  represent  the  constant  value 
of  88',  we  have,  as  the  tangential  equation  to  the  envelop, 

. 1 - 'tfd 

f + 6'^  ^ 

[d  ± d)  rf  ± cW  = 1. 

Comparing  this  equation  with  (1)  we  see  that  the  required 
envelop  is  a conic  section  the  semi-axes  of  which  are  [d  ± 
and  c. 

For  other  exemplifications  of  the  Method  of  Tangential  Co- 
ordinates the  student  is  referred  to  Mr.  Booth’s  treatise. 

3.  To  find  the  curve,  which  is  touched  by  all  the  chords 
of  a central  conic  section,  which  subtend  a right  angle  at  the 
centre. 

If  the  conic  section  be  represented  by  the  equation 
ax^  + hy^  = c. 


418 


LINES  OF  THE  SECOND  ORDER. 


the  required  locus  will  be  a circle  concentric  with  the  ellipse 
and  having  a radius  equal  to 

Querret : Gergonne^  Annales  de  Mathematiques^  tom.  XV.  p.  197. 

Un  Abound : Ihid.^  tom.  xv.  p.  199. 

4.  Through  the  centre  of  a conic  section  are  drawn  two 
straight  lines  at  right  angles  to  each  other,  one  meeting  the 
curve  in  P,  the  other  the  minor  director  in  P : to  prove  that  the 
line  PR  envelops  a circle  the  diameter  of  which  is,  in  the  case 
of  the  ellipse,  the  minor  axis,  and,  in  that  of  the  h3rperbola,  the 
transverse  axis. 

Booth:  Annals  of  Philosophy^  1845,  vol.  ii.  p.  541. 

5.  A given  angle  moves  along  a given  right  line,  one  side 
always  passing  through  a given  point;  to  find  the  equation  to 
the  curve  which  is  always  touched  by  the  other  side. 

The  given  right  line  being  taken  for  the  axis  of  cr,  and 
a perpendicular  to  the  given  right  line,  through  the  given  point, 
as  that  of  then,  the  ordinate  of  the  given  point  being  /3,  and 
the  given  angle  being  denoted  by  tan"^m,  the  equation  to  the 
required  curve  will  be 

[y  4-  mx  — {my  — cr), 

which  belongs  to  a parabola. 

Booth : Application  of  a New  Analytic  Method  to  the  Theory 
of  Curves  and  Curved  Surfaces^  p.  9. 

6.  The  vertex  of  a right  angle  moves  along  a given  circle, 
and  one  side  passes  through  a fixed  point : to  find  the  envelop 
of  the  other  side. 

Let  the  centre  of  the  circle  be  chosen  as  the  origin  of  co- 
ordinates, the  axis  of  x passing  through  the  fixed  point;  let 
c represent  the  distance  of  the  fixed  point  from  the  centre  of 
the  circle,  a the  radius  of  the  circle. 
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Then  the  required  envelop  will  be  a conic  section  of  which 
the  tangential  equation  is 

av  + [d^  - d)  = 1. 

Booth : Application  of  a New  Analytic  Method  to  the^.  Theory 
of  Gurres  and  Curved  Surfaces^  p.  5. 

7.  To  find  the  envelop  of  the  conic  section 
Ivw  + mwu  + nuv  — 0, 

w,  V,  w^  being  given  linear  functions  of  x and  y^  and  Z,  m, 
being  arbitrary  parameters  subject  to  the  following  relation, 

[Idf  + + [ny]^  = 0. 

The  required  envelop  is  the  straight  line 

aw  -f  + 7^^?  = 0. 

Hearn : Researches  on  Curves  of  the  Second  Order ^ p.  34. 


8.  To  find  the  envelop  of  the  conic  section 
{fuf  + {mvy^  + [nw)^  — 0, 


w,  v^  Wy  being  given  linear  functions  of  x and  y^  and  l^  m,  n, 
denoting  arbitrary  parameters  subject  to  the  following  relation, 


VIZ. 


I m n ^ 

- + ^ + - = 0. 

a P 7 


The  required  envelop  is  the  straight  line  defined  by  the 
equation  aw  4 + ’yw  — 0. 

Hearn : Researches  on  Curves  of  the  Second  Order ^ p.  36. 


9.  To  find  the  envelop  of  the  base  of  a triangle  inscribed 
in  a conic  section,  two  sides  of  which  pass  through  fixed  points. 

Let  = 0 be  the  equation  to  the  chord  passing  through  the 
two  fixed  points ; w = 0,  v = 0,  those  to  the  tangents  at  its 
extremity.  Then,  the  equations  to  the  lines  joining  the  fixed 
points  to  the  intersection  of  w = 0,  v = 0,  being 

au  = v,  hu  — V, 


E E 2 
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the  required  envelop  is  a conic  section  represented  by  the 

equation  u + 

— . w , 

Aab 


uv 


Salmon : Treatise  on  Conic  Sections^  p.  222. 


For  additional  examples  on  the  subject  of  conical  envelops 
the  student  is  referred  to  Mr.  Salmon’s  Treatise  on  Conic 
Sections, 


10.  Conic  sections  are  inscribed  in  the  same  quadrilateral: 
to  prove  that  the  polar  of  any  point  in  their  plane  envelops 
a conic  section. 

Booth : On  the  Application  of  a New  Analytic  Method  to  the 
Theory  of  Curves  and  Curved  Surfaces p.  6. 


Section  XXVII. 

Similar  Curves, 

1 . To  prove  that  two  general  equations  of  the  second  order 

a'od  + Icxy  •\-l)y^  + = 0, 

apd  + ^cpcy  + hpf  + = 0 

will  represent  similar  curves,  if 

_ ab  c^  - al), 

Changing  the  axes  of  the  second  curve  through  an  angle 
its  equation  will  become 

a^  [x  cos  6 — y'  sin  Of  + 2c^  [x  cos  6 — y sin  6)  [od  sin  Q -V  y cos  0) 
+ b^  [x  sin^  + y cos^)^  + = 0 ; 

and  therefore,  in  order  that  the  two  curves  may  be  similar  in 
form,  0 being  supposed  to  be  of  such  a magnitude  that  they  are 
similarly  situated  in  regard  to  their  coordinate  axes,  we  must 
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have,  \ being  some  arbitrary  quantity, 

2Xa  + {a^  — h)  cos2^  4-  2c^  sin2^ (1), 

2\h  = {a^  — h)  cos2^  - 2c^sin2^ (2), 

2Xc  — A [a ^ — h)  sin2^  + 2c^  cos 2^ (3). 


Hence  we  have 

(1)  + (2),......  X(a  + 6)  = «,+  J, (4), 

(1)  — (2), X (a  — J)  = (a,  — &,)  COS20  + 2c,sin20...(5), 

(sr + (sr, + (« - = K - + < (6), 

(6)  -{4r, X^(c^-ab)=o;-a,b, (7), 


(7)  - m 


(f  — ah 


of  - a, 5, 


{a  + hf  {a,  + hy 
This  condition  of  similarity  is  ascribed  by  Mr.  Salnjon  to 
Mr.  Jellett. 

Salmon : Treatise  on  Conic  Sections^  p.  194. 


2.  QH  is  the  chord  of  an  ellipse,  which  touches  a concentric, 
similar,  and  similarly  placed,  ellipse, 
at  the  extremity  B of  one  of  its  axes. 

From  B are  drawn  any  two  chords 
BP^  BQ^  in  the  smaller  ellipse,  equally 
inclined  to  the  axis  through  B^  and 
from  H are  drawn,  in  the  larger 
ellipse,  two  chords  HE^  HF^  parallel 
respectively  to  BP^  BQ.  To  prove  that,  denoting  BP  ox  BQ 
by  r,  HE  by  F,  and  HE  by  r\ 

r + r"  = 2r. 

Let  6 denote  the  inclination  of  the  chord  BP  to  the  axis 
through  j5;  then,  2b  denoting  this  axis,  and  2a  the  other,  we 
have  by  the  polar  equation, 

^1  — ^ ^ sin'^^j  r — 2hc,o^d (1). 

Again,  by  the  polar  equation  to  the  larger  ellipse,  H being 
the  pole,  2a^,  2Z>^,  denoting  its  axes,  and  A,  Zj,  the  distances 
BB\  BE, 

("l  — ~ — 2-^  sin'*^')  r = 2 — h)  cos^  + 2^  ^ sin^, 

V a^  / a 
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or,  the  two  ellipses  being  similar,  and  h^  — h being  equal  to  &, 

^1  — ^ ■ sin^^^  r — 2h  0,0^6  + ^m\d (2). 

Again,  putting  — ^ for  ^ and  r”  for  r',  we  have 

^1  — ^ sin‘^^^  r"  — 2hcosd  — 2k^  sin^ (3). 

From  (2)  and  (3)  we  have 

(^1  - sin“6>)  (r'  + r")  = ib  cose, 

and  therefore,  by  (1),  / + r"  = 2r. 

This  proposition  is  due  to  Clairaut  and  serves  as  the  basis 
of  his  investigations  respecting  the  figure  of  the  planets  on  the 
hypothesis  of  homogeneity  of  substance. 

Clairaut : TMorie  de  la  Figure  de  la  Terre^  p.  158. 

Puissant;  Becueil  de  diverses propositions  de  Geomitrie^  p.  156, 
troisieme  edition. 

3.  To  prove  that  two  curves  of  the  second  order,  not  of 
the  same  kind,  cannot  be  similar. 

De  la  Hire ; Sectiones  Gonicce^  lib.  VI.  prop.  1. 

To  prove  that  all  parabolas  are  similar  curves. 

De  la  Hire : Sectiones  Conicce^  lib.  VI.  prop.  3. 

4.  If  the  inclination  of  a system  of  parallel  chords  in  one 
central  conic  section  to  their  diameter  be  the  same  as  that  of 
similarly  related  chords  and  diameter  in  another  central  conic 
section,  and  if  these  diameters  are  to  each  other  as  their  para- 
meters, to  prove  that  the  two  conic  sections  are  similar. 

De  la  Hire : Sectiones  Conicce.^  lib.  VI.  prop.  2. 

5.  Two  similar  unequal  ellipses  AEB^  aeb^  have  similar 
diameters  AB^  db^  and  centres  (7,  c,  in  the  same  straight  line 
AT,  the  two  conjugate  diameters  being  parallel.  From  the 
centres  (7,  c,  are  drawn  the  scmi-dianietcrs  GE^  oc,  parallel 
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to  each  other ; e,  are  joined,  and  Ee  is  produced  to  meet  (7c, 


T 

produced,  in  T,  To  shew  that 

CT:  cT::  EG  : ec. 

De  la  Hire : Sectiones  Gonicce^  lib.  VI.  prop.  6. 

6.  To  shew  that  all  hyperbolas,  which  have  the  same  asymp- 
totes, are  similar  curves. 

De  la  Hire : Sectiones  Conicce^  lib.  VI.  prob.  8. 

7.  If,  through  the  common  summit  A of  two  similar  curves 
of  the  second  order,  the  greater  axes  of  which  coincide  in  di- 
rection, any  two  chords  are  drawn  cutting  one  of  the  curves 
in  B\  and  the  other  in  D,  to  shew  that 

AB  \ABv.AI)\  AB. 

Puissant:  Becueil  de  dwerses ^propositions  de  Geometries  p.  154, 
troisieme  Edition, 

8.  Any  number  of  concentric,  similar,  and  similarly  situated 
ellipses  or  hyperbolas,  are  intersected  by  a line  parallel  to 
a directrix  in  P,  P',  P", . . . : to  prove  that  the  extremities  of 
diameters  respectively  conjugate  to  the  diameters  through 
P,  P's  P 's  • • • are  in  a line  perpendicular  to  the  directrix. 

9.  Any  number  of  ellipses,  concentric,  similar,  and  similarly 
placed,  are  intersected  by  an  hyperbola 

xy  = c'^ 

in  points  P,  P',  P", . . . : to  prove  that  the  extremities  of  the  dia- 
meters respectively  conjugate  to  the  diameters  through  P,  P',  P'^,. 
are  situated  in  an  hyperbola 

xy  — — c\ 
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10.  Two  similar  ellipses  have  a common  vertex,  the  direc- 
tions of  their  major  axes  being  opposite;  a common  tangent 
meets  them  in  P,  and  a perpendicular  to  their  major  axes 
through  the  common  vertex  meets  PQ  in  0:  to  prove  that 
OP=  OQ, 


Section  XXVIII. 


Miscellaneous  Problems, 

1.  To  find  the  locus  of  the  summit  of  a moveable  angle, 
of  invariable  magnitude,  the  two  sides  of  which  always  touch 
a conic  section. 

By  properly  choosing  the  axes,  the  equation  to  the  conic 
section  may  be  written  in  the  form 

+ aa?  -\-hx  — 0 (1). 


Let  A,  Aj,  be  the  coordinates  of  the  intersection  of  the  two 
sides  of  the  angle  in  any  position:  then  the  equation  to  either 
of  its  sides  will  be 

y — h = m[x  — h) (2). 

Eliminating  y between  (1)  and  (2),  we  shall  obtain  a quad- 
ratic in  cr,  the  two  roots  of  which  must  be  equal : this  condition 
will,  after  performing  the  requisite  reductions,  give  us  the 
equation 

4 {aW  -i-  hh)  rri^  — ^ {2ahk  {MlU^  — W)  — 0. 

Representing  the  two  roots  of  this  equation  by  w,  W,  we 
shall  have 

, 2ahh  -\-hh  . , ^^aW  — P 

® = aK‘  + hh  ’ “ oifTSh  ’ 


and  therefore 


, ,,,  + aK^ + hh) 

. + h^)  + m - P 


+ mm  »= 


4 {aJi^  -j- 


and 
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But,  the  magnitude  of  the  moveable  angle  being  constant, 

771  — m'  = \ (1  + mm!)^ 

where  \ represents  a constant  quantity.  Hence,  eliminating 
m and  m from  the  last  three  equations,  we  have,  for  the  equa- 
tion to  the  required  locus, 

iQW  + aK^  + hh)  = V {4a  m 

Poncelet : Oergonne^  Annates  de  Mathematiques^  tom.  VIII.  p.  201. 


2.  To  find  the  locus  of  the  middle  points  of  a system  of 
chords  in  a conic  section,  which  all  pass  through  a given  point. 

Let  a diameter  through  the  given  point,  as  origin,  be  taken 
as  the  axis  of  and  a straight  line,  parallel  to  its  conjugate, 
as  the  axis  of  y. 

The  equation  to  the  curve  will  then  be  of  the  form 

= ax^  + 2bx  + c (1). 

The  equation  to  one  of  the  system  of  chords  will  be 

y = mx (2). 

At  the  intersections  of  (1)  and  (2),  there  is 
{a  — m^)  x^  + 2hx  + c = 0. 


The  abscissa  x of  the  middle  point  of  (2)  will  be  equal  to 
the  semi-sum  of  the  roots  of  this  equation ; hence 

■ ^ (3). 


X — 


m — a 


Also,  y'  being  the  ordinate  of  the  middle  point, 

y'  — mx (4). 

Eliminating  m between  (3)  and  (4),  we  obtain  for  the  equa- 
tion to  the  required  locus, 

y^  = ax!’^  + t)x\ 

which  is  therefore  a conic  section  similar  to  the  proposed  one 
and  similarly  situated,  passing  through  its  centre  and  through 
the  given  point. 

Durrande : Gergonne^  Annates  de  Mathematiques^  tom.  IX.  p.  122. 
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3.  To  determine  the  positions  of  the  foci  of  a conic  section  , 
of  which  the  equation  is  given. 

The  distance  of  the  focus  (a,  of  a conic  section,  from  any  1 
point  of  the  curve,  is  always  a linear  function  of  the  coordinates 
cc,  ?/,  of  the  point. 

Let  the  equation  to  any  conic  section,  referred  to  a system 
of  rectangular  coordinates,  be 

aaf  + + 2cxy  + 2a  x + 2h'y  + c'  = 0 (l). 

Then,  by  the  nature  of  the  focus,  1 

{[x  - aY  + {y-  PfY  =gx  + hy  + k (2),  j 

where  g,  h,  k,  are  constants.  jf 

Since  the  equations  (I)  and  (2)  must  be  identical,  we  have,  j 
making  use  of  an  arbitrary  multiplier  X, 

(x—aY+{y—^y—  [gx-\-}iy  -\-hY=\[ax^-\-'by^+2cxy +2a!  x-\-  2h'y-\-c)^  | 

I 

and,  equating  the  coefficients  of  like  variables,  we  get  six  equations, 

1 — — Xa,  — a.  — hg  — Xa\  S 

1 — — X&,  — ^ — hli  — \h\ 

— gh  = \Cj  oc^  + = Xc', 

involving  the  six  unknown  quantities  a,  g^  A,  X. 

If  we  eliminate  g^  A,  X,  we  shall  obtain  two  equations  of 
the  second  degree  in  a,  /3. 

From  these  two  equations  we  may  obtain  four  pairs  of  values 
of  (a,  : two  only  of  the  pairs,  however,  are  possible. 

Ex.  Take  the  case  of  the  ellipse  referred  to  its  axes,  when 
its  equation  will  be 

2 2 
X y 

1-  — = 1 

^2  -t-  ^2 


Then  ^ , 


c = 0,  a =0,  //  = 0,  c'  = — 1 : 
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and  the  six  equations  become 
1 5'  - ^2  , 


OL  + hg  = 0, 


+ M = 

gh  = 0, 

= 

we  obtain  two  systems  of  values. 

11 

A = 0, 

k^A, 

a = 0, 

11 

a = - [A^ 

Since  A and  B have  different  values,  it  follows  that  one, 
and  one  only,  of  these  systems  of  equations  will  give  possible 
values  to  a and 


Bret:  Gergonne^  Annales  de  MathSmatiques^  tom.  Vlll.  p.  317. 


4.  To  prove  that  the  difference  between  the  squares  of  the 
reciprocals  of  any  two  coincident  semi-diameters  of  two  conic 
sections,  which  have  the  same  minor  directors,  is  constant. 

Booth:  Annals  of  Philosophy  ^ 1845,  vol.  II.  p.  545. 


APPENDIX. 


The  etymology  of  the  names  Parabola,  Ellipse,  Hyperbola,  | 
is  given  by  Eutochius  in  his  Commentary  on  the  first  book  j 
of  the  Conics  of  Apollonius.  | 


'O  Be  \iy6L  a-a^6<;  7roL'^<rofjb6v  eirX  T(bv  viroKeiiiivcdV  Kara- 
ypa^o)V.  eaTco  to  Sta  rov  d^ovo<i 
Kcovov  rpiycDvov  to  ABF,  ical  tjj 

AB  oLTro  tv')(^6vto^  ar^pjeiov  tov  E Trpo? 
opOdf;  77  AEZ,  Kal  Tore  Bid  to  AZ 
eTrLTreBov  ipbffXrjdev  opdov  irpo^  AB 

T€pLV€TCO  TOV  KCOVOV  6p6y  dpu  eaTCV 

eKaTepa  tSov  vtto  AEA,  AEZ,  ywvLcoVi  Kal  opdoycovlov  p,evovTO<; 
TOV  KCOVOV i Kal  op6rj<^  BrfKovoTi  Trj<; 

VTTO  BAF  ycovia<iy  C09  lirl  T7j<i  TrpcoT7j<i 
KaTaypa^r]<^,  Bvo  opOal  eaovTat  ai 
VTTO  BAF,  AEZ,  ycovlai.  &(TTe  Tra- 
paXkrfko^  i(TTLV  17  AEZ  Trj  AF,  Kal 
yiveTat,  iv  Tjj  iirttpavela  tov  kcovov 
To/A^  97  KoXovpbevT]  tlapa^oX^j  ovtco 
KX'qdela-a  diro  tov  TrapdWTjXov  eXvai 


TO  AEZ,  ^Ti^  co-tI  kolv^  Top,^  TOV  T€pvovTo<$  iiriTTeBov  Kal 


TOV  Bid  TOV  d^ovoff  TpiyoovoVi 
Tp  AF  TrXevpa  tov  Tpiycovov. 
edv  Be  dp^Xvycovio^  fj  6 /cwro?, 
0)9  eirl  T979  BevTepa^  KaTa- 
ypa^ri^t  dp^Xela^  BijXovoti 
ovo-7]<;  T979  VTTO  BAF,  6p6rj<; 

Be  T^9  VTTO  AEZ,  Bvo  opOcov  ^ 
pei^ov<;  eaovTai  al  vtto  BAF, 
AEZ,  ycoviai'  coaTe  ov  avp- 
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